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The bi-objective ranking and selection (R&S) problem is a special case of the multi-objective simulation
optimization problem in which two conflicting objectives are known only through dependent Monte Carlo
estimators, the decision space or number of systems is finite, and each system can be sampled to some extent.
The solution to the bi-objective R&S problem is a set of systems with non-dominated objective vectors, called
the set of Pareto systems. We exploit the special structure of the bi-objective problem to characterize the
asymptotically optimal simulation budget allocation, which accounts for dependence between the objectives
and balances the probabilities associated with two types of misclassification error. Like much of the R&S
literature, our focus is on the case in which the simulation observations are bivariate normal. Assuming
normality, we then use a certain asymptotic limit to derive an easily-implementable SCORE (Sampling Criteria
for Optimization using Rate Estimators) sampling framework that approximates the optimal allocation and
accounts for correlation between the objectives. Perhaps surprisingly, the limiting SCORE allocation exclusively
controls for misclassification-by-inclusion events, in which non-Pareto systems are falsely estimated as Pareto.
We also provide an iterative algorithm for implementation. Our numerical experience with the resulting
SCORE framework indicates that it is fast and accurate for problems having up to ten thousand systems.
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1 INTRODUCTION

The simulation optimization (SO) problem is a nonlinear optimization problem in which the ob-
jective and constraint functions can only be observed with error as output from a Monte Carlo
simulation. Such problems tend to arise when computer models are used to design complex systems
under uncertainty — an increasingly popular practice [Powers et al. 2012]. Since the SO formulation
is quite general, SO problems arise frequently in a variety of application areas, including agricul-
ture [Hunter and McClosky 2016], energy [Marmidis et al. 2008; Subramanyan et al. 2011], and
transportation [Osorio and Bierlaire 2013]. For additional examples and a library of SO problems,
see the simopt.org website [Henderson and Pasupathy 2017].

Methods to solve the SO problem are often categorized by whether the feasible set contains
categorical, integer-ordered, or continuous decision variables [Pasupathy and Henderson 2006].
Further, solution methods can be categorized by the number of performance measures posed as
objectives and constraints. In the presence of a single objective and deterministic constraints, mature
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solution methods are available for all types of feasible sets. For an overview of these methods
and entry points into this literature, see Pasupathy and Ghosh [2013] and Fu [2015]. Recently,
solution methods for a single objective with stochastic constraints have been proposed in the case
of categorical variables [Andradottir and Kim 2010; Lee et al. 2012; Pasupathy et al. 2015] and
integer-ordered variables [Luo and Lim 2013; Nagaraj and Pasupathy 2016; Park and Kim 2015]. For
methods with continuous variables, see, e.g., Ruszczynski and Shapiro [2003], Homem-de-Mello
and Bayraksan [2015], and references therein. However, despite its mature development in the
analogous deterministic context [Miettinen 1999, for example], few papers in the SO literature
provide solution methods in the presence of multiple simultaneous objectives — a problem we call
the multi-objective simulation optimization (MOSO) problem.
We formulate the MOSO problem as

Problem M : minimizeyex (E[Gi(x, )], ..., E[Ga(x,§)]),

where X C RY is a known feasible set, ¢ represents a random quantity, and each objective can be
estimated as output from a Monte Carlo simulation. Since there may not exist a single point x € X
that minimizes all objectives simultaneously, the solution to Problem M is called the efficient set or
the Pareto set. We let the efficient set be the set of decision points x € X for which no other point
x" € X, x # x’ has objective values that are at least as good on all objectives, and strictly better on
at least one objective. We refer to the image of the efficient set as the Pareto set.

We consider the context of solving Problem M when the goal is to identify the entire efficient
set, the feasible set X is finite or comprised of categorical variables, and there are two objectives.
Methods to solve SO problems in which X is finite are often called ranking and selection (R&S)
methods (see Kim and Nelson 2006 for an overview). Such methods require the feasible set to be
small enough to permit simulation of each decision point; the decision points are usually indexed
by their objective values and called systems. Henceforth, we refer to systems with objective vectors
in the Pareto set as Pareto systems (see §2.2 for terminology). R&S methods can be divided into
two types: methods that provide a fixed-precision guarantee on the optimality gap of the returned
systems, and methods that allocate a fixed simulation budget in a way that guarantees sampling
efficiency [Hunter and Nelson 2017; Pasupathy and Ghosh 2013]. We fall in the latter category of
fixed simulation budget methods; as such, we do not provide a fixed-precision guarantee on the
optimality gap of the returned systems.

1.1 Questions Answered

To explore what we mean by allocating a fixed simulation budget in a way that guarantees sampling
efficiency, consider a simple algorithm to solve Problem M: (a) allocate some non-zero proportion
of a total sampling budget to each system, (b) sample and construct estimators of the objective
vectors for each system, (c) return the indices of systems corresponding to the estimated Pareto set.
Ideally, the estimated Pareto systems at the end of this procedure will correspond to the true Pareto
systems; if not, a misclassification occurs. Under mild regularity conditions, as the total sampling
budget tends to infinity, the probability of a misclassification decays to zero. Then we ask, what
proportion of the total sampling budget should be allocated to each system to maximize the rate of
decay of the probability of misclassification, as the sampling budget tends to infinity?

As may be expected given prior work in other SO contexts, notably, Glynn and Juneja [2004],
Szechtman and Yucesan [2008], Hunter and Pasupathy [2013], and Pasupathy et al. [2015], we
characterize the asymptotically optimal sampling allocation as the solution to a bi-level optimization
problem where the “outer” problem is concave maximization, and the “inner” problems are convex
minimization. Importantly, our allocation accounts for dependence between the objectives and
balances the probabilities associated with two types of misclassification error: misclassification
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by exclusion (MCE), in which a Pareto system is falsely excluded from the set of estimated Pareto
systems, and misclassification by inclusion (MCI), in which a non-Pareto system is falsely included in
the set of estimated Pareto systems. Since solving for the optimal allocation may be computationally
burdensome, then we ask, what is the asymptotically optimal sampling allocation when the number
of non-Pareto systems is large?

As the number of non-Pareto systems tends to infinity in a certain rigorous sense, the Pareto
systems receive a larger proportion of the sampling budget than the non-Pareto systems, and the
optimal allocations for non-Pareto systems are inversely proportional to an intuitive measure called
the score. When the random vectors corresponding to the objectives are bivariate normal, which is
our focus, the score of a non-Pareto system is its squared standardized “distance” from the Pareto
frontier in the objective function space. As in Pasupathy et al. [2015], we determine the relative
allocations to the suboptimal systems by their scores. The sampling allocation we propose based
on the scores is called the bi-objective Sampling Criteria for Optimization using Rate Estimators
(SCORE) allocation.

We also highlight a key insight from this work that may be surprising: when the number of
non-Pareto systems is large relative to the number of Pareto systems, the optimal allocation exclusively
controls for the probability of an MCI event. To understand why this is true, for now, let MCE be the
event that a Pareto system is falsely excluded by another Pareto system, while MCI is the event
that a non-Pareto system is falsely included among the estimated Pareto systems, whether it is
estimated as excluding a Pareto system or not. Further, assume we are in a theoretical framework
in which we have access to all information about the systems, including their classifications as
Pareto and non-Pareto. Then loosely speaking, as the number of non-Pareto systems tends to
infinity, the Pareto systems each compete with more and more non-Pareto systems. Thus the Pareto
systems receive a larger proportion of the total sampling budget than the non-Pareto systems.
Indeed, they receive so many more samples that the probability of a Pareto system falsely excluding
another Pareto system is small relative to the probability of a non-Pareto system being falsely
included among the estimated Pareto systems. Thus the Pareto set appears “known” relative to the
non-Pareto set, and the optimal allocation exclusively controls for MCI events.

Since the SCORE allocation requires knowing the true system performances on both objectives,
which are unknown, we include a sequential sampling framework for implementation. We numeri-
cally compare the performance of the SCORE allocation and the sequential sampling framework
with other popular allocations in the literature. We find that our implementation of the SCORE
allocation performs well numerically. SCORE appears to be a fast and accurate heuristic allocation
scheme for bi-objective R&S with 20 to 10, 000 systems, inspired by theoretical allocations that
have limiting optimality guarantees on efficiency.

1.2 Other Relevant Work

When the goal of solving Problem M is to identify the entire efficient or Pareto set, few solution
methods have been proposed in the SO literature. Arguably, the most well-known and popular
method is the Multi-objective Optimal Computing Budget Allocation (MOCBA) [Lee et al. 2010],
which is a multi-objective version of the popular Optimal Computing Budget Allocation [Chen et al.
2000] for a finite feasible set. Other recent work includes (a) M-MOBA [Branke and Zhang 2015;
Branke et al. 2016], a multi-objective version of the small-sample expected value of information
(EVI) procedures in Chick et al. [2010] for a finite feasible set; (b) MO-COMPASS [Li et al. 2015],
which is a multi-objective version of COMPASS [Xu et al. 2010] for integer-ordered feasible sets;
(c) Huang and Zabinsky [2014], who provide a branch-and-bound algorithm for integer-ordered
or continuous feasible sets; and (d) Kim and Ryu [2011], Fliege and Xu [2011], and Bonnel and
Collonge [2014], who provide methods for continuous feasible sets. We note that Butler et al. 2001
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provide a utility function approach to multi-objective R&S and refer the reader to Hunter et al.
[2017] for an overview of the existing MOSO literature.

Given our context of finite feasible sets, the most appropriate competitors for our proposed
sequential algorithm are MOCBA and M-MOBA. We compare the performance of our sequential
algorithm with these methods in Section 8.

Remark 1. A preliminary version of this work appears in Hunter and Feldman [2015]. Also,
Hunter and McClosky [2016] contains an asymptotically optimal allocation for the case of two
independent objectives in the context of a plant breeding application. This paper is a significant
outgrowth of Hunter and Feldman [2015] and subsumes the allocation provided in Hunter and
McClosky [2016] for independent objectives. Neither Hunter and Feldman [2015] nor Hunter and
McClosky [2016] provides a limiting SCORE framework. Feldman et al. [2015] provides analogous
MOSO methods on finite sets for more than two objectives. Since the methods in Feldman et al.
[2015] are more computationally burdensome than those we propose, we do not advocate using the
methods of Feldman et al. [2015] in the bi-objective case. Thus we do not include these methods in
numerical comparisons. Table 1 categorizes these papers according to some of their differences.

Table 1. The table provides a categorization of existing papers on multi-objective R&S by how many objectives
they consider and whether they account for dependence between the objectives.

Dependence?  Exactly Two Objectives Two or More Objectives

No Hunter and McClosky [2016] and M-MOBA  MOCBA [Lee et al. 2010]
[Branke and Zhang 2015]

Yes This paper and its preliminary version, Feldman et al. [2015]

Hunter and Feldman [2015]

Remark 2. There is also work on the multi-objective multi-armed bandit problem, for example
Yahyaa et al. [2014a], Yahyaa et al. [2014b], and Yahyaa et al. [2014c].

2 PROBLEM SETTING AND FORMULATION

We now provide a formal problem statement, describe terminology and notational conventions,
and outline our assumptions. Due to space constraints, unless otherwise noted in the text, proofs
for all results appear in the Online Appendix.

2.1 Problem Statement

We consider the MOSO problem with two objectives on a finite set. That is, we solve
Problem B: Find argmin,.g (E[G(xk, &)], E[H(Xk, £)]),

where 8 := {1,2,...,r} is a finite set of system indices and ¢ is a random quantity. Further, define
gr = E[G(xt,&)] and hy := E[H(xg, £)] for all k € 8. The objective vectors (g, hx) € R? are
unknown, but may be estimated by sample means. The solution to Problem B is the set of Pareto
systems (see §2.2), P := {systems i : 7| system k € § such that (g, hx) < (gi, h;)}, where a vector
(gk, hi) dominates (g;, h;), written as (g, hx) < (gi, h;), if gx < gi and hy < h;, or gx < g; and
hi < h;.

Now consider a method to solve Problem B in which we allocate a proportion a; > 0 of the total
sampling budget to each system k, where }}; | ax = 1. Once the total sampling budget has been

expended, we return the set of estimated Pareto systems, P, constructed as follows. Let the vector
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of sample means after n samples be (G (n), Hi(n)) := (% Z;—l:l Ggj, % ;l:l Hyj) forall k € §, and
define (Gy, Hy) := (G(axn), H(axn)) as the estimators of gx and hy after scaling the total sample
size n by the proportional allocation to system k, a; > 0. Then the set of estimated Pareto systems
is P := {systems i : #| system k € § such that (G, Hy) < (Gi, Hy)}.

If P+ P, then at least one system has been misclassified, that is, a Pareto system has been
falsely estimated as non-Pareto, or a non-Pareto system has been falsely estimated as Pareto. As
the sampling budget tends to infinity, the probability of misclassification tends to zero. Then we
ask, what sampling budget & = (a1, a3, . . ., @) maximizes the rate of decay of the probability of
misclassification?

Remark 3. While we focus on allocating the sample to maximize the rate of decay of the probabil-
ity of misclassification, one could also allocate to minimize the expected number of misclassifications.
Hunter and McClosky [2016] show that these two objectives result in identical asymptotic alloca-
tions when the objective estimators are independent. We anticipate that a similar result holds in
the context of this paper.

2.2 Terminology and Notational Conventions

In general, we prefer to call the solution to Problem M “the efficient set” and call its image “the
Pareto set” (see Ehrgott 2012 for a historical perspective on these terms). However, since R&S
methods assume no structure in the decision space, we may work almost entirely in the objective
space. Since we work in the objective space and index the systems by their objective function
values in §3, we omit the term “efficient” in favor of the term “Pareto” throughout the paper.

When it is reasonable to do so, uppercase letters denote random variables or matrices, lowercase
letters denote fixed quantities, script letters denote sets, and vectors are written in bold. For a set C,
the cardinality of € is denoted |C|. For a function f, let V f(x) be the gradient of f with respect
to x € RY, and f’(x) the derivative of f with respect to x € R. For any 2-by-2 matrix A, let the
eigenvalues of A be Apin(A) and Ayax(A). For any n-by-n matrices A and B, let A o B denote their
element-wise, or Hadamard, product. For a sequence of real numbers {a, }, we say that a,, = o(1) if
lim,_c{a,} = 0 and a, = O(1) if {a,} is bounded, that is, if there exists ¢ > 0 with |a,| < ¢ for all
n. Further, a, = ©(1) if 0 < liminf a, < limsup a, < co. We use iff for “if and only if”” Solutions
to optimization problems are usually denoted with an asterisk, e.g., x*. We use I}| to denote the
indicator function. Let f* : R — R U {oo} be a function such that f*(x) = xifx e {x e R: x > 0}
and f*(x) = 0 if x < 0. For a,b € R, define min*[a, b] := min(f™(a), f(D)).

2.3 Assumptions

In what follows, we assume that the set of non-Pareto systems is nonempty. To estimate the
unknown quantities g and hy, we assume we obtain replicates of the random vector (G, Hy) from
each system. We also assume the following.

AssuMPTION 1. Random vectors (G, Hy) are mutually independent for all k € S.

That is, we develop a model to guide sampling that does not specifically account for correlation
between systems, such as the correlation that would arise with the use of common random numbers
(CRN). However, our model does not preclude the use of CRN during implementation. We also
require the following technical assumption which is standard in optimal allocation literature, since
it ensures all Pareto systems are distinguishable on each objective with a finite sample size.

ASSUMPTION 2. We assume g; # gy and h; # hy foralli € P,k € 8 such thatk # i.

Since we employ a large deviations analysis in Section 3, we require the following Assumptions 3
and 4, included here for completeness. We refer the reader to Dembo and Zeitouni [1998] for

ACM Transactions on Modeling and Computer Simulation, Vol. 0, No. 0, Article 0. Publication date: 201X.
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further explanation. Let (-, -) denote the dot product, and let Agrgk Hk)(O) = log E[e(6-(Gr(n).Hi(n)],
Ag’g(@) = log E[eeék(")], and A;_';Z (0) = log E[eHHk(")], be the cumulant generating functions of

(G (n), Hi(n)), Gi(n), and Hi(n), respectively, where @ € R? and 0 € R. Let the effective domain of
f(-)be D = {x: f(x) < oo}, and its interior D}. We make the following standard assumption.

AsSUMPTION 3. For each system k € 8,

(1) the limit NG, 1,)(0) = nh_r)rgo %Az'gk,Hk)(nG) exists as an extended real number for all @ € R?,

where A, (0) = lim 1A (n6) and A, (0) = lim 1AV (n6) for all 6 € R;
n—oo k n—oo k
(2) the origin be'longs. to the interior of Dy, );
(3) Ay, Hy)(0) is strictly convex and C*™ on DA(Gk,Hk);
(4) Ay, 1)(0) is .steep, that is, for any sequence {6n} € D4, , converging to a boundary point
of DGy nlg{}o IVAG,, H,)(On)| = co.

Assumption 3 implies that by the Géartner-Ellis theorem, the probability measure governing
(Gi(n), Hr(n)) obeys the large deviations principle (LDP) with good, strictly convex rate function
Ie(x,y) = supyepe{(0, (x,4)) — A, H,)(0)} [Dembo and Zeitouni 1998, p. 44]. Further, Gi(n)
and Hi(n) obey the LDP with good, strictly convex rate functions Ji(x) = supycp{0x — A, (0)},
Ki(y) = supgep{0y — Am, (0)}. Let (x,y) € ?E)Gk’Hk) = int{VAg, u,)(0) : 0 € D;\(Gk,Hk)}’ and let

F¢ denote the closure of the convex hull of the set {(gk, h«) : (gk, hx) € R2, k € 8}.

AssuMPTION 4. The closure of the convex hull of all points (gx., hx) € R? is a subset of the intersection
of the interiors of the effective domains of the rate functions Ix(x,y) for allk € 8, that is, F; C
N, I .

=17 (Gk. Hy)

3 CHARACTERIZATION OF THE OPTIMAL BUDGET ALLOCATION

Given that our goal is to determine the sample allocation ¢ that maximizes the rate of decay of
the probability of misclassification, we first formulate the misclassification event in a way that
facilitates analysis. We then analyze the rate of decay of the probability of misclassification as a
function of &, and provide a characterization of the optimal budget allocation as the solution to a
bi-level optimization problem. To avoid mathematical complications, we assume nay > 1 for all
k € 8 in this section.

3.1 Formulation of the Misclassification Event

Recall that a misclassification event occurs if, after expending a total of n samples, the set of
estimated Pareto systems, ‘.]3, is not equal to the true set of Pareto systems, P. If P % P, then at least
one of two events occurs: a Pareto system was falsely excluded from the set of estimated Pareto
systems (MCE), or a non-Pareto system was falsely included in the set of estimated Pareto systems
(MCI). Therefore we can formulate the misclassification event as MC := MCE U MCI, where

MCE:= U U (Ge<G)n(Hr<H):MCl= U 0 (G <Gou ;< Hy).
i kesoras Ok < O 0 (Hie < 1) jegpcke&kij( j < Gr) U (Hj < Hg)

Ji € P dominated by some k € 8 3 j € P¢ not dominated by any k € §

As the union of pairwise exclusion events, the MCE event is easy to analyze. However, the MCI
event requires a non-Pareto system j to be falsely estimated as better than every system k on at
least one objective. This event contains dependence that is difficult to analyze. In this section, we
reformulate the MC event for easier analysis. First, we simplify the MCE event to consider only
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exclusion events between Pareto systems,

MCEgp := U (Gy <Gy N (Hy < H).

U
i€ePi’eP, i'+i
Then, we reformulate the MCI event so that it also appears as a union of pairwise exclusion events.
We combine these results into the statement of Theorem 3.1, which states the equivalence of the
MC and reformulated events.

To reformulate the MCI event as a union of pairwise exclusion events, first, we define new
systems called phantom Pareto systems. To define these systems, reserve the indices 1,...,p
for the Pareto systems, such that P = {1,...,p},|P| = p. Then label the true Pareto systems
by their ordered objective values, g1 < ¢z < ... < gp-1 < gp < gps1 and hy > h; >
hy > ... > hyy > hy, where g, 1= 00, and hq := co. Thus the objective values for the true
Pareto systems are (g;, h;) for all i € P, where henceforth, we use i as an ordered index when
we wish to refer to the ordered Pareto systems. An example of this labeling appears in Figure 1.
Now construct the objective value corresponding to the

{th phantom Pareto system as the coordinates (g;11, h;) r (g7 1)
fori=0,1,...,p, where we also place phantom Pareto °
systems at (g;, 00) and (oo, h,) for a total of p+ 1 phantom hia (gie1, hio1) (g1, 1)
Pareto systems. Henceforth, we use PP := {0,1,...,p}
as the set of indices corresponding to the phantom Pareto hi (g, i) (g0, )
systems, and we use ¢ as an ordered index when we wish b g
to emphasize the ordered phantom Pareto systems; notice | L {gir1, hiv1)
our labeling is such that ¢ = i (see Figure 1). For the :
remainder of the paper, the indices { and i are linked in gi-1 i Git1
this way.

To rewrite the MCI event using the phantom Pareto Fig. 1. Pareto systems i — 1, i, i+ 1 are
systems, we must estimate the objective values of the solid black dots, i € {2,...,p—1}. Phantom

Pareto systems are solid gray dots, £ = i. If

phantom Pareto systems. For the true Pareto systems,
define Gp;) as the ith largest estimated first objective value
and I:I[,-] as the ith smallest estimated second objective
value. Thus G[l] <...< G[p_l] < G[p] < é[p+1] and
I:I[O] > Hm > I:I[z] >0 > H[p], where G[p+1] := oo and

the Pareto set were known, an MCE or MCI
event would result from the non-Pareto sys-
tem j being falsely estimated in the dark or
light gray region, respectively.

ﬁ[o] := oo for all n. Now the estimated performances of the phantom Pareto systems are (G[,-H], ﬁ[,-])
fori =0,1,...,p. Define misclassification by dominating an estimated phantom Pareto system as

MCLp:= U U

G; < G N (H; < Hyp),
je?cfeﬂ?ph,f:i( j [1+1]) ( j [l])

and rewrite the misclassification event as MCp, := MCEp U MCI,,;,. Theorem 3.1 states the equiva-
lence of the probability of an MC event and the probability of an MC,, event. A similar theorem
was stated and proved in Hunter and McClosky [2016] under more restrictive assumptions.

THEOREM 3.1. P{MC} = P{MC,}.

Henceforth, we use the notation P{MC} without loss of clarity.

3.2 The Rate of Decay of the Probability of a Misclassification Event

Now that we have formulated the MC event into the union of two MCE-like events, we are ready
to analyze the rate of decay of P{MC} as a function of the sampling allocation vector «. Notice
that for b = max(P{MCEz}, P{MCI,,}), we have b < P{MC} < 2b, which, assuming the limits
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exist, implies
—’}ilr;o%logp{Mc} = min (- nli_r)r;o%logP{MCEfp},—nlglgo%IogP{MCIph}). (1)

In what follows, we analyze the rate of decay of P{MCEp} and P{MCIL,;} separately.
First, consider the rate of decay of P{MCE%} in equation (1), since it is the most straightforward.
For brevity, for all i,i" € P, i’ # i, define the rate function
Ri(ai, ar) = inf oli(xi, yi) + apli(xr, Yy ).
Xy <X, Y SYi
The following Lemma 3.2 states the rate of decay of P{MCE«} in terms of the pairwise rates
Ri(ai, air) corresponding to a Pareto system i’ dominating another Pareto system i. We do not

provide a proof for Lemma 3.2; it follows from an analysis similar to those in Glynn and Juneja
[2004], Hunter [2011], Li [2012], Feldman [2017].

LEMMA 3.2. The rate of decay of P{MCEs} is

— lim +logP{MCEp} = min min R;(a;,ar).
n—oo ie€P i'eP,i’'#i
Lemma 3.2 states that the rate of decay of P{MCE«} is the slowest among the pairwise rates
corresponding to one Pareto system falsely dominating another.

Now let us turn our attention to the term corresponding to MCI, in (1). The analysis for the rate
of decay of the probability of an MCI,,, event is a bit more involved: in addition to the possibility
that a non-Pareto system j is estimated as dominating a phantom Pareto system, the Pareto systems
themselves may be estimated as “out of order” In what follows, we do not directly state the rate
of decay of P{MCI,,}. Instead, we show that the probability of events corresponding to MCI,, in
which the Pareto systems are also estimated as out of order have rates of decay greater than or
equal to the rate of decay of P{MCE+}, and thus can never be the unique minimum rate in (1).

To explicitly denote the ordering of the Pareto systems, we require the following notation. First,
recall that the Pareto systems are labeled “in order” from 1,2. .., p. Then we define the ordered list
0:={(1,1),(2,2),...,(p,p)} as the positions of the true Pareto systems on each objective, where
the first objective is labeled from smallest to largest, and the second objective is labeled from largest
to smallest. Now define O as the ordered list of estimated positions of the true Pareto systems. Thus
the event that the Pareto systems are estimated in the correct order is O = 0. Define MCI,, without
order statistics as MCI;h = Ujepe Upepph po; (éj < éi+1) N (I:Ij < H;), where ép+1 = 00, Hy := o0
for all n. Then the event MCI;h N O = O is the event that the Pareto systems are estimated in order,
and a non-Pareto system is falsely included in the set of estimated Pareto systems. The following
lemma states that only the rate of decay of the probability of this event can be a binding minimum
in the overall rate of decay of P{MC} in (1).

LeEMMA 3.3. The rate of decay of P{MC} is
—Jgr;o%logP{Mc} = min(- nli_r)r.}o%IogP{MCET},—nlgrgo%logP{MCI;h NO =0}).

Again, because the Pareto systems being estimated out of order has a rate of decay that is greater
than or equal to the rate of decay of P{MCE}, the rate of decay of P{MC} can be simplified to a
rate involving only pairs of non-Pareto systems and phantom Pareto systems. For all non-Pareto
systems j € P€ and all phantom Pareto systems £ € Pprh — {0,1,...,p}, recall that £ = i and define
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the rate function

ij(aj,ai,aiﬂ)

inf a;li(xj, y;) + arJi(x1) it =0,
j<X1
= xjﬁxir]l,fyjsy,— a;li(xj, yj) + aiKi(yi) + aic1Jivi(xie1) if€e{1,...,p—1},
inf a;li(x;,y;) + apKy(yp) if £ = p,
Yji<Yp
inf a; Ji(x) + o J1(x) if£ =0,
X
=1 el Ol )+ aKi(y) + dinJin (i) fEE{L. L p -1
inf a;jK;(y) + apKy(y) if¢ =p,
y

where ay := 1, ap41 = 1, and equality of these two rates is explained in Online Appendix C. The
following Theorem 3.4 states the rate of decay of the probability of misclassification, P{MC}.

THEOREM 3.4. The rate of decay of the probability of misclassification is
- lim 1logP{MC} = min [min min R;(e;,@y), min min Rie(aj, i, air1) ] -
n—oo 1 i€P i'eP,i’#i JjEPe fePrh p=i

According to Theorem 3.4, we can retrieve the overall rate of decay of the probability of mis-
classification by calculating (a) the slowest among all pairwise false exclusion rates between the
Pareto systems i, i’ € P, i # i’, and (b) the slowest among the pairwise false inclusion rates between
non-Pareto systems j € P¢ and phantom Pareto systems £ € PPP. Therefore the rate of decay of
P{MC} is determined by the most likely misclassification event between two Pareto systems or
between a non-Pareto system and a phantom Pareto system. We remind the reader that the rate in
Theorem 3.4 accounts for dependence between the objectives.

3.3 Optimal Allocation Strategy

To determine the asymptotically optimal sampling allocation that maximizes the rate of decay of
the probability of misclassification, P{MC}, we consider the rate of decay of P{MC} in Theorem 3.4
as a function of the sampling allocation a. To determine the best value of ¢, we maximize the rate
of decay of P{MC} by solving the following Problem Q, defined as

Problem Q : maximize z s.t.
Ri(a;, ay) > z for all i,i’ € P such that i’ # i,
Rie(aj, i, ai41) > z forall j € P¢, 0 € PP ¢ = i,

Yiojak =1, ap >0 forallk €8.

Thus at optimality in Problem Q, a* is the sampling allocation that maximizes the rate of decay of
the probability of misclassification. The optimal rate is represented by z*. Given a value of (a;, @),
the value of R;(a;, @) is obtained by solving

Problem RYS® :  minimize «;I;(x;,y;) + aply(xi,yr) st xy < xi, yr < yi,
and given a value of («;, a;, a;+1), the value of Rj¢(a;, @, @;4+1) is obtained by solving
Problem R;A[CI :  minimize O{jlj(x]‘, y]) + al-Ki(y,-)]I[g#O] + ai+1],~+1(xi+1)1[[g¢p]

s.t. (Xj - xi+1)ﬂ[[¢p] < 0, (y] - yi)]:[[€¢0] < 0,
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0:10 G. Feldman and S. R. Hunter

where, for ease of notation, we write Problem RE.A[C' in its unsimplified form. We distinguish Problems
RYF and RjY‘l,CI as strictly convex optimization problems in (x;, y;, Xy, yi) and (x;, y;, yi, Xi+1), respec-
tively, while R;(a;, aiv) and Rje(;, @i, @ti+1) are their respective objective values at optimality. In
the sections that follow, Problem R?A{,CI plays a prominent role. Thus we briefly discuss the properties
of Problem Q. Then, we provide a more in-depth look at the properties of Problem R’]‘.;CI.

3.3.1  Properties of Problem Q. Problem Q has px (p— 1) constraints corresponding to controlling
the rate of decay of P{MCE« } and (r — p) X (p + 1) constraints corresponding to controlling the rate
of decay of P{MCI,,}. Also, each R;(«;, ) and Rj¢(;, @;, a;11) are concave functions of (a;, a)
and (o, a;, ai4+1), respectively [Boyd and Vandenberghe 2004, p. 81]. Thus Problem Q is a concave
maximization problem. We emphasize the following important property of the rate z as a function
of the allocation a: If . = 0 for any system k in Problem Q, then the rate z = 0. Since equal allocation
is feasible and results in a rate z > 0, at optimality in Problem Q, we have z* > 0 and O‘Z > 0 for all
systems k € 8.

3.3.2  Properties of Problem R;"ZCI. Along with primal feasibility, the following KKT conditions are
necessary and sufficient for global optimality in the strictly convex Problem Ry[c‘. Let (x],y7, y;, xjy,)
be the solution to Problem R;?A{,CI, where y; = 0, x; 41 = 0.Letting A, > 0and A, > 0be dual variables,
we have complementary slackness conditions Ax(x} — x;,) =0if £ #p, Ay(y; —y;) = 0if £ #0,
and stationarity conditions

AL (x%,y%) AL (x%,y%)
aj Ja)ij . +/1x1[[(’¢p] =0, aj—Ja;j S +/1y1[[g¢0] =0, (2)
i i) ) =0 if#p, a g~y =0 ifL£0. (3

In the solution to Problem R;Y‘FCI, the variables x]*f,y;f,y;‘, and x},, are each functions of the

proportional allocations to non-Pareto system j and Pareto systems i and i + 1, (¢, @;, @;+1). When
this dependence must explicitly be denoted, for brevity, define

3;(051', i, Aiv1) = (x}k(aj’ @i, Air1), y}‘(aj, @i, @it1))-
Now notice that under Assumptions 2—-4, from the KKT conditions for Problem R;A[CI, the value of

the rate function I;(3}(a;, @i, @i+1)) > 0 at optimality in Problem R;A[CI. This result is stated formally
in Lemma 3.5; we omit the proof.

LEMMA 3.5. Ifa; > 0,a; > 0,a;41 > 0, then Ij(a}f(aj,ai,aiﬂ)) > 0 in Problem R;Y;C‘ for all

non-Pareto systems j € P¢ and all phantom Pareto systems £ € PP € = i.

A lemma regarding the locations of the solutions to Problem R;’;CI appears in Online Appendix D.

4 LIMITING APPROXIMATION TO THE OPTIMAL ALLOCATION

Since Problem Q is a bi-level optimization problem, it may take some time to solve for the optimal
allocation when the number of systems is large. While the computational time could be reduced by
solving the inner problems in parallel, we believe it is useful to see if the optimal allocation can be
simplified for large problem instances. In this section, we send the number of non-Pareto systems
to infinity while keeping the number of Pareto systems finite and equal to p. This limiting regime
enables us to write the relative allocations between the non-Pareto systems in closed form.
Before proceeding, we emphasize two key points about our limiting regime. First, we do not
intend that the SCORE framework be implemented as-written when the number of systems is
infinite. We are, after all, providing optimal allocations for R&S problems in which the number of
systems is finite. We seek only a simplifying framework that would be a good approximation to the
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asymptotically optimal allocation when the number of non-Pareto systems is large relative to the
number of Pareto systems. Further, it may seem natural that if the number of non-Pareto systems
tends to infinity, the number of Pareto systems should also tend to infinity, but perhaps at a slower
rate. While such a regime may be intuitively appealing, it is not clear how the Pareto systems
should be added to achieve a meaningful limiting allocation framework in a large deviations regime.
Thus in what follows, we keep the number of Pareto systems finite and equal to p. We also remind
the reader that, like much of the R&S literature, our emphasis is on the case in which the underlying
distributions are normal. Thus we make a normality assumption in §4.1. This assumption simplifies
the proofs and assists our intuition regarding dependence by allowing us to model the dependence
between the objectives as correlation.

4.1 Preliminaries for the Limiting Allocation

Recall that r = |8] = p + |P€| is the total number of systems, and in what follows, only |P¢| will
tend to infinity while p remains constant.

4.1.1  Assumptions. We make four assumptions on the way non-Pareto systems are added to
ensure a meaningful limiting allocation.

ASSUMPTION 5. There exists a compact set C; C R? such that (gx, hi) € C; for allk € 8, and such
that €, C F7. (See Assumption 4 for notation.)

Since all rate functions are strictly convex with a unique minimum at the location of the mean,
there exists another compact set € 2 C; that contains the locations of the solutions to all Prob-
lems Ryfa. Let 8 be the diameter of a circle that covers C; § appears in the Online Appendix.

ASSUMPTION 6. For all k € 8, the rate functions Ii(x,y) have the quadratic form Iy (x,y) =
2
1 [9k—X T w-1 [ k=X L 9g PkOgy Oh .
3 [hk—y] Zkl [hk—y] for all (x,y) € R?, where 3y := Pko'gkko'hk ot , ] Further, there exist
constants ¢, < 1 and cp > 1 such that the eigenvalues of 2y are bounded as 0 < ¢; < Amin(Zk) <
Amax(Zk) < ¢p < oo forallk € 8.

Assumption 6 implies Ji(x) = (x — gx)*/(207, ), Ki(y) = (y — hk)z/(ZU}zlk) forallk € 8.

AssUMPTION 7. There exists € > 0 such that (g;, h;) satisfies (a) inf{|h; — h;| : i€ P} > e,
inf{lg; — gi| : i € P} > €, and (b) inf{|(h; — hi)/on, — pj(g; — gi+1)/0g4;| : i € P} > €, inf{|(g; —
gi+1)/0g; — pj(hj — hi)/on;| : i € P} > € forall j € P°.

AssumpTION 8. For all Pareto systems i € P, there exists a non-Pareto system j € P¢ such that
hj < hi org; < gi+1-

Assumption 5 ensures that the systems that are added continue to compete with the Pareto
systems and do not become irrelevant in the limit. Assumption 7 ensures the non-Pareto systems
Jj € P€ are added to C; so that they do not systematically approach the Pareto front, and so that they
do not approach the lines y = h; + p;(on;/04,)(x — gi+1) and y = h; + (1/p;)(on;/04,)(x — gi+1) for
all i € P. Notice that Assumption 7(b) follows from Assumption 7(a) and Assumption 6 when the
correlation p; = 0. Assumptions 5 and 7 are analogous to assumptions in Pasupathy et al. [2015].

We differ from Pasupathy et al. [2015] in Assumptions 6 and 8. While Pasupathy et al. [2015]
assume the rate functions have upper and lower bounding quadratics on a compact set (a mild
assumption), we simplify the analysis by assuming the rate functions are quadratic. Sufficient
conditions to ensure we have appropriate quadratic rate functions are (a) we obtain i.i.d. replicates

of the bivariate normal random vector (G, Hy) with parameters (g, kg, ngk, ogk, pi) forallk € 8

where o2 , o2

9 Oy denote variance, py denotes correlation between the objectives, and (b) the variance
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and correlation values are uniformly bounded as 0 < 62 < 07, < 0; <0,0< o0, <0, <0, <0

g b hy b
for o2 < 1, 05 > 1, and |p| < pp for pp € (0.5,1). (Note that the existence of such bounds follows
from the condition on the eigenvalues of 3. The independence of the replicates can be relaxed
under the conditions in Assumption 3.) Thus we require that the systems be added to €; in such a
way that their corresponding rate functions cannot become too shallow (less than ¢2) or too steep
(larger than 0'2), and so that they cannot degenerate to a single dimension (|px| approaching 1). We
conjecture that our analysis holds in the case of bounding quadratics, but we do not show it.

Finally, Assumption 8 implies that there does not exist a
Pareto system i € {2,...,p — 1} such that Pareto systems (g by
i—1,i,and i + 1 dominate all of the non-Pareto systems ° ] ;
(see Figure 2); note that the assumption always holds hiili(gi,hhgq) (9o, he 15 """""""""" :
for i € {1,p}. Assumption 8 ensures that when we relax
Problem Q to contain only constraints corresponding to hi r (g, i) (g0, he)
MClI in §4.2, Pareto system i receives a positive sample L
allocation at optimality for all i € P. To see why, suppose ' *'| (giv1, his1)
there are three Pareto systems i — 1,i, and i + 1, and : : :
suppose all non-Pareto systems are in the shaded region Gi1 Gi Git1
of Figure 2. Further, suppose all variances associated with
Pareto systems i — 1,i + 1 and the non-Pareto systems Fig. 2. Under Assumption 8, for each Pareto
are relatively small, while the variances associated with ~system i € {2,....p — 1}, there exists at
Pareto system i are relatively large. Then it is expedient least one non-Pareto system j outside the
for Pareto systems i — 1 and i + 1 to do all the work of shaded region.
excluding the non-Pareto systems. If there exists a non-
Pareto system j outside the shaded region, then Pareto systems i — 1 and i + 1 can no longer do
all the work of excluding the non-Pareto systems; hence Pareto system i receives positive sample
allocation. We view Assumption 8 as mild for two reasons. First, in §4.2, we send the cardinality of
non-Pareto systems to infinity in an “even” way under Assumption 9. Thus we view Assumption 8
as requiring an initial level of evenness among the non-Pareto systems. Second, at optimality in
Problem Q, all Pareto systems receive positive allocation due to the constraints corresponding to
MCE, regardless of the system configuration. Since the SCORE framework in §5 includes the MCE
constraints, this assumption does not impact implementation.

4.1.2  Rate Functions Under the Normality Assumption. We write Rj¢(j, i, @i+1) under Assump-

tion 6 in the following Proposition 4.1. For brevity, define the indicators I[g = I[a, >0, £2p) and
I[J ', :=1[a, >0, ¢20] at optimality in Problem RMCI Recalling that £ = i, 1ntu1t1vely, I[g > 0 means that

non-Pareto system j “competes” with Pareto system i + 1 on the g objective via the phantom Pareto
system ¢, and ]Ih > 0 means that non-Pareto system j “competes” with Pareto system i on the h
objective via phantom Pareto system ¢ (see Figure 2). To further simplify the rate function, when
a; > 0,a; > 0,541 > 0, for all j € P¢ and phantom Pareto systems ¢ € Prh ¢ = define

Iy d Y
wy(@j, @iv1) = oL Tar+ g, [ if¢#p and wp(aj, o) = W itd#0,
where 0 < wy(aj, @;41) < 1and 0 < wy(aj, a;) < 1 can be interpreted as weights. For readability
and compactness, we often denote these weights as w, and wy, respectively, where the appropriate
dependencies can be deduced from context.

Notice that the expression for Rjs(a;, a;, ai1) in Proposition 4.1 simplifies to one of three cases:
the one-dimensional rate corresponding to system j being estimated as better than Pareto system i+1

on objective g, the one-dimensional rate corresponding to system j being estimated as better than
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Pareto system i on objective h, or a bivariate rate of j dominating the phantom Pareto system ¢.
Since G;41 and H; are independent, only p; appears in the rate. Further, in the expressions that
follow, only w, and wy, are functions of (a;, a;, &ti1).

PROPOSITION 4.1. Under Assumption 6, for each non-Pareto system j € P¢ and phantom Pareto
system { € Pprh p — ifaj > 0,a; > 0,41 > 0, then

(1) the rate function Rj¢(atj, o, ait1) is

(95 9'“)]116] [ ag; /g pjo-gjo-h]]ljf]lj('] [(wgm)ﬂff}

]((0{], ai, aH—l) =

2 (hj—h )11;5 pjo'gjo'hjﬂﬂ,lﬂ; o} [wp (hj—hpIh,
— @ i gm) I[g _ 20)9i=gin)(hi=hi) w918 + (h; h) wi, ]Ih )
2(1- pjwywhﬂjf J[) o'gj 0gjOh; j€ ]f
9 h _ . (h j h) (g; gz+1)
where]lﬂ,>0,]Iﬂ,—01ﬁf€¢p,gj>gi+l, o < pj Wy,

}I =0,I% >0 iff ¢ # 0,h; > h;, (g’; gim1) Pj ’_h')wh, and
95

s hS
Jjt Oh;

g 1h (gj—gi+1) (hj—hi) (hj—hi) (gj=9gi+1) .
I[](’]ij >0 U?K ¢ {0’p}’ Jogj > Pj Jo‘;,j Wh, i"hj > Pj Jogj Wg;

(2) the rate functions in Rjc(aj, o, ait1) corresponding to systems j, i, and i + 1 are

(I_ijh(z wp)I () (9} ng) Z]Ig (1- P]Wg(z Wg) () (h h) Z]Ih

Ij(ﬁ;(“j’aiaaiﬂ)) =

h 2 h Z
2(1—p.wgwhljgf]1ﬂ)2 og; Wg Jf 2(1- pngwhlljgfllﬂ)z T, Wh Jjt
o= p,)ngh (1-wg)1=Wr)] (g;~gi1)(h;—h;) 9 1k

Pj i 2 0,0 WgWhlplips
(1- P]Wgwhj jf) 9jhj JEJ

(owilt %y rhyho) g py ), 12
g £

K (y, (a_]a ai, aH—l))

Jf 2[1-p; wgwh]I 1? O'Z On; jthI oy,
(1-wy)° 9 [(9i— gm) n o (h=hs)
-1 £ .
]l+l(xl+1(ajaal,al+l)) ][2[1 pwgwh]l [] 91+1[ iePJ on; Wh]

In what follows, we work with o directly, instead of working with w, and wj,. However, we
preview the result of our limiting regime here: by sending the number of non-Pareto systems to
infinity, wy, — 1 and wy, — 1in Rje(aj, a;, aiyq) forall j € P¢, £ € Pprh p —

While the value of I;(3 (@, @i, i+1)) is always strictly positive at optimality by Lemma 3.5, it may
be that K;(y;(a;, a;, a,+1)) =0 or Ji11(x},, (@), @i, ai11)) = 0, in which case either Pareto system i
or Pareto system i + 1 does not appear in the rate function in Problem RY;", respectively. This
fact raises the possibility that a particular Pareto system i does not appear in the rate function for
Problem le“fc_ll or Problem R, in which case the non-Pareto system j does not compete with the
Pareto system i at all (see Figure 2). The following Lemma 4.2 states that such a case is impossible.

LEMMA 4.2. Under Assumption 6, if the allocations aj > 0, aj_1 > 0, a; > 0, and 41 > 0, then
max (J;(x} (aj, i1, @:)), Ki(y} (@, i, @iv1))) > 0 forall j € P€,i € P.

4.2 Allocation to Non-Pareto Systems
Since we send the number of non-Pareto systems to infinity, we relax the constraints in Problem Q

that pertain only to Pareto systems and MCE events. Thus in this section, we concern ourselves
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not with Problem Q, but with its relaxation:

Problem Q: maximize Z s.t.
Rje(@;, @i, @ivy) > % forall j € P¢, ¢ € PPP ¢ =
Yho1 Gk =1, @ 20 forallk € 8.

Under our assumptions, the KKT conditions are necessary and sufficient for global optimality in
Problem Q. We first use Problem O to derive insights on the optimal allocation as the number of
non-Pareto systems tends to infinity. In §4.4, we show that under mild conditions, for a large enough
set of non-Pareto systems, the solutions to Problems Q and Q are equal. Since they play a prominent
role in the results that follow, we present the KKT conditions for Problem é in Theorem 4.3.

THEOREM 4.3. Let Ajr > 0 forall j € P° and all € € {0,1,...,p} be dual variables associated with
Problem Q, and recall that the phantom Pareto labels are € = i for all i € P. Under Assumptions 6
and 8, at optimality in Problem Q, ay >0 forallk € S and
(1) for each non-Pareto system j € P°, there exists a phantom Pareto system €* € PP, £* = i* such
that Aje« > 0, which implies that the rate Z* = Rj{*(d;, &, 0 ) > 0;

(2) for each Pareto system i € P, there exists a non-Pareto system j* € P¢ such that the quantities
Aj*g_lji(x;“(&]’i,0?;‘71,&;.“)) > 0 or Aj*gKi(y:‘(d};,d;‘,d;‘H)) > 0, which implies that the rate
2" = min(Rp¢-1(&5., &y, &), Rje(@}., &7, 07,,)) > 0

(3) for all non-Pareto systems j,j’ € P€,

Zeeprm =i Ajeli(3(a}, a7, &y ,)

Secom ety Gy ) @
4) for all Pareto systems i,i’ € P, letting the phantom Pareto label for i’ be t’,
Bere heJAS G G ) + KW@ G ) o
Yjepe Ajo-1Jv (3@}, a5y, @) + Aje Ko (Y3 (&5, &5, 6 )
(5) for all Pareto systemsi € P,
AjerJilx; (05, &7y, 67)) + AeKilyi (@5, &7, &3,0)) ©

jepe Deepm o= Ajeli(37(a}, ), Nl )

ProOF. Let v and A;¢ > 0 for all j € P, € PP be dual variables. Then we have the comple-

mentary slackness conditions Ajg(R]g(a a;,a;,,)—z)=0forall je P e PPh ¢ =i and the
(simplified) stationarity conditions

ZjepelAje-rJixi (@}, ai_y, 7)) + AeKi(yi (a7, af oy )] = v Vie s (7)

Dieeprh o= Ajel (3 ((x ai,a; ) =v Vje P (8)

Ljepe Leeprn Aje = 1. ©

See Online Appendix G for a complete proof. O

In Theorem 4.3, Parts (1) and (2) ensure the existence of a binding constraint in Problem é for
each non-Pareto system j and Pareto system i, respectively. Parts (3) and (4) determine the relative
allocations between the non-Pareto systems and between the Pareto systems, respectively. Part (5)
determines the relative allocation between a Pareto system i and the non-Pareto systems j that
compete with it.
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Observe that as the number of non-Pareto systems added according to Assumptions 5-8 grows,
the overall rate of decay of P{MCI,,} in Problem Q will decrease. If this fact is not intuitive, it
can be seen by noticing that adding non-Pareto systems that compete with the Pareto systems in
a non-trivial way implies that we are adding binding constraints to Problem Q that decrease its
optimal value. Thus under our assumptions, as |P¢| — co, Z* — 0. (Notice that now, we consider a
sequence of Problems O(r) that are indexed by r, and quantities such as z*, A, for all j € P¢ and
¢ € PPh and a; for all k € S are functions of r and could be denoted as z*(r), A;¢(r) and a;(r),
respectively. We often suppress this notation unless it is helpful for clarity.) Proposition 4.5 states
the rate at which z* — 0. Before we state the proposition, we present Lemma 4.4, which provides
bounds on R ]g(a @;,a;, ;) and the rate functions that comprise it; these bounds are useful in
the proofs of several subsequent results. The constants used in Lemma 4.4 are defined in Online
Appendix H.

LEMMA 4.4. Let Ky, Ky, be positive, finite constants that do not depend on the system indices, and
let min™ be an operator that returns the smallest positive element in a list (see §2.2 for a definition).
Under Assumptions 58, for each j € P° and { € prh g —

9 h h 9
K mln*[miw’wl < Ry}, &, 8,,) < &l i a T 1+d]£.j/£&i‘ ] (10)
I ]Ih h

KR mm+[(1+dijd*)2’(1+&*/d* )2] LiG3(a), af, aiyp)) < KR[(1+&*/&*)Z+(1+02*/&* )2] (11)
14, iy

K;m < Ki(yj (a7, ¢, dy)) < KRW (12)
¥ 54

KRW - ]1+1(x1+1(a a az+1)) - KRW (13)

ProrosITION 4.5. Under Assumptions 5-8, as |P¢| — oo, 2" = O(1/|P€)).

Thus by Proposition 4.5, as the number of non-Pareto systems grows, the asymptotically optimal
rate of decay of the probability of MC decreases to zero as O(1/|P¢|).

For each Pareto system i € P and for each value of the total number of systems r, let P°(i, r)
denote the set of non-Pareto systems j that have a binding constraint with Pareto system i in
Problem é(r); here, we explicitly denote the dependence of Problem @ on r. That is, for all Pareto
systems i € P and all r, define

Pir) =4 € P2 Ajer(Ni(x; (@, &y, @7)) + Aje(DKi(y; (a5, &7, djy ) > 0}

In Problem Q(r), we say that non-Pareto system j and Pareto system i bind with each other if
Jj € P€(i,r), and we say that non-Pareto system j and phantom Pareto system ¢ bind with each other
if Aj¢(r) > 0. Notice that the interior expression in the definition of P¢(i, r) equals the expression
in the numerator of equation (6). Equation (6) determines the relative allocation between a Pareto
system i and the non-Pareto systems j that bind with it via phantom Pareto system £ — 1 or £. By
Theorem 4.3, at least one non-Pareto system binds with each Pareto system, so that |P°(i,r)| > 1
for all i € P and all r. Also by Theorem 4.3, each non-Pareto system binds with at least one Pareto
system, so that each j € P¢ belongs to at least one set P°(i, r) for all r.

We make the following additional observations about the set P°(i, r). First, since 0?;2 > 0 for
all k € 8 by Theorem 4.3, then for all j € P°,i € P, a rate function term corresponding to

Pareto system i must appear in one of Rj¢—1(a;}, a;_,, ;) or Rje(a;, @}, &;,,) by Lemma 4.2. Thus
]i(x:.‘(d;‘, a;_,a))+Ki(y;(a;, a;,a;,,)) > 0, whlchlmphesl[ () +I[ L (r) > 0,foralli € P,j € P°,

i-1°
and all r. If we also have non-Pareto system j € P°(i, r), then Ajg_l(r)ﬂ () + A]g(r)]l (r) > o0.
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This result follows because for a non-Pareto system j to bind with a Pareto system i, we require a
rate function corresponding to system i to appear in the binding constraint in Problem o).

To make statements about the limiting relative allocations as |P¢| — oo, we require notions of the
limiting allegiances between non-Pareto systems and Pareto systems. (In what follows, the reader
may find it helpful to consult Figure 1 or 2.) First, notice that when a new non-Pareto system j
enters Problem é(r), it will bind with one or more Pareto systems i via its phantom Pareto systems
¢ —1or {. Among these phantom Pareto systems, we require that there exists one primary phantom
Pareto system for each non-Pareto system j, defined as follows.

Definition 4.6. Let non-Pareto system j € P enter Problem @(r) atr =rjp < co. The phantom
Pareto system £* € PP! is the primary phantom Pareto system for j if X;¢-(r) > 0 for all r > rjo, and
Aje(r) = o(Aje+(r)) for all other phantom Pareto systems £ € Prhp # £*,

The first condition ensures that the non-Pareto system j binds with the phantom Pareto system £*
for all r > rj, so that j € P°(i*,r) or j € P°(i* + 1,r) for all r > rjo. Using the shadow price
interpretation of A;¢’s in Problem O, the second condition implies that the greatest gain to the rate
z* will be achieved by perturbing the MCI rate constraint associated with system j and phantom ¢*,
by more than a constant. Since the primary phantom Pareto system ¢* is a function of the non-
Pareto system j € P, we denote it as £*(j) whenever this notation is helpful for clarity. Otherwise,
the dependency on system j is implied.

While the assumption that each non-Pareto j has a primary phantom Pareto ¢* may feel somewhat
artificial, we believe that it will arise naturally, for example, when non-Pareto systems are added
according to a uniform distribution (provided our assumptions are maintained). To understand why,
consider what it means for one non-Pareto system j to bind with more than one phantom Pareto
system ¢. In a scenario with multiple Pareto systems (p > 2) and only one non-Pareto system jj,
the non-Pareto system j; will bind with all of the Pareto systems i € P via at least one of their
phantoms ¢ — 1, ¢, due to Theorem 4.3. However, as new non-Pareto systems are added uniformly
across the set Gy, the new non-Pareto systems bind with the Pareto systems “closest” to them, and
Jj1 will cease to bind with Pareto systems that are “far away” from it — those Pareto systems will
bind with other, closer, non-Pareto systems. Therefore intuitively, non-Pareto systems binding with
multiple Pareto systems, and thus multiple phantom Pareto systems, may arise when (a) there are
not very many non-Pareto systems, or (b) when the non-Pareto systems are not “evenly distributed,’
as might arise when all non-Pareto systems are uniquely dominated by the same Pareto system.
Therefore we anticipate that the number of non-Pareto systems binding with multiple phantom
Pareto systems ¢ decreases as non-Pareto systems are added “evenly”

In addition to assuming each non-Pareto system has a primary phantom Pareto system, we also
require that the number of non-Pareto systems binding with each Pareto system increase to infinity.
Specifically, for all Pareto systems i € P, define P°(i) as

P(i) = {j € P: j € P°(i,r) forall r > rjg and £°(j) € {€ = 1, £}}.

The set P°(i) contains the non-Pareto systems j € P° that bind with Pareto system i € P, via
phantom Pareto ¢*(j) € {¢ — 1,{}, in every Problem O(r) after rjo. For each Pareto system i €
{2,...,p — 1}, we further require that there exists at least one j* € P°(i) such that (g;+, hj+) is
non-dominated by Pareto systems i — 1 and i + 1 for all r; that is, j* is outside the shaded region in
Figure 2.

In what follows, we send |P€(i)] — oo for all i € P. This condition ensures that the number of
non-Pareto systems binding with each Pareto system i in Problem o(r) goes to infinity with r. To
ensure evenness of the non-Pareto systems in €y, the cardinality of each set P¢(i) must remain
within a constant of the total number of non-Pareto systems. We formalize these assumptions in
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Assumption 9, where {r} denotes the sequence of the total number of competing systems. We
numerically evaluate such a regime in §4.5.

AsSSUMPTION 9. We assume that (a) for each non-Pareto system j € P€, there exists a primary
phantom Pareto system €*(j) € PP, (b) for each Pareto system i € P, there exists a non-Pareto system
J* € P() such that hj» < hj_y or gj < giy1 for all r, and (c) there exists k € (0,00) such that
|P€(@)| = k|P€| for all Pareto systemsi € P and allr.

Under the regularity conditions in Assumption 9, we ensure that each system receives nonzero
sample in the limit. Theorem 4.7 provides results on the limiting allocations.

THEOREM 4.7. Under Assumptions 5-9, as |fPC(i)| — oo for all Pareto systems i € P:

There exists k1 > 0 such that I; 3 ar ~** s > Ky forall j € P¢ with primary phantom
Gy iy primary p

Pareto system £*(j) € PPP, £*(j) = i (}), and allr > rj.

(2) The allocation 5(]’.* = O(z*) forall j € P°.

(3) The dual variables v = ©(1/|P¢|) and Aje+(jy = ©(1/|P€]) for all j € P with primary phantom
Pareto system €*(j) € PP,

(4) There exists x, € (0,00) such thatd;‘/d} > Ky foralli € P, j* € P(i) such that hj» < h;_y or
gj < giv1, and all v > rjx.

(5) There exists ko < oo such thatk,/Z* < l/o?j”.‘ +1/a; < xp/2" foralli € P,j e P r>rj.

(6) There exists k; € (0, 0) such that a} /&}, < K, foralli,i’ € P, and allr.

(7) Foralli € P,j € PC, the ratio of squared allocations a*z/af‘z o(1/|P¢)).

(8) The rate z* = ©(1/|P¢|) and the allocations & a = @(l/Ichl)for allj € Pc.

(9) InRje(a;, a;, aj,,), the rate function K;(y; (a* a;,a;,,)) = @(1/|ch|) and the rate function

Jin(xf, (@7, a7, af,,) = ©Q1/|PC|) forall j € P¢, € € pph_p
(10) In Problem R;?“{,CI, yr — hi if € £ 0 and x7, | — giv1 if€ ;tpfor allj ePe, e Prh (=

The primary results in Theorem 4.7 appear in Parts (7)—(10). Because each Pareto system is
competing with an increasingly large number of non-Pareto systems, Parts (7) and (8) state that
in the limit, each Pareto system i will receive many more samples than the non-Pareto systems j.
Parts (9) and (10) state that in the limit in Problem R}, the rate functions corresponding to both
Pareto systems i and i + 1 tend to zero, while we know the rate function corresponding to system j
remains positive by Part (1). Thus in the limit, the rate function corresponding to j is evaluated
over the region in which non-Pareto system j would dominate the phantom Pareto system ¢,
Xj < gi+1,Y;j < h;. Loosely speaking, in this asymptotic regime, the Pareto systems receive so many
samples that, relative to the non-Pareto systems, the Pareto systems appear known.

This last result leads us directly to the main result of the paper, presented in Theorem 4.8. We do
not provide a proof; notice that it follows by applying Theorem 4.7.

THEOREM 4.8. Under Assumptions 5-9, as |P¢(i)| — oo foralli € P,
j[((l a; alﬂ)/a = infy; <g..,. y;<n; Li(xj,y;) forallje P, £ € Pehf =,
To see the implications of Theorem 4.8, define the score S; as
Sj = mingeppn p—; (infy; <g,,,, y;<h, Li(x,y;)) forall j € Pe.

Then it follows that in the limit, z* = min,cppn o-; ]f(a a;,a;,,) for all j € P¢, and we have
Z¥]a a; = mingeppn, e=i(infs; <g.1. gy <n; Li(x),y5)) forallje fPC. Therefore the relative allocations
between the non-Pareto systems are determined by the score, which is written formally in the
following Theorem 4.9.
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THEOREM 4.9. Under Assumptions 5-9, as |P°(i)] — oo foralli € P, then

“ ¥

S min[ Ppph_p—; inf i<giv1, Yj<h; I(x,y)
o _j _ : eprh, l(. Xj=Gi+1, Yj NANMAR-S) ) fOV allj,j’ c ﬂDC_
Sj' mlngej)ph’ gzi(lnij, <Gis1, Yy <h; I](x], y]))

~.

*

~.

Under Assumption 6, finding each infy, <y, 4 <n, Ii(x;,y;) is a quadratic program with box
constraints. The following proposition presents its closed form solution. We do not provide a proof
of this result since it is a special case of previous results.

PROPOSITION 4.10. Under Assumption 6, for all non-Pareto systems j € P¢, the score is calculated
as S; = mingcppm S;(£), where recalling that € = i,
i ~gi+ hj—h; "
Jj(gi+1) iff € # p, (g’(g )y, Bizh) < p; (9r=91+1),

9g;

]
] h'_hi i+ h h
Sj(6) =1 Kj(hi) ifft £ 0, Lt 5o @ j ) < <pj thizho),

O'h.

J
i+ h —h; h h it
Ii(gi+1, hi)  iff € ¢ {0, p}, (-‘” - ) > p; ( ), ( i) > p; (9, = D

Thus in our asymptotic regime, the relative allocations between the non-Pareto systems can
be expressed in closed form, where the allocation to a particular non-Pareto system is inversely
proportional to its scaled distance from the Pareto frontier in the objective function space. Notice that
the value of S;(¢) in Proposition 4.10 is identical to the value of Rj¢(«;, @, @;+1) in Proposition 4.1
when wy = 1and wy, = 1.

4.3 Allocation to Pareto Systems

While we express the relative allocations between the non-Pareto systems in closed form, we also
require a sense of how much sample to allocate to the Pareto systems. The following Theorem 4.11
states that as the number of non-Pareto systems tends to infinity, the allocations to the Pareto
systems also tend to zero, but at a much slower rate than the allocations to the non-Pareto systems.

THEOREM 4.11. Under Assumptions 5-9, as |P°(i)] — oo foralli € P, a; = ©(1/+/|P¢|) for all
Pareto systems i € P.

Theorem 4.11 only gives us a sense of the allocation to the Pareto systems in the limit. To solve
for a specific allocation to each of the Pareto systems, we require heuristics, discussed in §5.

4.4 Equivalence of Allocations When the Number of Non-Pareto Systems is Large
Recall that all results presented in §4.2 and §4.3 pertain to Problem O and not to the original
characterization of the optimal allocation as the solution to Problem Q. The following Theorem 4.12

states that as the number of non-Pareto systems grows, the optimal allocation provided by Problem Q
is equal to that provided by Problem Q.

THEOREM 4.12. Under Assumptions 5-9, for large enough |P¢|, &* = a*.

Intuitively, Theorem 4.12 holds because in the limiting regime, the Pareto systems receive so
many more samples than the non-Pareto systems that MCE events between Pareto systems cannot
be the unique minimum in the rate of decay of the P{MC}.

4.5 Numerical Evaluation of the Limiting Regime

We have shown that under some conditions, as the number of non-Pareto systems tends to infinity,
the rate of decay of P{MCE% } becomes non-binding in Problem Q. Now, we numerically evaluate
this effect on a set of randomly-generated test problems.
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To create the test problems, first, we place five Pareto systems at equally spaced angles on a
circle of radius six. This spacing guarantees the minimum separation between Pareto systems on
both objectives is greater than 0.5, so that |g; — gi7| > 0.5, |h; — hy| > 0.5 for all i,i” € P. Then we
generate non-Pareto systems by one of two methods: uniform or normal. In the uniform method,
non-Pareto systems are generated uniformly in a circle centered at (100,100) with radius six. In the
normal method, non-Pareto systems are generated according to an independent bivariate normal
distribution with both means equal to 100 and both standard deviations equal to three. Thus the
majority of systems are within six units of the mean. In both methods, non-Pareto systems less
than 0.25 units away from the Pareto frontier are rejected. This condition ensures Assumption 7 is
satisfied, and that the rate is large enough for us to obtain the optimal allocation numerically from
Problem Q. Figures 3 and 6 show example problem instances in which 445 non-Pareto systems
are added according to the uniform and normal methods, respectively. All systems have bivariate
normal rate functions under Assumption 6 with independent objectives and unit variance.

As non-Pareto systems are added to fifty problem instances of each type, uniform and normal,
we solve Problem Q for the optimal allocation. We then create two types of plots: Figures 4
and 7, which show the percent of problem instances with binding MCE constraints, and Figures 5
and 8, which show box plots of the percent of the dual variable values associated with MCE
constraints at optimality in Problem Q. To better understand what we mean by the percent of dual
variable values associated with MCE constraints, in Problem Q, let /1?;, for all i, i’ € P be the dual
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Fig. 3. The figure shows an ex-
ample uniform problem with
445 non-Paretos generated uni-
formly in a circle of radius six.

Fig. 6. The figure shows an ex-
ample normal problem with 445
non-Paretos generated via a bi-
variate normal.
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Fig. 4. The percent of 50 uniform
problems with MCE constraints
binding in Problem Q decreases as
systems increase.
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Fig. 7. The percent of 50 normal
problems with MCE constraints
binding in Problem Q decreases as
systems increase.
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Fig. 5. The percent of dual vari-
able value associated with MCE con-
straints, across 50 uniform problems,
decreases as systems increase.
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Fig. 8. The percent of dual vari-
able value associated with MCE con-
straints, across 50 normal problems,
decreases as systems increase.
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variables corresponding to MCE constraints and /1}3.;C for all j € P¢, £ € PPP be the dual variables
corresponding to MCI constraints. Then the percent of dual variable values associated with MCE
constraints is X;ep Dyrep, ir4i A?Z/(Zie? DireP, i /1?;/ + Zeepm Ljepe /1%0) at optimality.

While one could argue that our problems are somewhat artificial, given the nicely spaced Pareto
frontier and its buffer away from the non-Pareto systems, we believe there is an important message
in Figures 3-8. If the systems can be viewed as coming from a distribution, the distribution will
affect the rate at which the limiting regime kicks in. When the systems are generated according to
the normal method, they cluster together near the mean at (100,100). Thus many of the non-Pareto
systems are some distance away from the Pareto frontier, and the limit kicks in slower. When the
systems are generated according to the uniform method, the systems are more dispersed in their
“allegiances” to Pareto systems and closer to the Pareto frontier, and the limit kicks in faster.

5 THE SCORE ALLOCATION

In this section, we describe a heuristic allocation for implementation based on the theory in §4
called the SCORE allocation. As in Pasupathy et al. [2015], we use Theorem 4.9 to determine the
relative allocations among the non-Pareto systems. We now describe the method by which we
determine the remainder of the allocations.

First, notice that if we let the rate of decay of P{MCI,, } be determined by the limiting rates in The-
orem 4.8, and let the primary phantom Pareto be determined by the scores as £* = argmin, ppn S;(£),
then there exists a version of Problem Q in which there is exactly one binding constraint corre-
sponding to MCI for each non-Pareto system j € P¢. Thus the dual variables 1;, = 0 for all £ € PPh
such that £ # ¢*. Then for all non-Pareto systems j, j* € P, the KKT condition in (4) implies that as
|P€(i)| — oo, for all Pareto systems i € P, Ajp+ [Ajrer = Ij/(aj,(a}‘,, ., a;“/*ﬂ))/lj(a;(a;‘, o, ar ) =
Sy /Sj = aj/aj, so that A§ =a Yjepe oy = S;l/zjleg;c SJT,I is the proportion of the “non-Pareto
simulation budget” allocated to system j for all non-Pareto systems j € P°. Then we write the
allocation to a non-Pareto system j as o = A§(1 - Z‘;’:l al).

It is tempting to create a heuristic allocation by solving a reduced version of Problem Q that only
includes one constraint for each non-Pareto system j and its primary phantom Pareto ¢*. However,
there are some drawbacks of this approach. First, the assumptions of the limiting score regime may
not be satisfied, and some Pareto systems may receive a falsely low allocation by not including
constraints corresponding to MCE. Since constraints corresponding to MCE involve only Pareto
systems, including these constraints in the allocation heuristic may yield better allocations without
adding much computational complexity. Second, while such a version of Problem Q has reduced
complexity, when the number of Pareto systems is large, the number of constraints still grows with
the number of non-Pareto systems. We avoid these issues by creating a new reduced version of
Problem Q, called Problem Qs, that includes at least one constraint corresponding to MCI for each
Pareto system and includes all constraints corresponding to MCE, as follows.

For each phantom Pareto system £ € PPP, ¢ = i, find the “closest” non-Pareto systems

];k(f) = argminjeyc{Sj(f) : Sj(f) € {Kj(hi), Ij(gi+lvhi)}} lff * 0,
Jin1(6) = argmin; pc{S;(0) : S;(6) € {Jj(gi+1). [j(gi1, hi)}} if € # p,
and let §*(€) == {j; (0)} U {ji,, (D)}, where {j;(0)} := 0 and {j;H(p)} := (). The set J*({) contains
up to two of the “closest” non-Pareto systems to phantom Pareto system ¢, as determined by the
scores. Because it is possible for a non-Pareto system j to bind with only one of the Pareto systems i

or i + 1 through the phantom Pareto system ¢, we ensure that we retain at least one non-Pareto
system that binds with each Pareto system i and i + 1 in the set J*({). Then the SCORE allocation we
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recommend results from solving the following reduced problem for the Pareto system allocations:

Problem Qs : maximize z s.t.
Ri(aj, apr) > z for all i, i’ € P such that i’ # i,
Rjo¢(A5.(1 = 2 a). i i) 2 zforall j* € 37(0), € € PP, € = i,
Zle a; <1, a; >0 foralli e P.

Since we have at most two constraints corresponding to MCI for each phantom Pareto system, the
complexity of Problem Qs depends only on the number of Pareto systems.

To speed up the computation in Problem Qs, we use closed form expressions of the rate functions
corresponding to MCI, presented in Proposition 4.1. The following Proposition 5.1 provides corre-
sponding closed form expressions for the rate functions corresponding to MCE, written without
weights. Notice that the correlations for both systems, p; and p;/, appear in the rate.

ProOPOSITION 5.1. Under Assumption 6, the rate function corresponding to the MCEq event for
systemsi,i’ € P is

PiCg; On;[atitpy Ogy1 Ohy [ar )

T ey W9 > g e < Bt (g = g) (PR

[ai+o,
piUglo'h /051+P1’0'gl Oh. ,/0{1-/)

Uehif— iffhy > hi, g < gi + (hi = hi)( of, JaioL Jay

2(0'2 /a»+a’fl Jagr)

A T Y e AT TS [ T ."+G’ ](g,»»—gnz
[(ag Jai+o}, [ap)at [ai+al  [an)~(pioy;on, aitpi og, crh,/a/)z]

otherwzse

Ri(aj, ap) =

6 TIME TO SOLVE FOR THE SCORE ALLOCATION VERSUS OPTIMALITY GAP

In practice, a decision-maker’s choice of simulation budget allocation method is influenced by the
amount of time it takes to solve for the allocation, as well as how close that allocation is to the
optimal allocation. We now give a sense of how our proposed allocations perform on these metrics
as the number of systems increases. (In this section, we assume all rate functions are known.)

For a population of ten problems generated according to the uniform method from §4.5, the
following Table 2 reports the average wall-clock time to solve for each allocation, the average
rate z achieved by the resulting allocation, and the average optimality gap. We keep the same
Pareto systems as in §4.5, but instead of rejecting non-Pareto systems that are less than 0.25 units
away, we reject non-Pareto systems that are less than 0.05 units away. Thus the problems are
more realistic while keeping the full Problem Q solvable for up to a thousand systems. We also
let all systems have bivariate normal rate functions with correlated objectives and unit variances.
Within each of the 10 problem instances, all systems share the same correlation between the
objectives. The correlations between the objectives for the ten problems, rounded to the second digit,
are —0.81,-0.51, -0.36, —0.21, —0.08, 0.23, 0.26, 0.46, 0.55, 0.80. The specified allocation models in
Table 2 are BVN True, in which we solve the full Problem Q for the asymptotically optimal allocation
a”; BVN Independent, in which we solve the full Problem Q, except we model the correlation
between the objectives for all systems as py = 0 for all k € 8§; SCORE; the non-sequential MOCBA
allocations [Lee et al. 2010, p. 661, Lemmas 4 and 5]; M-MOBA; and equal allocation.

The timings reported in Table 2 approximate how long it takes to perform one sample allocation
update in the sequential algorithm (see §7, Algorithm 1, Step 3). Note that M-MOBA is a myopic
procedure for which asymptotic allocations are not provided, so we are unable to report its rate.
Further, the MOCBA allocations in Lee et al. [2010, p. 661, Lemmas 4 and 5] do not always ensure
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Table 2. For ten problems randomly generated via the uniform method of §4.5, the table reports the aver-
age wall-clock time to solve for each allocation, as well as the average rate of decay of the probability of
misclassification, z, and the average optimality gap, z(a*) — z(«), for « specified by each allocation.

r Metric BVNTrue BVNIndep. SCORE MOCBAT M-MOBA* Equal

20 Time 0.07 sec 0.06 sec  0.04 sec 0.01 sec 0.06 sec 0 sec
Rate z x 10% 54.96 44.63 52.52 0.04 13.43

Opt. Gap x10* 0 10.33 2.44 54.92 41.53

100 Time 0.53 sec 0.47 sec  0.06 sec 0.02 sec 0.25 sec 0 sec
Rate z x 10 12.97 11.83 11.31 2.47 0.66

Opt. Gap x104 0 1.14 1.66 10.50 1231

500 Time 43.16 sec 25.06 sec  0.08 sec 0.42 sec 1.30 sec 0 sec
Rate z x 10% 1.65 1.37 1.46 0.13 0.021

Opt. Gap x104 0 0.28 0.19 1.52 1.63

1,000 Time 18.09 min 12.31 min  0.13 sec 1.67 sec 2.64 sec 0 sec
Rate z x 104 0.95 0.81 0.82 0.02 0.009

Opt. Gap x10% 0 0.14 0.13 0.93 0.94

2,000 Time > 6 hr >6hr 0.22sec 6.71 sec 5.46 sec 0 sec
Rate z x 10% —b — 0.45 0.005 0.004

Opt. Gap x104 0 — — — —

5,000 Time > 6 hr >6hr 048sec 42.49 sec 14.80 sec 0 sec
Rate z x 104 — — 0.22 0.0004 0.001

Opt. Gap x104 0 — — — —

10,000 Time > 6 hr >6hr 092sec  2.90 min 33.68 sec 0 sec
Rate z x 10% — — 0.11 0.0002 0.0006

Opt. Gap x10* 0 — — — —

Note: We perform all computing on a 2.5 GHz Intel Core 17 processor with 16GB 1600MHz DDR3 memory. The algorithms
for BVN True, BVN Independent, SCORE, and M-MOBA are written in MATLAB and run in MATLAB R2015b. The algorithm
that calculates MOCBA is written in C++.

fWe compare with Lee et al. [2010, p. 661, Lemmas 4 and 5], which may allocate aj. = 0 for some k € 8, implying z = 0.
#We do not report a rate for M-MOBA, since it is a myopic procedure.

“The optimality gap is to the precision of the solver.

bThe symbol ‘— indicates that data is unavailable due to the large computational time.

the allocations to all systems are positive. If there exists a system k such that a; = 0, the rate is
z = 0. This fact may be responsible for its relatively large theoretical optimality gap.

Interestingly, from Table 2, the BVN Independent allocation is much slower to calculate than
SCORE. Further, it often yields an average optimality gap larger than SCORE, which emphasizes
the usefulness of incorporating correlation into the allocation model. Since the BVN Independent
allocation is not a competitive allocation relative to the others, we do not include the BVN Inde-
pendent allocation in further numerical experiments. Table 2 also seems to show that SCORE is
an extremely competitive allocation scheme whether the number of systems is small, e.g. on the
order of 20 systems, or very large, e.g. on the order of 10,000 systems. Further, SCORE is fast — on
average, it takes less than a second to solve for the SCORE allocation in a problem with 10, 000
systems.

7 A SEQUENTIAL ALGORITHM FOR IMPLEMENTATION

Since the SCORE allocation framework requires knowledge of rate functions that we do not know
in advance, we present sequential Algorithm 1 for implementation. The broad idea of Algorithm 1 is:
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(a) obtain an initial sample of size § > 2 from each system to estimate the SCORE allocation; (b) use
the estimated SCORE allocation as a probability distribution from which to obtain the next § > 1
samples; (c) update the estimated optimal allocation and return to step (b). The minimum-sample
proportion . > 0, which should be small relative to 1/r, ensures that each system is sampled
infinitely often as the sequential algorithm progresses. This algorithm proceeds until some total
sampling budget specified by the user has been expended. Since implementing such a stopping rule
is trivial, we write the sequential algorithm as non-terminating.

ALGORITHM 1: A sequential algorithm to sample from systems using the proposed allocations

Require: Initial sample size §o > 2; sample size between allocation vector updates § > 1; and a
minimum-sample proportion 0 < a, < 1/r that is small relative to 1/r.
1: Initialize: collect dy simulation replications from each system k € §; set n = r X 8o, np = 9 for all k € 8.
2: Estimate: Update the parameter estimators I:Ik, Gk, &;k R &ik , and py for all k € §; use these estimators to

construct estimated rate functions Ij. (xy, y¢) for all k € §;

3: Calculate: Solve an estimated version of Problem Q or Qg using Step 2 estimators to obtain estimated
optimal or SCORE allocations, &, .

4: form=1,2,...,6 do

Sample: Select a system K, from which to obtain the next simulation replication, where each Ky, is an

ii.d. random variable with probability mass function &;, and support 8.

Simulate: Collect one simulation replication from system K, and set ng, = ng, +1.

: end for

Set n = n + § and update &, = {n1/n,nz/n,...,n,/n}.Set 5t = 0.

: fork=1,2,...,rdo

10:  Ifng/n < ae, collect one simulation replication from system k. Then set ny = ny +1and 6t = 6" + 1.

11: end for

12: Setn =n+ 6" and go to Step 2.

o

Y % 3D

8 NUMERICAL PERFORMANCE OF SEQUENTIAL ALLOCATIONS

In this section, we evaluate the performance of sequential versions of the proposed allocations on
several test problems.

8.1 Test Problems

We construct six problems to test our algorithm. First, we generate two problem instances, 1 and 2,
of true system performances by uniformly generating 100 systems in a circle of radius six, centered
at (100, 100). A listing of the (gx, hx) values for all k € 8 is provided in Online Appendix N. We
create sub-problems A, B, and C by setting the variances to one and the correlations to px = —0.8,
pk = 0,and pi = 0.8 for all k € 8, respectively. The system objective values in the first test problem
set correspond to the circle centers in Figures 9-11. This test problem set has a high percent of dual
variable values associated with MCE constraints. The second test problem set has a low percent of
dual variable values associated with MCE constraints. Due to space constraints, the second test
problem set and results appear in Online Appendix O.

Note that in Figures 9-11, the asymptotically optimal allocations are proportional to the size
of the circle. While there is no obvious visible difference in the optimal allocations with different
correlations, the allocations do differ slightly.
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Fig. 9. Test 1A: r = 100,|P| = 9, Fig. 10. Test 1B: r = 100, |P| =9, Fig. 11. Test 1C: r = 100, |P| = 9,
pr =—-0.8forallk € 8, % dualto pr = 0forallk € 8§ % dual to pg = 0.8 for all k € 8, % dual to
MCE = 74.5, z* = 3.46 x 1074, MCE = 74.0, z* = 3.44 x 107, MCE = 73.4, 2" = 3.42 x 1074,

8.2 Estimated Expected Number of Misclassifications

For each algorithm BVN True, SCORE, MOCBA, M-MOBA, and equal allocation, we run 10, 000
independent sample paths on each of the test problems 1A, 1B, and 1C. For each algorithm, we
calculate the average number of misclassifications, false exclusions, and false inclusions across the
sample paths, as a function of sample size. For a particular sample path, the sequence containing
the number of misclassifications as a function of the sample size n is autocorrelated.

In all implementations of Algorithm 1, which include all sample paths of the BVN True and
SCORE allocations, we use parameter settings §, = 5, § = 20, and @, = 107%. In our implementation
of MOCBA [Lee et al. 2010], we use parameter settings Ny = §p = 5, A = § = 20,and 7 = A/2 = 10,
where 7 is the maximum number of samples one system can receive in a given iteration. In our
implementation of M-MOBA [Branke and Zhang 2015], we set ng = § = 5 and 7 = § = 20, where
here, 7 is the amount of sample given to the alternative with the largest probability of changing
the set of Pareto systems. Our stopping rule in M-MOBA is the sampling budget rule. We have
chosen § = 20 as a reasonable sampling update schedule that is computationally feasible for all
algorithms. M-MOBA, however, is designed for § = 1, since all of the samples between updates are
allocated to a single system. Ideally we would run all algorithms with § = 1, unfortunately, doing
so would require significant computational resources. The resulting performances are reported in
Figures 12-14.

Considering the overall percent of systems misclassified, all algorithms exhibit close performance
in Figures 12-14. (They exhibit even closer performance on the second test problem set in Figures 20—
22 of Online Appendix O.) We notice that MOCBA seems to perform particularly well at preventing
false exclusions of Pareto systems, but performs less well at preventing false inclusions of non-Pareto
systems.

Since the optimality guarantees on the BVN True allocation are asymptotic, it is not clear that
allocating according to BVN True will perform better than other allocation schemes for finite
n. However, BVN True seems to perform about as well as its peers, and the performance of the
SCORE allocation tracks the BVN True allocation closely. Importantly, since Test Problems 1A-
1C have a high percent of dual constraints to MCE — implying the assumptions required in the
limiting SCORE framework may not hold — we do not notice a loss of quality in the SCORE
allocation relative to BVN True in Figures 12—-14. We remind the reader that these test problems
were randomly-generated; performance of the algorithms on other problems may vary.
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Fig. 12. Test 1A: For 10,000 sample paths per algorithm, the graphs show the average % of systems misclassified
(MC), % of Paretos falsely excluded (FE), and % of non-Paretos falsely included (FI), respectively.
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Fig. 13. Test 1B: For 10,000 sample paths per algorithm, the graphs show the average % of systems misclassified
(MC), % of Paretos falsely excluded (FE), and % of non-Paretos falsely included (FI), respectively.

Test 1C: high % dual MCE, p = 0.8 Test 1C: high % dual MCE, p = 0.8 Test 1C: high % dual MCE, p = 0.8
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Fig. 14. Test 1C: For 10,000 sample paths per algorithm, the graphs show the average % of systems misclassified
(MC), % of Paretos falsely excluded (FE), and % of non-Paretos falsely included (Fl), respectively.

9 CONCLUDING REMARKS

SCORE is a fast, approximately optimal allocation for bi-objective R&S that accounts for correlation
between the objectives and is derived from an asymptotically optimal allocation framework. We are
aware of issues with estimating rate functions in a general context [Glynn and Juneja 2015, 2011].
However, our numerical experience in the case of normal rate functions has been overwhelmingly
positive [Hunter and McClosky 2016; Pasupathy et al. 2015]. Finally, it remains to be seen whether
our methods for bi-objective R&S extend cleanly to multi-objective R&S. We rely heavily on the
phantom Pareto systems, which are easily constructed only in two objectives. Feldman et al. [2015]
and Feldman [2017] provide further insights to the multi-objective case.

SUPPLEMENTARY MATERIALS

Our supplementary materials include the following Online Appendices A-O.
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A PROOF OF THEOREM 3.1

For use in the proof, we expand the MC and MC,, events. First, expand the MCE event, so that
MCE = MCEp U MCE«pc, where

MCEpe := U U (éj < G,) N (I‘AIJ < I‘All)
ieP jePpe

Then we can write the MC event as

MC = MCE5 U MCEp. U MCI
= MCEg U [(MCI U MCEx¢) N MCES, |
= MCEg U [(MCI N MCEZ,) U (MCEpc N MCEZ,)].

Then, notice that the MCp, event can be written as
MCpp = MCEp U MCI,, = MCE» U (MCI, N MCES,).

(MC implies MCpp). We show MC implies MCyp, in two parts. First, we show MCINMCEJ, implies
MClIh, then we show MCEpe N MCEZ, implies MClp.

Suppose MCI N MCEZ, occurs. Since MCI occurs, let j € P“ and j € P be a non-Pareto system
falsely estimated as Pareto. Then for each i € P, Gj < G;or I:Ij < H;. Thus (éj,ﬁj) € Nier{(G,H) :
(G < G;) U (H < H;)}. Since MCEZ, occurs, no Pareto systems dominate other Pareto systems, and
we have p + 1 estimated phantom Pareto systems, indexed by £ € PPP, ¢ = i. Therefore

GpH)e U {(GH): (G < Guwn) N (H < Hy},
LePrh (=i
that is, j lies in the union of the southwest quadrants defined by origins at the estimated phantom
systems. Therefore MCI,y, occurs.

Now we show MCEpc N MCESD implies MClI,,. Suppose MCEpc N MCEfP occurs. Since MCEpc
occurs, there exists a non-Pareto system j € P¢ such that for some Pareto system i € P, (Gj <
G)n (I:Ij < H;). Suppose that, among the Pareto systems, i € P is estimated as being in the
(i"” + 1)th place on the g objective for some i’ € {0,1,...,p}, so that Gj < G[irﬂ]. Since MCES>
occurs, system i is also in the (i’ + 1)th place on the h objective, thus ﬁj < I:I[iq.l] < ﬁ[,-/]. Therefore
MClI,p, occurs.

(MCypy, implies MC). We show MCI,, " MCES, implies MC. Suppose MCI,;, N MCES, occurs. Then
no Pareto systems are estimated as dominating other Pareto systems, and at least one non-Pareto
system is estimated as dominating one of the p + 1 phantom Pareto systems. From the set of all
Jj € P€ dominating some estimated phantom Pareto system, there exists j* € P¢ such that j* € P.
(Otherwise, if there exists no such j*, then each j € P¢ is dominated by some i € P, and MCIj

does not occur.) Therefore P2 P, which implies MC.

B PROOF OF LEMMA 3.3

Let § be an ordered set of p elements of the form {(x1, y1), (x2, y2), . . ., (xp, yp)} Where the x and y
coordinates are separately drawn without replacement from the set of Pareto indices {1, 2, ..., p}.

The set 8 corresponds to a (fixed) realized instance of o.
By the law of total probability,

P{MCLy,} = P{MCL;, N O = O} + Y41 520 PIMCLn N O = 8}.
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Consider the first term on the right hand side, P{MCI,, N 6= O}. Since O = O occurs, we may
write MCI,, without order statistics so that

P{MClpn} = P{MCL;, N 0 = 0} + N5, P{MCL; N O = 8}.

Assuming the limits exist, by the principle of the slowest term [Ganesh et al. 2004, Lemma 2.1],

- lim 1log P{MCI,p}

n—oo
= — lim 1 1og(P{MCL;;, N 0 = 0} + Xg.0 P{MCLy, N O = 8})
n—oo

= min(~ lim 7 log P{MCI;; N O = O}, min — lim 11og P{MCI,y N O = 8}).

Then from equation (1),
- r}gr;o 1log P{MC} = min( - lim 1 log P{MCEp}, - lim 1 x log P{MCL}; N 0 =0},

min — lim 1 log P{MCI,, N O =8}). (14)
8§+O0 n—o

We now show that ming ;o — lim, % log P{MCI,,;, N 0= 8} is never the binding minimum in
equation (14). First, it is clear that any value of 8 that results in an MCE« event will have a rate
function that is greater than or equal to the corresponding rate function for MCEp. Now consider
values of § that do not result in MCE«, such that all Pareto systems are estimated as Pareto, but may
be estimated in the wrong order, e.g., & = {(2,2),(1,1),(3,3),...,(p,p)}, where Pareto systems 1
and 2 have exchanged positions. In this case, it is sufficient to consider only instances of & that
contain pairwise exchanges, and further, it is sufficient to consider instances of & in which there
is exactly one “pair exchange For any iy, i, indexing the Pareto systems such that i; < i, a pair
exchange occurs if (G,-Z < G; )N (H,1 < iz). Let 8(;,,i,) denote an ordering with exactly one pair
exchange where i; and iz, i1 < iz, are the Pareto systems whose places have been exchanged. Thus

— lim 1log P{MCL, N O =8
min — lim 3 og P{MCIn }

> min(- lim 1 log P{MCEp},~ lim 1log P{MCL N O =8, ;,)})
n—oo n—oo
> min(~ lim 1 log P{MCEp}, - lim 1logP{O =8, ;,})-
n—oo n—oo
Now notice that
- hm 1 logP{O S(inin)} = mm?— hm 1 logP{(Gl2 <Gi)N(H;, < Hy,)}
i1,i2€ n—
= min inf o Qi (xiys Yy ) + @i Ly (% Yiy)- (15)
i1,i2€P Xiy <Xiy, Yiy <Yiy
Since the infimum in equation (15) is a strictly convex minimization problem with a nonempty
interior, the KKT conditions [Boyd and Vandenberghe 2004] are necessary and sufficient for global
optimality. In addition to primary feasibility conditions, for A, > 0 and A, > 0 we have the
complementary slackness conditions Ax(x; — x; ) = 0 and A,(y; —y;,) = 0, and the stationarity
conditions

Ol (x} ,y;)) Ol (x} ,y;))

i1 i, - Ax =0, i, 3y, + /1y =0,
Oliy(x},.y3,) Oliy(x},.y3,)
A, —Bx, + Ax =0, aj, (‘9y12 - Ay =0.

Since A, = Ay = 0 implies that (x],y; ) = (g;,, hi,) and (x},y; ) = (gs,, hs,), which is infeasible,
then it must be the case that Ay > 0 or A, > 0. Recall that both i; and i, are Pareto systems. First,
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suppose that A4, > 0 so that y; = y; . Then continuing from line (15),
(15) = min, xiZSxilll,lfB‘/ilzyiz i Iy (i, yiy) + o, 1y (X3, i)
> min inf ai Iy (xi,, yi,) + i 13y (x4,, 45,) = — lim %logP{MCET},
i1,ip€P Xiy <Xiy, Yiy SYiy n—oo

and the result follows. A similar proof holds for the case in which A, > 0.

C PROOF OF THEOREM 3.4

Starting from Lemma 3.3, we now show that
~ lim 1 log P{MCL;, n O =0}

> min |- lim < logP{MCEp}, min min Rj(aj,a;, ai+1)],
n—oo JjePC fePrh £=i
which, together with Lemma 3.2, implies the result. Recall that, without loss of generality, we
reserve the indices 1, . . ., p for the Pareto systems, and the indices p + 1,. . ., r for the non-Pareto
systems.
First, notice that we may write the rate function for P{MCI;h nNoO = O} as

: 1 * d _ _ . .
_ nlgrolo - log P{MCIph NO=0}= Jrgilprz [egﬁfl{f:i

- nlg{}o L1ogP{(G; < Gi) N (H; < H)N [ﬂf;ll(éi' < Gyr) N (Hy < Ho)DY). (16)

Jj € P¢ dom. a phantom all Paretos estimated “in order”

Let j € P¢, £ € PPP ¢ = i, and consider the inner rate function from line (16),

1

{(Gir < Gii1) N (Hysr < Hy)l} (17)

— lim L1logP{(G; < Giy) N (H; < Hy) N [N
Then it can be shown that

nf aili(xj,y;) + Xh_ vy (xi yy) if€=0
j =X1
x1$.4.§x:,, Yp<...ZUY1

. P .
(]7) — ijxiillfijyi aJIJ(xjv yj) + Zi’:1 ai’Ii'(xl'" yi') ift e {1’ Y A 1} (18)
X1<...S<Xp, Yp<...<Uq
inf ajlj(xj,yj) + Zf’)’:l O[i/Ii/(Xi', yl‘/) if{ = p.
Yji<Yp

X1<...SXp, Yp ... <Yy

Since all problems in (18) are convex minimization problems where Slater’s condition holds [Boyd
and Vandenberghe 2004], the KKT conditions are necessary and sufficient for global optimality.
Then from (18), for}tx]. > O;Ay]_ 2 0;Ay, 2 0foralli’” =1,...,p—1;and A, 2 O0foralli’=2,...,p,
the KKT conditions for complementary slackness are

Ay (%} = x74y) = 0f € # p; Ay (y; —y;) = 0if £ £ 0;
A, (X5 —x5,) =0 Vi'=1,...,p—1; Agpi Wiy —y5) =0 Vi'=1,...,p—1.
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Let Ay, =0, Axp = 0,4y, =0, Aypﬂ :=0.Foralli’ € {2,...,p— 1}, the stationarity conditions are
]%j;’y;) + ijﬂ[g;tp] =0, Qj%}iﬁyj) + ijl[[#o] =0,
if¢#p, am%ﬂyw — Ay = Ay + Ay, =0, L #0, ai%;y?) — Ny = Ay + Ay, =0,
ife+0, al%j;y;)+ﬂxl:07 if € # 1, al%y‘*l’yr)—/lyzza
TS R e T B S R 1§ (e A e L2 B )
ife+#p-1, ap%;’y;’)—/lxp,l =0, if ¢ # p, “p%ﬁfz) Ay, = 0.

Now suppose that at optimality in (18), there exists i" € {1,...,p — 1} such that x}, = x},, ;. Then

removing constraints in (18),

. : %
(18) > inf 3 air (x5, yir) + airrlie1 (X4 1> Yiren)
X=Xy o Yir+13Y

i i"+1

> inf

L1
ai Ly (X, yir) + ailie1 (X410, Y1) 2 — lim 2 log P{MCEq}.
Xit 2Xi/ 415 Yir 41 Y n—oo

By a similar argument, it also can be shown that if there exists i’ € {2,...,p} such that y}, = y},_,,
then the rate in (18) is bounded below by the rate of decay of P{MCE«}. Therefore it is sufficient
to consider only Ay, = Oforalli’=1,...,p~1and Ay, = 0foralli’ = 2,...,p; otherwise, the
rate would never be the unique minimum in the overall rate of decay of P{MC}.

Using this information in the KKT conditions, we consider only the case (x},,y},) = (hy, gi) for

alli” =1,...,p,i" #1i,i’ # i + 1. Then it is sufficient to simplify (18) and consider only
xirslfcl a;Ii(xj, y;) + oIy (o1, Y1) if¢=0
x1<g2, ha<ys -
. i+ .
ijxigl,fijyi aili(xj,y;) + 2oz ol (xp,yw) if€e{1,...,p—1} o
9i-1<Xi<Xi+1<i+2, ( )
hiva<yis1<yi<hi
y}l_rslgp a;li(xj, y;) + aply(xp, yp) if € =p.
Ip-1<%p: Yp<hp-1

As before, if any of the constraints that ensure the Pareto systems are estimated in order are violated,
then rate is bounded below by the rate of decay of P{MCEs}. Then we further simplify the rate in
(19) to consider only

inf a;li(xj, y;) + arli(x1, Y1) ift=0
Xj<x1
. i+1 T (s 1 . _
xjgxilﬁfngyi a;li(xj yp) + X alv(xr,yr) i€ €{1,...,p—1}
inf a;li(xj,y;) + aplp(xp, Yp) ift=p
Yi<Yp
inf  a;inf [;(x;, y;) + @ inf I (x1, y1) if£=0
Xj<x1 yj m
- x,-igralcfﬂ, a;lj(x;, y;) + ai ifcliffi(xia yi) + &g !lfllfl Livi(Xi41,yi41) if€e{1,...,p—1} (20)
Yj<yi
inf  a;inf I;(x;,y;) + ap inf L(xp, ife =
Yji<Yp ]xj ](Jy]) Px,, p(pyp) p
Jof - ai) + ahia) if€=0
= xjgxi?’fyjsyi a;li(xj,y;) + @iKi(yi) + @iviJini(xier) f€€{1,....,p-1} 1)
inf a;iK;(y;) + apKp(yp) if¢=p
Yji<Yp
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inf a;Ji(x) + a1 J1(x) iff{=0
X
= ijxiiflffijyi a;li(xj, y;) + aiKi(ys) + aipr Jini(xi41) €€ {1,...,p—1} (22)
inf a;K;(y) + apKp(y) if¢=p
y

= j{f(aj, Qi, Ais1),

where equality in (20) holds by Boyd and Vandenberghe [2004, p. 133]. Since I;(x,y) is a good,
strictly convex rate function for all systems k € 8, equality in (21) holds by letting x = f(x,y) in
the contraction principle [Dembo and Zeitouni 1998, p. 126]. Equality in (22) follows from Glynn
and Juneja [2004].

D STATEMENT OF LEMMA D.1 WITH PROOF
LEmMMA D.1. Suppose at; > 0,a; > 0,141 > 0. At optimality in Problem R’j‘.m, ifte{l,...,p—1},
then gir1 < X7y, hi S yj, and x; < gj ory; < h;. Further, if Ax = 0, theny; < hj, and if Ay = 0, then
< g;.

6]1+1(91+1) 8]1+1(xl+1)
9 0xi41 Oxi41
the KKT conditions, implies —%x;“)(glﬂ x},,) 2 0. Thus g;1; < x},,. A similar proof shows

tha t—aK’(y'
61 (x y;)
Lo (] ‘)_

are non positive, then x7 < gj or y; < hj, and the implications when A, = 0 or Ay = 0 follow. D

Proor. Since J;41(+) is convex, ( )(gi+1 — x7;) = 0, which, together with

(h; = y;) = 0. Thus h; < y;. Using similar logic, by the convexity of I;(-), we have
HIj(x y]

(hj —y;) = 0. Since the KKT conditions imply both partial derivatives

E PROOF OF PROPOSITION 4.1
First, recall that
Problem RMCI : minimize O{jlj(x]‘, y]) + al-Ki(y,-)]I[g#O] + ai+1],~+1(xi+1)1[[g¢p]
st. (6 = xis1)jezp) < 0, (5 = yi)ljezo) < 0.

Under Assumption 6, the stationarity conditions from lines (2)-(3) are

o | (x1-gy) () a; | (yj—hp) (xj-95)
(1725) [ ;é] j O_I o + A Hf#p =0, (I*LJZ) [ 2.}211 J Og;Oh; +A H[[’#O =0,
% p, @i | S| -0 =, 00, o (yizh”] Ay =0,
Ji+1 hy

and complementary slackness implies A, (x; — x7,,) = 0if £ # p, 1y (y; — y;) = 0if £ # 0. Notice
that if Axljrxp) = Ayljr20) = 0, then we have primal infeasibility.
In the sections that follow, we provide forward and backward proofs by considering each case.

E.1 Proof of Proposition 4.1: Forward

We consider the each possible value of A1, and 4, as follows.
E.1.1  Problem R;Y}CI:AxI[(;#p] > 0 and Ayljs40) = 0. Suppose AcIjzzp) > 0 and Ay Ljpx0) = 0.
X; = Xjpy = (1= wy)gj + Wegiv1,  y; = hj+ Pj%(giﬂ —-gi)wg, Y; = hi,
which implies the results in Parts (1) and (2) in this case. Primal feasibility of y; implies h; <

oy . .
h; + pj;;(gj - g,—H)wg, and x},, > gi+1 implies g; > gj41.
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E.1.2  Problem R;?“é,CI:/lxlI[#p] = 0 and Ayl[r49) > 0. Suppose Axl[rxp) = 0 and A Ijp20) > 0.

* % Og; * *
Xip1 = Givt,  Xj =gj+ pj%(hi — hj)wp, y;=y; = (1 —wp)h; + wph;,

which implies the results in Parts (1) and (2) in this case. Primal feasibility of x;.‘ implies g; <

gi+1 + szihj,(hj — hi)wy, and y; > h; implies h; > h;.
J
E.1.3 Problem R%CI:AXJI[QP] > 0 and Ayljs40) > 0. Suppose Axljpzp) > 0 and Ayljr4o) > 0.

X} =% = o (1= wy)(g + Pj,,i}f(hi = hj)wp) + wy(1 = piwp)gis ],

lpww;l

*

yi =y; = m [(1 = wp)(h; + P; > (9z+1 = gj)wg) + wi(1 — p; 2wg)hi ).

which implies the results in Parts (1) and (2) in this case. Algebra reveals that x},, > g;+1 and

y; > h; imply g; > giy1 + pjai};(hj —h;)wp and hj > h; + pjéj(gj = Gir1)Wy.

E.2 Proof of Proposition 4.1: Backward

We consider each possible system location, as follows.

Oh -

E.2.1  Problem Ryfa:f £p,9; > gis, hj < h; +pj%(gj—g,~+1)wg, Suppose £ # p,g; > gis1, hj <
hi + pj %(gj — giv1)wy. First, since £ # p, g; > g;41, it follows that xj’.k = gj, X;,, = gi+1 is infeasible.
If we nonetheless have x},; = giy1, then A ljrsp) = 0, Ayljrxg) > 0. However, from §E.1.2, this
implies g; < gi41 + p; %(hj — hi)wy and h; > h;, which provides a contradiction. Therefore it must
hold that x},, > gi41, aild Axl[ezp) > 0. From §E.1.3, if AyI[¢x0) > 0, we also have a contradiction.
Therefore AxIj¢zp) > 0 and Ayljrxg) = 0.

Og:
E.2.2  Problem R;‘fa:f #0,hj > hi,g; < giy1 + ij—Z(hj — hi)wp. Suppose £ # 0,h; > h;,g; <

gi+1 + pjzi}f(hj — h;)wp. First, since ¢ # 0,h; > h;, then y;f = hj,y; = h; is infeasible. If we
J
nonetheless have y; = h;, then A, [[¢sx,) > 0 and A, I[¢.o) = 0. However, the results of §E.1.1 provide
a contradiction. Therefore it must be the case that y; > h;, and hence A,Ij,.() > 0. Since the results
of §E.1.3 also provide a contradiction, we have A, [+, = 0 and A,lzx0) > 0.
E2.3 Problem R*': ¢ ¢ {0,p}.g; > gi 29 (hy = hy)ywp, by > by + pi2L(g; — g;

2. roblem R ¢ {0,p}, g5 > gir1 + pj Uhj( ¥ DwWh, Bj > h; + p; 5 (g — Gir1)wg.

Suppose £ ¢ {0,p},g; > gir1+p; %(hj—hi)wh, and hj > h; +pj%j(gj — gi+1)Wg. After considering
; )

J
the combined results above, the only remaining possibility is that A,Ij¢+p) > 0 and Ayljzx0) > 0.

E.3 Problem R;A{,CI: Values of the Dual Variables A, 1,

9L(xj.y7) i (x},,)

Finally, the values of the dual variables in Problem R¥S! are A, = —a; ——LL = a;11 —5——L and
jl J ox;j OXis1
OL;(x},y5) IKi(y})
Ay = —q; 3y, = % ay, , where
wgl?, < Z2UY) Wagwally [ (ggivn) _ ) (hy=h) | g | o Blitpp)
2 A (=pjwgwnl},Ljp) | g T h Ohj it] = oli(l-pp) "IJC
-dI;(x%,y}) (1/0;, )wh (hj=h;) g
€ h J\rje I j— i (9i—9gi+1) g ] B(1+pp) h
S wpl” - p; wyl? by ]I
aﬁ h jt — dy; (1 pngwh]lﬂ, j[) [ Oh; Pi Og; 97t ca(1-pp)
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F PROOF OF LEMMA 4.2

We do not provide a proof when i € {1,p}. To prove the result when i € {2,...,p — 1}, for a
contradiction, suppose that J;(x; (a;, @i-1, @;)) = 0 and K;(y; (@), &, air1)) = 0. Let A, (£-1), 4,(£~-1)
be the dual variables for Problem Rﬁ,c_ll and let A (£), Ay(£) be the dual variables for Problem R;.ACI;
recall that £ = i.
In Problem RJ}“ZC_II, xi(aj, ai—1, ;) = gi and A (£ —1) = 0, Ay(€ —1) > 0. Thus
xj(aj, @i-1, @) < Gis hi < hi-1 < yj(aj, ai-1, 1) = y;_y(aj, @i-1, i) < h. (23)
In Problem Rﬁf[(,a, y; (), @i, aiv1) = hi, and A (€) > 0, Ay(€) = 0. Thus

gi < gir1 < x; (@), @i, 2iv1) = x;,4(0, @i, @iv) < gj, yj(aj, ai, aiv1) < hi. (24)

Putting (23) and (24) together, along with Assumption 2, we have that g;_; < ¢g; < ¢i+1 < gj and
hit1 < h; < hj_1 < hj, which implies Pareto systems i — 1, i, and i + 1 dominate non-Pareto system j
(see Figure 2).

From Proposition 4.1, }If ¢—; = 0inProblem R;Y;,C_Il, Hj.’g = 0in Problem R?’[KCI, and under Assumption 6,
we have

(gj_gi)<p‘(hj_hi—l)wh(aj’ai—l) <p_(hj—hi—1) (hj—h;) <p_(9j—9i+1)wg(0!i,0!i+1) <p.(9j_gi+l).
J —=FJ J >

) b
Oh; Oh; Oh; J ag; oy,

G'gj

simplifying these inequalities with the fact that g;_1 < ¢; < gi41 < g;j and b4 < h; < hj_y < h;
yields

) (hj—hi1) %9; (hj—hi) %9; .
9 Pj and (9j=9i+1) on; (9j=9i+1) on; = Pj-

(25)

(9i=gi+1) i _ (9=9:1) Th;
(hj=hi1) og; (hj=h;) og4;

Combining the two inequalities in (25) implies

(gj—gi+1) Ohj (hj—hi1) %9; < 5.
(hj=hi-1) 0g;> (gj=gi+1) on; | = Pj>

1 < max (
which cannot hold. Thus we have a contradiction.

G PROOF OF THEOREM 4.3

We prove the theorem in parts.

G.1 Proof that All Allocations are Strictly Positive at Optimality
Proof that z* > 0 and 0?;.‘ > 0 for all j € P€. First, notice that a; = 1/r for all k € § is a feasible
solution for Problem é that results in

rz = min inf Ii(x;,y;) + Ki(y;)L + Jiv1(cie)ps >0
je’PC,€eiPPh,[:i((xj—xin)l[ap]SO j( Jj yj) l(yl) [£+0] ]H—l( 1+1) [(’#’J)

(Yyj—yi)[e20] <O

under Lemma 3.5; therefore z* > 0. Further, notice that if o?j’.‘ = 0 for some j € P¢ in Problem Q
then Z = 0. Thus it must be the case that 0?}‘ > 0 for all j € P°.

Proof that &} > 0, 0?; > 0, and max{a;,a&;,,} > 0 foralli € {1,...,p—1}. Now let j € P¢, and
consider Rj(d;.‘, &, @i1). If € = 0and @ = 0,then Z = 0.If £ = p and @, = 0, then z = 0. Further,
if there exists i € {1,...,p — 1} such that max{a;, &;+1} = 0, then Z = 0. Since z* > 0, the result
holds.
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Proof that for alli € {2,...,p — 1}, if there exists j € P such that hj < h;_y or g; < gi41, then
@; > 0. Suppose p > 3 and there exists i € {2,...,p — 1} such that &; = 0. Thena} , > 0,a},, > 0,
and 0?".‘ > 0 for all j € P°. Thus

' < m;n min(R;(&;, &;_;, &), Rj(a;, &, ajy1))

je

= ng:lpnmln( Il’lf a; I(Xj,y;)"'a, 1Ki1(yi- 1) lnf (X I(Xj,yj)+a,+1]1+1(xz+1))
J c

yJ<yl y]<yz

= minmin i G7K) ) + 6K, E09) + i (i)
jebe j <

< f &K; £ a;]i(x;)). 26
min mm(y]u}l GK ). il @) (26)

The expression in line (26) equals zero if there exists j € P¢ such that h; < h;_; or g; < g;41. Since
Z* > 0, we have a contradiction, and the result follows.

Proof that & > 0 foralli € {2,...,p — 1}. This result holds under Assumption 8.

G.2 KKT Conditions for Problem O

Letv,A;r > 0forallj € P¢, ¢ € PPP be dual variables. Then the complementary slackness conditions
are A]g(RJg(a a;,a;,,)—z)=0forallje Pl e Pph ¢ — - and the stationarity conditions are

OR;e(@t al . a AR 3 '

Ljere (Aﬂ;_l J[(aé;:l - +Aje ][(aaaal l 1)) =v Vie P, (27)
AR

Zfeiﬁ*,f:i%f% =v Vje P4 (28)

Djepe Leeprm Aje = 1. (29)

G.3 Proof that the dual variable v > 0

Proof that W > 0 forall j € P° and all € € PPP, ¢ =i in (28). First, let j € P°
and £ € PPh ¢ = i and recall aj > 0,a] > 0,and &;,, > 0. Then using the KKT conditions for
Problem RM<

OR(&),67.d5,,) Lt yt) + 6 OLi(xty!) x;  Aly(x.y}) Oy,
I A A A WS =7 3y, 94
~« [ OKi(y}) Oy; ~ Jin(x},,) 0x;
* i/ ZJi * i+l i+l
i ( ay aa ) Hexol Y a4 (Tax . e, ) lewp)

* ok dy; 9y o f+1 9x;
= 105, 4)) + AgTienn) (52 — 52) + Adliwp) (52 - 52) (30)
= Li(xj(a, a7, 6740), 45 (a5, &5 @iyy) = 1i(35(d5 ~7 )2 (1)
Where the equality from (30) to (31) holds because if Axljrzpy > O, then x7, = x]’.‘, implying

aa = aa Likewise, if Aylj¢zo) > 0, then yi = y;, implying aal = 4 By Lemma 3.5, Vj €

Pe.t e prh, = i, we have Ij(aj(aj , &}, a;,,)) > 0, implying the result.

Proof that v > 0. From (29), at least one of the dual variables A;, in the sum must be strictly
positive. Combining this fact and the previous result, we have v > 0.

G.4 Proof of Theorem 4.3 Parts (1)-(5)
ORje(a}, &7, a;,)

55 = [;(3}(a;, &}, @;,,)) > Oforallj € P, ¢ € PPN £ =1,

Note that previously, we showed e

which we use in the sequel.
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Proof of Part (1). Since v > 0, in (28) we have 3 cpph p-; Ajel; (3 (@, a7, a;,;)) > 0forall j € P

Thus for every j € P, there exists a phantom Pareto system ¢* € prh, t dependent on j, such that
Aje< > 0, and Part (1) of the Theorem holds.

. L . . MCT
Proof of Part (2). In line (27), using the KKT conditions for Problem R" o1 We have
OR;e(@j, i1, &) ~ [ 0Ji(x}) Ox; ~ 0K;-1(y;_,) 9y;
m T = ) @ ( ox; a&i) + &1 ( ay1, - aal)ﬂ[t’ﬂ]
- (')Ij(xj’f,yj*.) 6x]*. 6Ij(x;,yj) 8yj
%\ Tax da t "oy da
* ox; 0% 9y, _ 9y win s s
= Ji(x}) + Ax (ﬁ - ,952) + Aylieen (Wll - a—ajl) = Ji(x} (@), &i-1, 1)),
x* ox;
Xi _ J
where the penultimate equality holds by noticing that if A, > 0, then x} = x7, 1mp1y1ng 36 = -
dy;
y, _9Y;
Likewise, if A, > 0, then y] =y; i 1 a_aj,

Using 51m11ar logic, from the KKT COl’ldlthl’lS for Problem Rﬁ."a, we have

OR;e(@, Gi Giv1) _ Ki(y") + & (am(y;f)%) i (aJ,-H(x;H) axgﬂ)]l[#p]

60?, Byf 66?, Ox’ Bd’l
. [ 0Ii(x},y;) Ox; oI;(x},y;) Oy;
UG\ "ax &t "oy da

o oy o i*l ax
= Kiy) + Ay (52 - 52 ) + Aclieept (522 - 52 ) = Kilw @y i )

Then since v > 0, from (27), for each Pareto system i € P,
Zjereldje-1Ji(xi(@f, a;_y, a7)) + AjeKi(y; (@5, a7, &), q))] > 0

Thus at least one constraint is binding for each Pareto system at optimality, and the result in Part (2)
follows.

Proof of Parts (3)—(5). Updating the stationarity conditions in (27)-(29) yields the KKT conditions
in equations (7)—(9). Substituting equation (8) into equation (7) yields equation (6); dividing yields
equations (4) and (5).

H PROOF OF LEMMA 4.4

We prove the lemma in parts, using the following notation. Under Assumptions 7-8,

ff?ﬁ ~1, O'Z 1 < (~* ~ % ) 2/&* U 0-13 1
1 = ST S Wyl (s sSw, = — A
P, g 52 1+aj/aj,, g\"j> Pt ol /a +0 gl+1/a;<+1 g ol 1+aj/aj,,
) 21 2
: ~L ._ %a 1 Sk sk ~U ._ %% 1
i £ #0, w, = op 1+a;/a; < Wh(aj’ai) o} /a +Uh Ja; S Wp = 0§ l+aj/a;”
i

For compactness, we denote w, (a7, &}, ;) and wy(a&7, a}) as w’ and w}, respectively. The values of
g\#j> %t jo i [ h
K} and K}, are

) L L L L U _ U .U .U .U
Kg = min{Kg,, Ky, Kgs, Ky} and kg = max{kg,, Kgy» Kgss Ky }»
L L L L U U U U : :
where the values of kp,, kp,, Kp,» Kp, and Ky, Kp,, Kp,, Kp, are defined in each subsection.

H.1 Proof of the Bounds in Equation (10)

2 2
Foap
caoa’

2
a u _
and kp, =

: O,
We prove the result in cases, where k};, = py
6%
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H.11 11?{) > 0, ]Ij’.l(, =0in Rj((d;,df,dfﬂ). In this case,

o it 2,2
il (g; gin1)? ~ > P €2~ _ ~x€70, 1
lower: Ryo(@). &, 61) = 3 (F555040) 2 5 G = & 5w
5 5 2 52
j A Y S

(91 91+1) ~ g j U
=———w_|) < == =a; TR AT .
( ag; 9) = 2q2"9 J 20f 1+aj/aj,

[\Jl\

upper: Rje(&;, 0}, &y,) =

H.1.2 ]Ij’f[ = O,HJ}.’[ >0 in Rjg(dj’.‘,o? @;,,). In this case,

G (k) sy G ewloy 1
lower: Rje(a}, &;, &i,q) = (—ah_ h) 5 2 Wn = % %0t e e
J
o o 2 2
__](h h) wk _jﬁ_ZNU_N*IBGb 1
upper: Rjg(a ai,ai) 5 ( oT h) <5 oz W = & e
J

H.1.3 }I?[ >0, }Ij}ff > 0in Rjg(&;.‘, aj,a;f, ;). In this case, recall that

N -1
* T 2 /.~ .
Rii(at 6. 65 ) = 2 |9~ 9int 99/ Wy Pi%;%h | [g) = gis
je(5, @, Giyy) = hi— h i0g.0n, 02 |WE hi—h |’
2 |hj—hi Pj%q;0h; h;! Y 7

We bound this rate using standard bounds for quadratics. First, define the matrices

2 [o% ~
os /w i0g.0h. 1 1
S = 9]/ g Pj 91~*J and Wj = [ /W!i ~*],

PjOg;0h;  Op, /Wy L 1w,
so that X ]g is the element Wise (Hadamard) product of the matrices £; and Wj,, thatis, ¥, = Wjz0X;.
Since 0' /w >0ando T, [(1/w*)(1/17vh) pj] > 0, then X, is positive definite [Strang 1988, p.
330]; 11kew1se, Wie is also positive definite. By Assumption 6, 2; is positive definite.

Then using Schur’s theorems [Horn 1990, p. 95], it follows that
-} Amax(Z)). (32)

1’1’111’1{ w B ~l* }Amin(zj) < Amin(zjf) < /Imax(zjf) < maX{ Wy * w

We find the eigenvalues of Z}Tg as Amax(z_,l) = 1/Amin(Zj¢) and )[mm(ZJT[}) = 1/2Amax(Zje) [Strang
1988, p. 258]. From line (32) and using Assumption 6, we have
in{w, wk } { {Wy, W)} {wy
Sk ) W) et ¢ () < P mesti

Then using bounds on quadratic forms [Boyd and Vandenberghe 2004, p. 647], we have

U}

7% min{wL, wl i—giv1 1T [ 95-9: wY, wY T[gi-gi
7 min{wg, Wy} [ gi—Gint 9i—gi+1 A '+ max{wy, W } =i+t gi—9gi+1
2 ¢ | hi~hi hj=h; | = Rjt’(“j»ai*aiﬂ) s TT h ~h; hj=hi |~

which implies

DL N §
i min{wg, w,} ~y €202 .

% Wit 2 o s 1 1
lower: Rje(a;}, a7, a;,) = 5 o€ 20 m{1+&’f/&i‘+1’ 1+d;/d;«},
7* max{wJ, wV} 2o

J 9> "h 2 5% 1
upper: Rje(d5, a7, &,,) < 5 — 2" < &5 TEE, TE

H.2 Proof of the Bounds in Equation (11)

. €*(1-p2)os v _ B,
We prove the result in cases, where x, = ——%—= and kj, = —=%.
2 2¢p0) 2 ca0§
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H.2.1 119 > 0, Hh =0 mI(f, (a7, a;,a;,;)). In this case,

620-
lower: [;(37(c}, &;, a;,,)) = (g’ g'“) S (W) 2 %(W;)Z ==

20

NS

2
(7)) s

i+1

T o

Bio 2
20'6 (W) :

i+1

SN

upper: [;(3(@, é1, &,,)) = ﬁ'—”'—*i< o < L) =

H.2.2 ]Ig _O]Ih > 0inI;(3;(a;, &}, aj,,)). In this case,

l+1

SN

~x o~ hj—h; €/~ 20,
mwu@w,ﬂm»< )(m (W)= S

(hh)~2 N VR
)< 2oz () = ot (mratar)

2
(ma7z) s

q
o

@‘qus

upper: [;(3;(&;, &;, &;,,)) =
H.2.3 ]Ig > 0, ]Ih >0inl; (5 (@, af, a; 1)) In this case, we write 1(3 (a @;,a;, ;) as a qua-
dratic form using matrlx notation,

LG 6 @) =
-1

(1-
2

1| 9i~9i+1 T [(W*)Z + (I_PZ-)( a ‘7‘};) ] pjo—gjo—hj[l a 1_—l’2] gj—9gi+1
5[ ; i] ! 1 2 ! 5 [ j—hi ]

PjOg;0h; |1 — : ] o} [(w;l)z + (ﬁ)(l - w%l) ]

Define the matrix
2 ( 9 h
= (W)ZJF(IP)(I_WZ) 1= 1*/)12'
i (- 32)0-3) : .|
1- 1—p§ W )2+( )(1_ h)

which is positive definite. Then define the element-wise (Hadamard) product of the matrices M;,
and X; as ijg, that is, fljg = Mj¢ o 3. By Schur’s theorems [Horn 1990, p. 95], we have

min{ w , W } Amin(Z;)

2 ~
Snquﬁ+(£?ﬂbn%fwwy+(iﬂ@-ﬁﬂ%%m@ﬂﬁlmdﬁd

< Amax(zjf) < max{( 22 + ( = )(1 - WL;)Z’ ;)7 + (
< max{ (W*)z( 1 ) ﬁ( )}Amax(z )

< (1 —pZ )max{ A (w IR }Amax(Z i) (33)

j)(l - ,;;L;)Z}Amax(zj)

We find the eigenvalues of the matrix 2 , as AmaX(Z 1) =1/ Amin(E i) and Amm(z D) =1/ Apax (S je)
[Strang 1988, p. 258]. From the 1nequahtles that end in line (33) and using Assumptlon 6, we have

2 min{(W5)% (W})?)
(= pp)———
b

Ch

o\ min{(w) 2, (W2} .
< (1 - h) mjx(zj)h < Arnin(zjg)
max{(wy)%,(W})* } < max{(wy)%, (W§)* }

mm(zj) - Ca

< Amax(37)) <

Then using bounds on quadratic forms [Boyd and Vandenberghe 2004, p. 647], we have

mln{(wL)2 (W )2} i+ i+ % o~k ~*
1= ppy P [ T | < 650 )
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1 max{(‘X’U)z (WU)Z} ~gi+1 | T gi—9i+1
< — 1 h Zh; hj—h; |>
which implies

(1-p}) min{(Wy)*.(Wp)*}
2 Ch €

\%

lower: 1(3]( &, ;)

GZ(I—Pi)Ué m n{ 1 1 }
= " 2c0; (1+d’f/d’.‘+1)2’ (e Jay? b
U)Z

1

1 max{(w
caot M g ra e Gy e

(WY B2 o‘
3 h 2/32

Ca

I/\

upper: 1(3](0( ai,aiq))

H.3 Proof of the Bounds in Equation (12)
U _ ﬁzag(l"'l’b)z
T 205(1-pi )

2 6

. €0,

We prove the result in cases, where kj,, = —¢
Zab

H3.1 I, =01 > 0inKi(y;(&],a;,;,,). In this case,

(h h 2 . 2 4
lower: Ki(y; ((X a7, i) = - (1- h)2 > ;Tﬁ(l B Wh)z 2 62;5 (l+al/a ek
ﬁz 4

1

(h'—hi)2 ~2 B ~ 52
5 (1 - Wh) < E(l _Wh) < S5 20'a (1+a; /a )2

202
hi

upper: K;(y; (@}, a;,a;,,)) =

H.3.2 J[-" >011h > 0 inK(y; (&,

cannot systematlcally approach the boundary of the region in which ]If ;> 0, ]I]’.’t, > 0 from the

interior. Thus for all i,i + 1 € P, the term [( j—hi) - pj (g";g”l)ﬁv;]z is bounded away from zero,
hj 9j

@;,a;,,)). In this case, under Assumption 7(b), the systems

uniformly in j. Then we have the bounds

. A=W %hy ((h=h)  (g=gie) 512
lower: Ki(y; (5, @;, &;,1)) = 5 - [ . —Pj YT ]

[1—p]2.w;w;*ljza_,§i Oh; Oy; 9
> g “1:;;’7” ) (gf;j;“)v*v;]zu - )
> < Ga(l_ W) 2 62;:6 m

2 - o
(1-w;) G_h,[(h, hi) —p~(g’ gm)w;]z

upper: K; &, a;,a = =
1% (yz( l+1)) 2[1_p]?Wywh]2 }Zz,- Oh; J Og;
o (hj=hi) (gj=gi1) ~ %12 ~
< b 1 j i [j—9i+1 * _ 2
= 205 [1-pj P L on; T pr 99; Wg] (1=,

ol B 2 N2 oy (1+pp) 1
< E [l_pi]z [U_a(l + Pb)] (1 h) 20.8(1 pb)z (+a /d}k)z'

H.4 Proof of the Bounds in Equation (13)

We omit the proof for the bounds on ]f+1(x€+l( 07;, &ZH)) since it is similar to the proof for
Ke(y;(&;, @, a;,,)). The constants in this case are kj, = kj, and kp, = Kp,.

I PROOF OF PROPOSITION 4.5
From the upper bound in (10), at optimality in Problem Q, it also holds that

1 ~ % U
Z" < Rje(dj, a7, d7,) < 6 KR[1+dr*/a + 1+oz;f/d;] < ) 2K
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for all j € P¢ and all £ € PP", £ = i. Then by Theorem 4.3 Part (1), for each non-Pareto sys-
tem j € P, there exists a phantom Pareto system £*(j) € PP, £(j)* = i*(j) such that z* =
Rj[*(j)(a?;, 07;20.), d;‘*(j)ﬂ). Then it follows that

PIE" = Sjepe 2 = Ljere Riee() @ @y @y yy) S 265 Djepe @ < 215,
which implies 2* < 2k} /|P€|. Thus z* = O(1/|P¢]).

J PROOF OF THEOREM 4.7

We prove the theorem in parts. In what follows, notice that under Assumption 9, there exists
Ko € (0, 00) such that A;¢(r) < KkoAje(r) for all £ € Prh Al r > Tjo.

J.1 Proof of Theorem 4.7 Part (1)
First, recall that for all i € P, j € P¢, we have [; (5 (@, a;,ai,,)) > 0forallr > rj.

Now for a contradiction, suppose there exists ] € P° such that £* € PP, £* = i* is its primary
phantom Pareto system, and lim inf I;« (3 (a 0, @) = 0as |PC(i)] — oo forall i € P. Then

there exists a subsequence {ry : k =1,2,...;r; > rj=} such that
lim 1 (5} (&; (R, G (), @41 (7)) = 0.
Henceforth, we consider only this subsequence.
From the bounds on the derivatives in §E.3, it must be the case that w — 0if lim;CHOO I]’; f*(rk) >0,

(rx) > 0. (See §H for a definition of the w) notation.) Since the
(rk) > Oanda LJai. — oo if

and w; — 0if limy o0 I s e

variances are uniformly bounded, aj* /a ai* o — oo if limy o0 17 g
limy 00 I[;'*(,*(rk) > 0.

From the bounds in equations (12) and (1'3) there exist constants 7x > 0, 7y > 0, not dependent
on r, such that K;:(y}. (a > Oy () 2 *[*TK and Ji4q(x}. +1(a e (s Q1)) 2 *E‘T] for all

k =1,2,...indexing the subsequence From the KKT conditions in equation (7), for all r,
2v 2 YjepelAjerKir (Y ay, a, ap D) + DjepelAje Jina (x5, (@5, s a5, )]
T +I

Then we have 2v > A« coe (I e jwr]) forallk = 1,2,....Letting r; := (1/2)(I" *(,*TK+H *f*r]) > 0,
we have the lower bound v > nAjpe forallk =1,2,.
Now under Assumptions 5 and 6, there exists a constant by < co such that ;(37(¢], @]\, ], ,,)) <
by for all ¥ > rjy. From the KKT conditions in equation (8), for all r, we have
v= X Apelp (5@ af, a5g)) < Aol (3@, ap diy )+ X Ajpebs
£ePrh =i £ePph p£L+

Combining the upper and lower bounds on v results in

Ap

. J

0<7 < — /1 < L (3@, dps @)+ X 2
s CePrh pzr AjrLt

for all k = 1,2,. .., which provides a contradiction since the limit of the right-hand side is zero on
the subsequence under Assumption 9.

by

J.2 Proof of Theorem 4.7 Part (2)
Proposition 4.5 provides the lower bound a; > z*/ (2x}). For the upper bound, by Theorem 4.7

Part (1), for all j e Pp¢ With primary phantom Pareto system £*(j) € PP, £*(j) = i*(j), we have
z" > 0?;‘1 j(a*(o? e 0), *(}) )= d;Kl for all r > rj. Since there exists a primary phantom Pareto
system for every j € P¢, the result holds for all j € P° and all r > r;.
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J.3 Proof of Theorem 4.7 Part (3)

Let j € P have primary phantom Pareto £* € PPh, £* = i*. Under Assumptions 5 and 6, recall that
there exists a constant b; < co such that I; (3 (~* &;.,a: ;) < by forall r > rj. From equation (8)
and using Theorem 4.7 Part (1) and Assumptlon 9, we have

Ajerkt S v = Ve o= Ajeli(35(a), a7, @)y )) < (p + Do jebr. (34)

Flipping these inequalities around results in v[(p + 1)kob1] ™" < Aj¢+ < vk, which implies A4+ =
O(v) for all j € P°.

Summing over j € P¢ in the right-hand side of (34) and applying equation (9) implies |P¢|v <
(p+DKob1 Xjepe Aje < (p+1)xob1, and hence v = O(1/|P€]). For the lower bound, from equation (8),
using Theorem 4.7 Part (1) and applying equation (9),

|:PC|V = jefPC ZfeiPPh =i jt’I (5 (a7, ~z+1)) > K1 Z]ECPC Z[e?Ph A}(’ = Ki1.

Combining this lower bound with the upper bound implies v = ©(1/|P¢)).

ok

J.4 Proof of Theorem 4.7 Part (4)

Recall that o?f(r)/d;(r) > 0foralli € P,j € P and all r > rj,. For a contradiction, let
i € P be a Pareto system, and suppose there exists a non-Pareto system j* € P(i) such that
liminf, d;“(r)/&}l(r) = 0. Then there exists a subsequence {ry : k = 1,2,...;r1 > rjs} such
that limy e @} (re)/ &;*(Vk) = 0; henceforth, we consider only this subsequence.

J4.1  Pareto System i € {l pr - Ifie{1,p} and j* € PC(i), then for all r > rjo,

ok

z*/a. = min(Rje¢- W@, iy, a7) ]G, Rye(Ge, 0, @) )
min(ir;ffj»«x) H I, b TG p) + K + G ) =1
yJ*Syz 3 3
min( mf I (xj+, yje I+ 2 = LKi—1(yi-1) + %]i(xi), ir;ij*(y) + ZT‘K,(y)) ifi=p
y,*Sy, ;
< [inf Jj- () + (&7 /@5 )JiC) iz + [infy Kj- (y) + (7 /@7 )Ki () ji=p)

Since limg o @} (ri)/ &}‘*(rk) = 0, the right-hand side of the inequality above goes to zero on the
subsequence, which contradicts Theorem 4.7 Part (2).

J4.2  Pareto Systemi € {2,...,p—1} and gj- < gi+1 or hj= < h;_;. Now suppose that j* € P(i)
fori € {2,...,p—1}, and g < gi41 Or hj» < h, 1- Under Assumptions 5 and 6, there exists a
constant b, < oo such that maxiega,je?c(]i(xi(d;i‘, al), Ki(y; (~* @;,a;, ;))) < by forall r. Then
for all r > rjx,

26 = min(Ry oy (@ @y, @)@ Ry (s 6], 6y ) )6

= min( inf L (xje, yje) + D;j_ilKi—l(yi—l) + %]i(xi),
J J

Xjx <X, Yjr SYi-1

L (xje, yje) + g—iKi(yi) + i—i—f:]m(xm))

m
Xjr SXit1, Y+ SYi

< mi . o 77 @
< mm(xj* sxi‘bf*gy,»,l Li-(xj, yjr) + # Kioi(yi-1) + 5-
inf Ti(xin, yie) + ‘f‘g b, + 1+1 X

X <Xiats Yy <Y J ( 2 Yj ) j 2 ]1+1( z+1))

= g-i by +min( inf Kj*(yj*)"" !Z;i* i- 1(yl l) lnf ]j (xj ) + ~M]i+1(xi+1))
Yj* <Yi-1 <Xi+ e

~
%
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in([inf K- (4) + =Ko )y 06 T () + 2T (60T 1)

Then the limit on the right-hand side of the above inequality is zero on the subsequence, which
contradicts Theorem 4.7 Part (2). (Notice that the indicator functions in the last line of the inequality
above are not functions of r; that is, they evaluate to zero or one for all r > rjo. Thus we need not
consider @}, / 0?;* — ocooraj,,/ 0?]’.‘* — oo when at least one indicator function evaluates to zero.)
J.5 Proof of Theorem 4.7 Part (5)
We prove the upper bound first, then the lower bound.
J.5.1  Theorem 4.7 Part (5): Upper Bound. From the proof of Proposition 4.5, we have

1/é; < 2kp/z" forallj € P, r = rj. (35)
Now from Theorem 4.7 Part (2), there exists 7 € (0, c0) such that &; > 7;z" for all j € P° and
all r > rj. From Theorem 4.7 Part (4), if j* € P€(i) is such that g+ < ¢i41 or hj» < h;_;, then

a; = K40~c]’l > K47y Z". Since there exists such a j* € P¢(i) for all i € P and all r under Assumption 9,
it follows that

1/a&; < (kyry)'/z* forallie Pandallr. (36)
Let Ky := 2k} + (x475)7". Taking equations (35) and (36) together, we have
1/aj+1/ai <Kkp/z" forallie P, je P r=rj. (37)
J.5.2 Theorem 4.7 Part (5): Lower Bound. From Theorem 4.7 Part (2), 1/0?;.‘ > k1/Z" for all
j € P¢,r 2 rjo. Combining this fact with (37), /2" < 1/0?;.‘ < l/o?; +1/a; < Ky/7".

J.6 Proof of Theorem 4.7 Part (6)
From the KKT conditions in equation (5) and using the bounds in Lemma 4.4, for all i, i’ € P,
_ Djepe A1 (N (&, &5y, 7)) + e (NKily; (a5, &, 67,)
 Sjepe Ajea (N (&5, @5y, @) + Ao (DK (Y3, &, @)
Ajer (N, l(r)+/1j¢>(r)K (r)

U Aje-1 (N, 1(r)+/1]f(r)ﬂ (r)
jg‘x il (@ /@ p ] K &2 jezipc[ (/& +1/a;7 ]
< = . 38
L e (D (D40 (DL, () Ksz d*Z 5 [Ajff_l(r)ﬂfg/,l(r)+Aj,,(r)11;;,(r)] (38)
je%;c KR[ (1+a;,/a; )2 ] jepe (1/&;*’1/&;)2
From Theorem 4.7 Part (5), it follows that
K1/2% < (1@ +1/&;) < x5/z? forallie P,je P r=rj. (39)
Continuing from (38) and using line (39) and equation (9), respectively, we have
Aj{?*l(r)ﬂjgtp,l(r)"'Aj(’(r)H /(r) Z A h
i —— i1 (NE,_ (D] + [ 2 Ae(Il,(r
a;‘2<1<g jez?c[ P ] _Kg g[} je-1( je— i ] [jEfPC J()Jf )]
G "y [ e 0 S [y, () + A (0 (7))
jépe 5/ Z* jePpe
kU2 2
R™2 (40)

T OKRKT Y epeq) [Ajf’fl(r)I[jg[r,l(r)I[[{’*(j):("—l] + /bvff(r)ﬂﬁ’g,(r)ﬂ[e*(j)w]] .
From Theorem 4.7 Part (3), for all i € P, there exists 7} € (0, o) such that

Yjepe(iy Aie-1 (DL, (NLey=e-1) Jr?bf(r)H (Me=(=e1
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pe;
> Y jepe(i) T Tpe) = T | |tP(C|)| > 77K, (41)

where the last step follows by Assumption 9. Combining this bound with (40), we have

ar? 2KYK?
i R™2
~%2 = L. 2, L,.>
C(l., KRK1T3K

and the result follows.

J.7 Proof of Theorem 4.7 Part (7)

First we prove the lower bound, then we prove the upper bound. In what follows, notice that
from Theorem 4.7 Part (2), there exists 7, € (0, o) such that d]’.‘/&;.‘, < 1y for all j,j € P° and all

r > max{rjo, "jo}.

J.7.1  Proof of Theorem 4.7 Part (7): Lower Bound. Let i € P, j’ € P€. From the KKT conditions in
equation (6), the bounds in Lemma 4.4, the inequality in (39), and Assumption 9, respectively,

Aje-1Ji(xj (@5, ap_y. a7)) + AeKi(y; (a5, @), &g ,)

1=
jePe ZF’GTP}‘,K':V jf'Ij(aj(aj7aiu aiq_]))
9 h
KU[Ajgfl]ij*I-FAj[ij]
R (+d; /&7
< 3 ]
]E?C Z[’ ?Ph =i jf’KR mln[(l+d*/a )25 (1+0~(*/al/+1) ]
[/1]'[,1]1].{_1+/1ij1.[ ]
U AR TER
_ke 1 ¥ § (1/a;+1/a;)
T L ~x2 J : 1 1
REG" jePe T Dpepm =i Aje M gz Gramyar 7]
U2 . g . Th
< Kr¥p 1 %2 [AJ"‘I]IJZ—WAJKHM]
= L2 &x2 J .
KRKI a;“ jePe Z(/E(Pph/ljf’
U..2 . *2 ~%2 U..2 ~%2
Kpk; 1 e [Zko/ljg*] 3 KRK22K0 i ; < Kpk52Ko 05j1| "|r2
= 2 ~x2 j - 2 *2 ~x2 2 ~x2 2
KKy a2 jepe T Ajer KKy a;° jepe a; Kpki  df
KLKZ
Then letting 7% := —&——, it follows that
7 ZKHKOKSTZZ
L ar?
T forallie P, € P r >y (42)
|TC| = d*z > st = Ij0-
1

J.7.2 Proofof Theorem 4.7 Part (7): Upper Bound. Let i € P,j’ € P°. By Theorem 4.7 Part (3),
there exists 7 € (0,0) such that Ajp;, < 7/|P¢| for all j € P¢,r > rjo. Then from the KKT
conditions in equation (6), the bounds in Lemma 4.4, the inequality in (39), Assumption 9, and line
(41), respectively,

Aje-1Ji(x} (@], iy, 7)) + AjeKiy; (@), a7 a7y )

1= o
jePe Zf/efPPh =i’ ]{”I (5 (0()k ;k l+1))
/1'(’,111, +/1'( f
L[ e e
"R[_(H&;/a;)z “]
>

U 1 1
icPe D p i AiprK et
jePe Lpepm, p=iv Ajt R[(1+o<,-/0a-,>2 (1+0<f/air+1>2]
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[ Aj[_l]l}?€71+3.j[ﬂ;l€ ]

K g (1/a;+1/a,F
- ’Cg 0772 jepe g 20 cpoh =i jé"[(l/d;+11/a;,)2 + (1/df+11/o7i+l)z]
. ﬁK_%L 2 [/1][,1]1]?[71 +Ajf]lj}-l,g] . KR K aj2 d}fz [Aj(,’flﬂjg. +/1]g1[][]
Tk ata? G T Dpeowper b Ky 2E @ ]e?‘(l)arz (P + Dxodjey)
s N Ajerld, L y=e-1) +?bf e G)=e]
g 262 (p+ Do 6} e Aje()
R AT B S
T kg 2ig (p+ Do & jebey 7 /1PL 20p + Do) T 67
KpK2ThK a?

> —|P°|.
2(p + VrgkoksTity a;?

2(p+1)1< K()KZ 5 T}J

Then letting 7 W it follows that
R™1°3
@l Y ; P e e
572 < 7] orallie P, j" € P,r = ry. (43)
i

J.8 Proof of Theorem 4.7 Part (8)
Proposition 4.5 provides the upper bound. For the lower bound, for all j € P¢ with primary phantom

Pareto system £*(j) € PP, £(j) = i*(j), we have
> o?fljg*(j)(z,*(d;‘,0?;10),07;0)“)) > @K1
Summing over j € P¢ yields
1P12" = Zjepe Rie()(&]> @ ) 67 )10) 2 Zjeve G Lies() 3@ . )0 O )40)
2 K1 Zje?c 5‘; =k1(1 = Xijep ). (44)

From Proposition 4.5 and Theorem 4.7 Parts (2) and (7), it must be the case that & — 0 for alli € P.
Thus (1 - 3 ;cp &) is a constant, and we have the result for z*. The result for a; follows from the
result for z* and Theorem 4.7 Part (2).

J.9 Proof of Theorem 4.7 Part (9)

This result follows from Theorem 4.7 Part (7) and the bounds in Lemma 4.4.

J.10 Proof of Theorem 4.7 Part (10)

This result follows by noticing that Theorem 4.7 Part (7) implies wy — 0 and w, — 0 in the proof
of Proposition 4.1.

K PROOF OF THEOREM 4.11
From (42) and (43), for all i € P,j € P, r > rjo, 0?]’72/1';J < a?/|Pe| < d]’fz/r7L. Summing across

j € P¢yields \/(1/7)) ¥ jepe 0?;.‘2 < a; < (/1) Xjepe (55;2. Applying that a; = 0(1/|P¢|) from

Theorem 4.7 Part (8) yields the result.
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L PROOF OF THEOREM 4.12

The only difference between Problems Q and Q is that Problem Q includes constraints corresponding
to the rate functions for MCE events between all pairs of Pareto systems. The assertion will hold if
we show that for large enough |P¢|, R;(a}, a},) > 2" for all i,i" € P, i’ # i.
Recall that for all i,i’ € P, i’ # i, we have
Ri(ai, ar) = inf - oli(xi, y;) + aply (xir, yw)-
Xy SXis Yir SYi

Under our assumptions, notice that there exists a constant a > 0 such that inf,, <x,, y, <y, Li(xi, y;) +
Iy(xi,yy) > aforalli,i” € P,i’ # i. From Theorem 4.7 Part (6), @] /@;, < k¢ for all i,i" € P,i" # i.
Supposing without loss of generality that x; > 1,

Ri(a;, a;)/a; = inf = Li(x, i) + (a5 /)T (xv, yr)

Xir <Xi, Y i’ <yYi

. -1 -1
> inf Li(xi,yi) + k; I(xir, yir) = Kk, a > 0.
Xy <Xi, Y SYi

Thus letting n := «;'a > 0, Ri(a},&;)/z* > n(a;/z"). From Theorem 4.7 Part (8), we have z* =
©(1/]P¢|), and from Theorem 4.11, we have a; = ©(1/+/|P¢]). Then it follows that a}/z* — oo.
Thus for large enough |P¢|, the Pareto systems receive a large enough proportion of the allocation

that the constraints corresponding to MCE in Problem Q are not binding, and the result holds.

M PROOF OF PROPOSITION 5.1
Under Assumption 6, Problem R}* is a quadratic program with linear constraints. The KKT
conditions are necessary and sufficient for global optimality. Let AY > 0 and /lg > 0be dual variables.

In addition to primal feasibility, we have the complementary slackness conditions A (x; — x;) = 0
and /lg(yif —y;) = 0, and the stationarity conditions

OlLi(xi,yi) P _ Oli(xi,yi) P _
=g Ay =0 i Ay =0
Oy (xir,yir) P _ Ol (xir,yir) P _
i Oxy + Ax =0 ai ayi’ + Ay - 0’
which simplify to
a; (Xi—gi _ Pi(yi—hi)) — AiP a; (yi—hi _ Pi(xi_gi)) — AT
(1-pH)\ oy, 09 Oh; x (1-p3) GZ,» 09 Oh; y
a;r Xir=git pi/(yir—hir)) — _/1? ay (yir—hir _ pil(xi!—gil)) _ _A(P
(I_P?/) Uéi/ 99y Ohy x (1_P?/) U; . 041 Ohy Y-

Since AY > 0 and AY > 0, then
Xi 29i+Piz—Z(yi_hi) Yyi 2 hi+PiZ_Z(xi_gi)
xi < g + Pi’%(yi’ = hy) Yir < hy + Pi’%(xi' = gi)-
Since i, k € P, we cannot have /1?; =0and Af = 0. We consider three cases, as follows.
Case 1: /1?: > 0 and /137 = 0. Then x} = x},; solving, we find

2 2
P (ai/og,)gi+(ay /o, )9y

Oh; ( (ay /Uéi, )9 —9:) )
1 1 a,»/o‘éi +ay /o‘éi,

y; = hi +pig,

a,»/o‘éi +ay /o‘éi,

*_h Th;r ( (ai/o';i)(gi’_gi) )
. —_ i -l R S —
Yir TP gy \aifog tay /g, )
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which implies g; < gy. Primal feasibility further implies

hi > hy — (g7 —gi)(

Substituting into the objective function yields the result in this case.

pir(on, ;/O'gl/)(al/ )"’Pt(o'h /O'gl)(a s ,)
a’z/agiJraz//o'gir )

Case 2: AY = 0 and AT > 0. Then y; = yj,; solving, we find

_ el P o e _ @l hiran]o by
R ST T e,
% O'_q; (‘11/0'2 Yhir=h;)
Xp = gr = pr g, (W)’

which implies h; < h;. Primal feasibility further implies

pir (g, [on, Nai/of )+pi(og;/on, )(0!.-'/0,31,,)

gi 2 gy — (hy — hi)( ailoj +ay |} )

Substituting into the objective function yields the result in this case.
P P * o % o ok, .
Case 3: Ay > 0 and Ay > 0. Then x} = x}, and y] = y;,; solving, we find

[Pi%iahi 092,- _ P9y Ohy ‘791 ](h . — hy)

* * i aj ay
X: =X =
Y (0k e+ o), /O(i’)(ffﬁi/ai + Gii,/ai’) - (PiUgi on,/ai + pir0g, on, [ai)?
[Géiahi(lf—p?) + G_gli _ Pi%g;On; PirTgy C”H".] .
+ a? o aj [243 agr L
(Cfgz,-/ai + O-gzi//ai’)(o-;zli/ai + 0'21,,/06") = (piog,on;/ai + pirog, O, [ ir)?
[Gﬁi,oﬁ,(l—pf/) N %Gy Oh; _ PiTe;iOn; Pi'ffg,»,ﬂhi,] )
a ay  aj a; 7% I
(0'91/0(, + O'g//az )(0' /0(1 + 0' /az ) — (PngIth [ai + pir 0g;Ohy [air)?
PiCg;Oh; Gh- Pi’Og; Ohy h
=y = e w T w w9
i =Yy =

(02, /a; + 0, /Ofi')(Uz_/Ofi + Uii,/ai’) — (piog;0on, /@i + pirog,on, [ar)?

o2 2 2
[ 99, h, 5 (1-p?) %5 Oh; PiGg; On; Pi'Ogy Ohy ]h
T 1T

a? oy A [243 oy

(03, /ai + 0}, /ai’)(o'z./ai + U;z,i,/ai/) —(piog,on, /i + pir0g, On, [atir)?

2 2 52
[ i+ %h. ,(1 P ) + Og; Uhi/ PiCg;Oh; Pi’Og; Ohy
0{1_2, ai  ay [e4] a;r

+ .
(03, ]ai + 0}, /O!i/)(a;z,i/ai + Gii,/ai') —(piog,on, /i + pirog, on, [atir)?

It can also be shown that the rate functions depend on the locations of the systems, as in the
proof of Proposition 4.1. We do not the provide the details of this proof.

h

N TEST PROBLEMS

We consider test problems having the following objective function values (gx, hy) for all systems
k < r, where the values are truncated to the fourth decimal place.
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105

= 100

95

95

Fig. 15. Test Problems 1A, 1B, 1C: r = 100, |P| =9

N.1 Objective Function Values for Test Problems 1A, 1B, and 1C

(100.7668, 98.2846)
(101.6930, 96.4598)
(104.4776, 96.5696)
( 98.1913, 98.5706)
( 96.3599,103.2968)
( 97.6691,104.1171)
(100.8665, 98.3810)
(103.1941, 96.9960)
(1 99.5010, 95.1233)
(104.9940, 99.3581)
(102.1225, 103.2007)
(102.6375, 97.9407)
( 95.7051,102.7686)
(102.2577, 97.6354)
(103.2209, 100.6225)
(101.0120, 104.4635)
(101.9143, 97.3885)
( 95.5534,102.4620)
( 99.8642,103.6219)
(1 99.8691,105.1958)
( 95.2816,103.3236)
( 96.9166, 98.1973)
(101.1100, 105.6254)
(199.6992, 94.5015)
(1 97.4538, 94.5998)

N.2 Objective Function Values for Test Problems 2A, 2B, and 2C

(103.6848, 103.9609)
( 96.5578, 97.3298)
(102.2526, 102.4639)
( 99.5723,103.2071)
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(101.5803, 104.8465)
(102.4406, 103.9730)
(100.2660, 97.1450)
( 95.3507, 97.2208)
( 95.1358, 98.9354)
(100.2951, 94.2726)
(101.3779, 103.1052)
(100.9392, 94.5154)
( 97.8254, 98.1723)
( 94.0823, 99.1163)
( 97.5961,102.2120)
(100.5365, 99.1881)
(100.0106, 99.9755)
(101.4506, 100.8885)
( 95.2964, 102.4307)
(103.4158, 98.2910)
(101.8231, 97.7814)
( 95.4512, 99.7769)
(1 98.1493, 94.7886)
( 94.2787,100.9571)
( 98.9207,105.6910)
(103.9091, 96.2181)
( 99.9034, 95.9735)
( 94.2172,101.2350)
(100.1180, 100.9099)

( 95.6040, 101.5735)
(100.2110, 98.8719)
(198.4904, 94.3098)
(103.1300, 98.1427)
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Fig. 16. Test Probelms 2A, 2B, 2C: r = 100, |P| = 6

(104.1497, 96.4957)
(199.7297, 98.8975)
(102.3980, 102.8872)
( 97.7111, 97.0571)
(105.1037, 100.4531)
( 96.0538, 99.3129)
( 96.5450, 97.8568)
( 96.6498,101.6032)
(100.7589, 99.7948)
(101.1593, 98.9937)
(102.3316, 94.6044)
(104.6868, 103.2014)
( 96.4683, 97.9059)
( 95.1119,102.1749)
(100.1523, 102.9490)
(105.1581, 103.0230)
(102.7163, 95.4334)
(195.7699, 98.7454)
(101.2693, 96.5736)
(100.6072, 98.0980)
( 98.1615, 97.3504)
(199.9506, 94.7994)
( 99.8464,103.9968)
(102.3153, 94.7393)
(101.1873, 100.2082)

(1 97.7876,100.0430)
(1 98.8857, 96.9268)
(1 95.7547,102.5842)
(100.7443,103.4310)

(198.2325, 99.7302)
( 98.5848, 94.9992)
(100.2067, 95.8049)
(1 97.8318, 97.4372)
(101.3503, 94.1658)
(1 97.3253, 98.4759)
(104.5639, 100.6942)
( 98.5302,102.3237)
( 95.6396,103.1989)
( 97.3611, 95.4519)
(102.1988, 104.3315)
( 99.6457,102.9520)
(199.5199, 97.8854)
(100.4225, 97.3680)
(104.1576,101.6352)
(100.7040, 94.9867)
( 96.9135,101.7750)
( 97.7667,102.0209)
( 98.5932,102.4351)
(102.9696, 95.7064)
(101.3419, 97.4189)
(103.7129, 98.1209)
(101.2705, 99.7475)
(1 96.8860, 95.9145)
(100.8755, 99.4588)

(105.3983, 100.1675)
(102.7555, 100.3548)
(103.1232, 97.8702)
(1 98.9429,102.6029)
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(102.3963, 100.4059)
(199.5536, 97.5641)
(101.7970, 101.6996)
(101.0486, 100.0085)
(103.2828, 104.5445)
( 95.6618, 97.0988)
( 98.9666, 99.3876)
(104.0700, 100.8312)
(101.6212, 97.4931)
(104.4545,101.9316)
( 98.1023, 98.0927)
(199.7569, 94.1299)
(101.8289, 101.2260)
( 98.8547,105.2610)
(100.1998, 97.0971)
( 99.1475, 95.4149)
(101.7079, 100.0766)
(100.6163, 101.0873)
(102.7289, 103.1864)
(102.9739, 103.9954)
(102.4299, 96.9297)

(100.8767, 95.5375)
(102.4810, 99.8521)
( 99.3234,105.8587)
( 98.7336,101.4354)
(102.5242, 98.0001)
(103.2267, 100.3741)
(104.7891, 98.5051)
(101.4978, 98.8410)
(105.7609, 100.6060)
( 99.2888,103.1690)
(1 97.7997, 98.9963)
(102.3656, 103.4900)
( 95.4270,103.5057)
( 99.7376,100.0911)
( 97.6938,101.7028)
(103.1432, 98.0707)
(103.5927, 96.5823)
(103.9547, 96.3935)
( 95.4602,102.3155)
(104.2743, 102.9276)
( 94.8932,100.1113)
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(100.8257, 105.8330)
(102.2372,105.0177)
(103.3371, 103.8918)
( 98.4455,105.1548)
(102.3256, 100.0627)
(100.5905, 103.5784)
(103.1183, 95.8092)
( 95.9098, 99.1952)
( 95.9841,103.6136)
(102.8691, 102.1152)
( 97.0409, 96.2717)
( 96.7093, 96.8682)
(1 98.9799,102.3676)
(102.2202, 102.8368)
(199.8989, 97.3402)
(101.6622, 98.5825)
(102.8712, 97.3695)
(199.6997, 98.1131)
(102.4739, 96.2580)
(1 94.4548, 98.9261)
( 99.1705, 96.0906)

O THE SECOND TEST PROBLEM SET WITH RESULTS

( 97.5041,100.6324)
(101.5048, 95.9317)
( 96.0391,103.7757)
( 98.4389,100.0983)
(105.2779, 98.1816)
( 98.7128, 95.2642)
(100.9300, 94.8031)
( 94.1848,100.5359)
( 97.5040, 101.1247)
( 95.4441, 99.7011)
(199.7799, 94.6877)
(100.4201, 95.7602)
(101.2380, 99.4185)
( 95.5491, 96.6968)
( 95.7147, 97.0357)
( 97.3134, 98.1090)
( 97.6245,103.2716)
(105.0540, 102.8406)
( 96.7749,100.8922)
(103.6188, 101.8041)
(103.5947, 99.6592)

The second set of test problems is shown in Figures 17-19. This set of test problems has a low
percent of dual variable values associated with MCE constraints. Note that in Figures 17-19, the
asymptotically optimal allocations are proportional to the size of the circle. While there is no
obvious visible difference in the optimal allocations with different correlations, the allocations do
differ slightly.

105 105 105

= 100 = 100 = 100

95 95 95

95 100 105

Fig. 17. Test 2A: r = 100, |P| = 6,
pr = —0.8 forall k < r, % dual to
MCE = 26.1,z* = 7.71 x 1074,

Fig. 18. Test 2B: r = 100, |P| = 6,
pr = 0 forall k < r, % dual to
MCE = 25.4, z* = 7.55 x 107%.

Fig. 19. Test 2C: r = 100, |P| = 6,
pr = 0.8 for all k < r, % dual to
MCE = 25.0, z* = 7.47 x 107%.

For each algorithm BVN True, SCORE, MOCBA, M-MOBA, and equal allocation, we run 10,000
independent sample paths on each of the test problems 2A, 2B, and 2C. For each algorithm, we
calculate the average number of misclassifications, false exclusions, and false inclusions across the
sample paths, as a function of sample size. Note that for a particular sample path, the sequence
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containing the number of misclassifications as a function of the sample size n is autocorrelated.
All algorithm parameters used in the second test problem set are identical to those reported in the
main body of the paper. The resulting performance of the algorithms is reported in Figures 20-22.

Test 2A: low % dual MCE, p = —0.8 Test 2A: low % dual MCE, p = —0.8 Test 2A: low % dual MCE, p = —0.8
30 3
_ - Equal
EL‘ - — M-MOBA
20 Qo e C Scort
- w |\ e, T SCORE
e} —
...................... & |
lO ............................... Y l
o0
>
<
0 0 = 0
L _ - 0 2500 500 1000 1500 ) 2000 2500 500 1000 1500 2000 2500
Sample Size n Sample Size n Sample Size n

Fig. 20. Test 2A: For 10,000 sample paths per algorithm, the graphs show the average % of systems misclassified
(MC), % of Paretos falsely excluded (FE), and % of non-Paretos falsely included (FI), respectively.

Test 2B: low % dual MCE, p =0 Test 2B: low % dual MCE, p = 0 Test 2B: low % dual MCE, p =0
O 4 3
= L\ - Equal
'&. S - - M-MOBA
z ——MOCBA
& I\ e R - - SCORE
o N "|=——BVN True|
X

L1 T2
20 =
> Ear
< 0 0
500 1000 1500 2000 2500 500 1000 1500 2000 2500 500 1000 1500 2000 2500

Sample Size n Sample Size n Sample Size n
Fig. 21. Test 2B: For 10,000 sample paths per algorithm, the graphs show the average % of systems misclassified
(MC), % of Paretos falsely excluded (FE), and % of non-Paretos falsely included (FI), respectively.

Test 2C: low % dual MCE, p = 0.8 Test 2C: low % dual MCE, p = 0.8 Test 2C: low % dual MCE, p = 0.8

- - M-MOBA
- ——MOCBA
T - - SCORE
------------ ——BVN True

0 0
00 1000 1500 2000 2500 500 1000 1500 2000 2500 500 1000 1500 2000 2500
Sample Size n Sample Size n Sample Size n

Fig.22. Test 2C: For 10,000 sample paths per algorithm, the graphs show the average % of systems misclassified
(MC), % of Paretos falsely excluded (FE), and % of non-Paretos falsely included (FI), respectively.
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