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$EVWUDFW� $V SDUW RI D SURMHFW RQ DXWRPDWLF JHQHUDWLRQ RI SURRIV LQ�

YROYLQJ ERWK ORJLF DQG FRPSXWDWLRQ� ZH KDYH DXWRPDWHG WKH SURGXFWLRQ

RI VRPH SURRIV LQYROYLQJ HSVLORQ�GHOWD DUJXPHQWV� 7KHVH SURRIV LQYROYH

WZR RU WKUHH TXDQWLnHUV RQ WKH ORJLFDO VLGH� DQG RQ WKH FRPSXWDWLRQDO

VLGH� WKH\ LQYROYH DOJHEUD� WULJRQRPHWU\� DQG VRPH FDOFXOXV� $W WKH ERU�

GHU RI ORJLF DQG FRPSXWDWLRQ� WKH\ LQYROYH VHYHUDO W\SHV RI DUJXPHQWV

LQYROYLQJ LQHTXDOLWLHV� LQFOXGLQJ WUDQVLWLYLW\ FKDLQLQJ DQG VHYHUDO W\SHV

RI ERXQGLQJ DUJXPHQWV� LQ ZKLFK ERXQGV DUH VRXJKW WKDW GR QRW GH�

SHQG RQ FHUWDLQ YDULDEOHV� &RQWURO PHFKDQLVPV KDYH EHHQ GHYHORSHG IRU

LQWHUPL[LQJ ORJLFDO GHGXFWLRQ VWHSV ZLWK FRPSXWDWLRQDO VWHSV DQG ZLWK

LQHTXDOLW\ UHDVRQLQJ� 3UREOHPV GLVFXVVHG KHUH DV H[DPSOHV LQYROYH WKH

FRQWLQXLW\ DQG XQLIRUP FRQWLQXLW\ RI YDULRXV VSHFLnF IXQFWLRQV�

� &RQWH[W RI WKLV 5HVHDUFK

0DWKHPDWLFV FRQVLVWV RI ORJLF DQG FRPSXWDWLRQ� LQWHUZRYHQ LQ WDSHVWULHV RI SURRIV�
?/RJLF� LV UHSUHVHQWHG E\ WKH PDQLSXODWLRQ RI SKUDVHV �RU V\PEROV� VXFK DV IRU

DOO [� WKHUH H[LVWV DQ [� LPSOLHV� HWF� ?&RPSXWDWLRQ� UHIHUV WR FKDLQV RI IRUPXODV
SURJUHVVLQJ WRZDUGV DQ ?DQVZHU�� VXFK DV RQH PDNHV ZKHQ HYDOXDWLQJ DQ LQWHJUDO
RU VROYLQJ DQ HTXDWLRQ� 7\SLFDOO\ FRPSXWDWLRQDO VWHSV PRYH ?IRUZDUGV� �IURP WKH
NQRZQ IDFWV IXUWKHU IDFWV DUH GHULYHG� DQG ORJLFDO VWHSV PRYH ?EDFNZDUGV� �IURP
WKH JRDO WRZDUGV WKH K\SRWKHVLV� DV LQ LW ZRXOG VXpFH WR SURYH� 7KH PL[WXUH RI
ORJLF DQG FRPSXWDWLRQ JLYHV PDWKHPDWLFV D ULFK VWUXFWXUH WKDW KDV QRW \HW EHHQ
FDSWXUHG� HLWKHU LQ WKH IRUPDO V\VWHPV RI ORJLF� RU LQ FRPSXWHU SURJUDPV� 7KH
UHVHDUFK UHSRUWHG RQ KHUH LV SDUW RI D ODUJHU UHVHDUFK SURJUDP WR GR MXVW WKDW�
FDSWXUH DQG FRPSXWHUL]H PDWKHPDWLFV�

$W SUHVHQW� WKHUH H[LVW FRPSXWHU SURJUDPV WKDW FDQ GR PDWKHPDWLFDO FRPSX�
WDWLRQV� VXFK DV 0DWKHPDWLFD� 0DSOH� DQG 0DFV\PD� 7KHVH SURJUDPV� KRZHYHU�
GR QRW NHHS WUDFN RI WKH ORJLFDO FRQGLWLRQV QHHGHG WR PDNH FRPSXWDWLRQV OHJDO�
DQG FDQ HDVLO\ EH PDGH WR SURGXFH LQFRUUHFW UHVXOWV��

� -XVW WR JLYH RQH H[DPSOH� 6WDUW ZLWK WKH HTXDWLRQ D  �� 'LYLGH ERWK VLGHV E\ D� ,Q
DOO WKH WKUHH V\VWHPV PHQWLRQHG� \RX FDQ JHW �  � VLQFH WKH V\VWHP WKLQNV D D  �
DQG � D  �� 0DQ\ RWKHU H[DPSOHV KDYH EHHQ JLYHQ LQ WKH OLWHUDWXUH >�@�>��@�



,,

2Q WKH RWKHU KDQG� WKHUH DUH WKHRUHP�SURYLQJ SURJUDPV VXFK DV2WWHU >��@�DQG
RWKHUV WRR QXPHURXV WR PHQWLRQ� ZKLFK SHUIRUP ORJLFDO UHDVRQLQJ� 7KHVH SUR�
JUDPV DUH TXLWH OLPLWHG LQ WKHLU FRPSXWDWLRQDO DELOLWLHV� DOWKRXJK VRPH RI WKHP
FDQ SHUIRUP UHZULWHV XVLQJ D VSHFLnHG VHW RI HTXDWLRQV� 7KH LQSXW FRQVLVWV RI D
nOH FRQWDLQLQJ D[LRPV� DQG D JRDO� XVXDOO\ H[SUHVVHG LQ FODXVDO IRUP� 7KH SUR�
JUDP FRQWDLQV QR PDWKHPDWLFDO NQRZOHGJH H[FHSW WKDW VXSSOLHG LQ WKH D[LRPV�
LW RQO\ ?NQRZV� WKH ODZV RI ORJLF� 3URRI�VHDUFK� VXFK DV WKHVH SURJUDPV SHUIRUP�
LV QRW ZKDW LV PHDQW KHUH E\ ?FRPSXWDWLRQ�� DOWKRXJK RI FRXUVH LQ VRPH VHQVH
WKH H[HFXWLRQ RI DQ\ DOJRULWKP LV FRPSXWDWLRQ� ZKDW ZH FDOO FRPSXWDWLRQ KHUH
LV PRUH OLNH ZKDW DQ RUGLQDU\ PDWKHPDWLFLDQ PHDQV E\ WKH ZRUG� D VHTXHQFH RI
PRUH RU OHVV SXUSRVHIXO�DSSHDULQJ VWHSV� ZLWK OLWWOH RU QR WULDO�DQG�HUURU LQYROYHG�

7KLV SDSHU ZLOO SUHVHQW D IUDPHZRUN IRU LQWHJUDWLQJ ORJLF DQG FRPSXWDWLRQ�
DQG UHSRUW RQ H[SHULPHQWV ZLWK WKH LPSOHPHQWDWLRQ RI WKDW IUDPHZRUN� 7KH
LPSOHPHQWDWLRQ LV FRQWDLQHG LQ WZR FRPSXWHU SURJUDPV� 0DWKSHUW DQG :HLHU�

VWUDVV� 7KH IRUPHU KDV EHHQ UHSRUWHG RQ HOVHZKHUH LQ GHWDLO >�^�@� LW FRQWDLQV
LPSOHPHQWDWLRQV RI RYHU WZR WKRXVDQG PDWKHPDWLFDO RSHUDWLRQV� WRJHWKHU ZLWK
ORJLFDO DSSDUDWXV WR NHHS WUDFN RI DVVXPSWLRQV WKDW PD\ EH UHTXLUHG RU JHQ�
HUDWHG E\ WKRVH RSHUDWLRQV� 0DWKSHUW �DV LQ ?0DWK ([SHUW�� XVHV WKHVH RSHUD�
WLRQV WR SURYLGH D FRPSXWHUL]HG HQYLURQPHQW IRU OHDUQLQJ DOJHEUD� WULJRQRPHWU\�
DQG FDOFXOXV� ,W LV WKH VHFRQG SURJUDP� :HLHUVWUDVV� ZKLFK LV XVHG LQ WKH UH�
VHDUFK UHSRUWHG KHUH� :HLHUVWUDVV EHJDQ OLIH DV D &�ODQJXDJH LPSOHPHQWDWLRQ RI
D ?EDFNZDUGV *HQW]HQ� WKHRUHP SURYHU� ZKRVH 3URORJ SURJHQLWRU ZDV GHVFULEHG
LQ >�@� 7R WKLV EDFNERQH KDV EHHQ DGGHG D VHW RI FRQWURO VWUXFWXUHV� RU LI \RX OLNH�
LPSOHPHQWDWLRQV RI VSHFLDO LQIHUHQFH UXOHV� WR DOORZ WKH SURSHU PHVKLQJ RI ORJ�
LFDO DQG FRPSXWDWLRQDO VWHSV� 7KHVH FRQWURO VWUXFWXUHV RSHUDWH DW WKH WRS OHYHO
RI :HLHUVWUDVV� EXW WKH FRPSXWDWLRQDO VWHSV WKHPVHOYHV FDQ XVH� LQ SULQFLSOH�
DQ\WKLQJ WKDW KDV EHHQ LPSOHPHQWHG LQ 0DWKSHUW� ZKLFK LV DOO RI KLJK�VFKRRO DO�
JHEUD� WULJRQRPHWU\� DQG RQH�YDULDEOH FDOFXOXV LQFOXGLQJ OLPLWV� GLmHUHQWLDWLRQ�
DQG LQWHJUDWLRQ� DV ZHOO DV D JRRG PDQ\ WHFKQLTXHV IRU UHZULWLQJ LQHTXDOLWLHV�
DQG D IHZ DGYDQFHG DOJRULWKPV� VXFK DV WKH &RVWH�5R\ DOJRULWKP >��@� EDVHG RQ
6WXUP
V WKHRUHP� IRU GHWHUPLQLQJ ZKHWKHU SRO\QRPLDOV KDYH URRWV LQ JLYHQ LQWHU�
YDOV� 7KH LPSOHPHQWDWLRQV RI WKHVH RSHUDWLRQV LQ 0DWKSHUW DUH ORJLFDOO\ FRUUHFW�
VR WKDW WKH\ FDQ EH XVHG LQ :HLHUVWUDVV ZLWKRXW WKH ULVN RI LQFRQVLVWHQF\ WKDW
ZRXOG DFFRPSDQ\ WKH VLPLODU XVH RI 0DWKHPDWLFD� 0DSOH� RU 0DFV\PD��

7KH SODQ RI WKH SDSHU LV WR GHVFULEH WKH FRQWURO VWUXFWXUHV XVHG LQ:HLHUVWUDVV�
DQG WKHQ WR LOOXVWUDWH WKHLU XVH E\ JLYLQJ VHYHUDO H[DPSOHV RI SURRIV SURGXFHG
E\ :HLHUVWUDVV�

1R SURJUDP KDV HYHU EHIRUH SURGXFHG DQ HSVLORQ�GHOWD SURRI RI WKH FRQWLQXLW\
RI DQ\ VSHFLnF QRQ�OLQHDU IXQFWLRQ� )RU H[DPSOH� %OHGVRH DQG KLV VWXGHQW +LQHV
KDYH XVHG WKH SURYHU 675,9( >�@ WR SURYH WKDW WKH VXP RI FRQWLQXRXV IXQF�
WLRQV LV FRQWLQXRXV� DQG WKDW OLQHDU IXQFWLRQV DUH FRQWLQXRXV� EXW LW ODFNV WKH

�
:HLHUVWUDVV LV QRW DQ LQWHUDFWLYH SURJUDP IRU SURGXFLQJ D SURRI VWHS�E\�VWHS� 7KH

XVHU VXSSOLHV D[LRPV DQG D JRDO� DQG :HLHUVWUDVV nQGV D SURRI LI LW FDQ� +RZHYHU�

WKH WHFKQLTXHV GLVFXVVHG LQ WKLV SDSHU FRXOG HDVLO\ EH XVHG WR EXLOG DQ LQWHUDFWLYH

SURJUDP�
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FRPSXWDWLRQDO DELOLW\ WR FDUU\ RXW WKH SURRIV JLYHQ KHUH� $QDO\WLFD >�@ LV OLQNHG
WR WKH FRPSXWDWLRQDO IDFLOLWLHV RI 0DWKHPDWLFD� EXW HVVHQWLDOO\ GHDOV RQO\ ZLWK
TXDQWLnHU�IUHH SURRIV� 7KH %R\HU�0RRUH SURYHU >�@ KDV SURYHG VRPH LPSUHVVLYH
WKHRUHPV RI QXPEHU WKHRU\� LQFOXGLQJ WKH ODZ RI TXDGUDWLF UHFLSURFLW\� EXW OLNH
$QDO\WLFD� ZRUNV EHVW ZLWK IUHH�YDULDEOH SURRIV� DQG FDQQRW nQG HSVLORQ�GHOWD
SURRIV� 2WKHU GLUHFWO\ UHOHYDQW ZRUN LQFOXGHV >��@� >��@� >�@� $ OHQJWKLHU GLVFXV�
VLRQ RI WKHVH DQG RWKHU SURMHFWV LV SUHFOXGHG E\ WKH OHQJWK OLPLW RQ SDSHUV LQ
WKLV YROXPH�

� 1DWXUH RI WKH 3URRIV 3URGXFHG E\ :HLHUVWUDVV

7R DYRLG FRQIXVLRQ� VRPH GLVFXVVLRQ RI QDWXUH DQG SXUSRVH RI FRPSXWHU�JHQHUDWHG
SURRIV LV QHFHVVDU\� :HLHUVWUDVV SURGXFHV �LQWHUQDOO\� D SURRI�REMHFW� ZKLFK FDQ
EH GLVSOD\HG RU VDYHG LQ PRUH WKDQ RQH IRUP� 7KH LQWHQWLRQ LV� WR SURGXFH D SURRI
WKDW FDQ EH UHDG DQG FKHFNHG IRU FRUUHFWQHVV E\ D KXPDQ PDWKHPDWLFLDQ� WKH
VWDQGDUG WR EH PHW LV ?SHHU UHYLHZ�� MXVW DV IRU MRXUQDO SXEOLFDWLRQ� %\ FRQWUDVW�
WKH SXUSRVH RI :HLHUVWUDVV LV QRW WR SURGXFH IRUPDO SURRIV LQ D VSHFLnHG IRUPDO
V\VWHP�

1HYHUWKHOHVV� WKH SURJUDP GRHV SURGXFH D IRUPDO SURRI REMHFW� 7KLV REMHFW
FDQ EH UHJDUGHG DV D SURRI LQ D IRUPDO V\VWHP� EXW VRPH RI WKH VWHSV LQ WKH SURRI
LQYROYH PRUH FRPSXWDWLRQ WKDQ LV QRUPDO LQ IRUPDO V\VWHPV� ,Q WUDGLWLRQDO ORJL�
FDO V\VWHPV� FKHFNLQJ WKDW DQ LQIHUHQFH VWHS LV FRUUHFW DFFRUGLQJ WR WKH V\VWHP LV
D VLPSOH V\QWDFWLF FRPSDULVRQ WR WKH UXOH XVHG DW WKDW LQIHUHQFH� ,Q :HLHUVWUDVV�
DQ LQIHUHQFH VWHS PLJKW LQYROYH WKH XVH RI D PDWKHPDWLFDO DOJRULWKP� HYHQ IRU
H[DPSOH D FRPSOLFDWHG DOJRULWKP EDVHG RQ 6WXUP VHTXHQFHV� VR WKDW WKH FRUUHFW�
QHVV RI WKH VWHS PLJKW QRW EH REYLRXV E\ LQVSHFWLRQ� ,I WKH DOJRULWKPV XVHG KDYH
EHHQ FRUUHFWO\ LPSOHPHQWHG� WKHQ WKH SURRIV DUH IRUPDOO\ FRUUHFW�� %XW FHUWDLQO\
ZH GR QRW KDYH SURRIV �IRUPDO RU LQIRUPDO� RI WKH FRUUHFWQHVV RI WKH VSHFLnF SUR�
JUDPV LPSOHPHQWLQJ PRUH WKDQ WZR WKRXVDQG PDWKHPDWLFDO RSHUDWLRQV DYDLODEOH
LQ :HLHUVWUDVV� VR ZH PXVW UHO\ RQ KXPDQ YHULnFDWLRQV WKDW WKH DFWXDO RXWSXW
RI :HLHUVWUDVV LV DQ DFFHSWDEOH SURRI�

7KHUH LV D GLmHUHQW DQG PRUH LQWHUHVWLQJ UHDVRQ ZK\ WKH SURRIV SURGXFHG
E\ :HLHUVWUDVV VKRXOG EH MXGJHG E\ WKH ?SHHU UHYLHZ� VWDQGDUG� 1DPHO\� WKH
DOJRULWKPV LW XVHV UHSUHVHQW WKHRUHPV RI DOO GLmHUHQW ?OHYHOV�� )RU LQVWDQFH� RQH
PLJKW SURWHVW WKDW WKH ?ULJKW ZD\� WR SURYH FRQWLQXLW\ WKHRUHPV VXFK DV DUH FRQ�
VLGHUHG KHUH� LV WR SURYH JHQHUDO WKHRUHPV DERXW WKH FRQWLQXLW\ RI FRPSRVLWLRQV
RI IXQFWLRQV� HWF�� DQG TXRWH WKHP� ,QGHHG� WKDW LV WKH ZD\ 0DWKSHUW SURFHHGV
LQWHUQDOO\� H�J� ZKHQ LW KDV WR YHULI\ WKH FRQWLQXLW\ RI DQ LQWHJUDQG LQ HYDOXDWLQJ D
GHnQLWH LQWHJUDO� %XW ZKHQ WU\LQJ WR SURYH WKH FRQWLQXLW\ RI [�� ZH GRQ
W ZDQW D
RQH�OLQH SURRI EDVHG RQ WKH FRQWLQXLW\ RI SRO\QRPLDOV� 7R VWDWH WKH SRLQW DQRWKHU

� 7KLV LV UHDOO\ QR GLmHUHQW WKDQ LQ D SXUHO\ ORJLFDO WKHRUHP SURYHU� RQH GRHV QRW

GHPDQG WKDW RQH VKRXOG SURYH WKH FRUUHFWQHVV RI WKH WKHRUHP�SURYHU EHIRUH DFFHSWLQJ

LWV RXWSXW DV D SURRI� 2WKHUZLVH� RQH ZRXOG EH LQYROYHG HLWKHU LQ DQ LQnQLWH UHJUHVV

RU D UHoH[LYH VLWXDWLRQ ZKHUH D SURYHU ZRXOG SURYH LWV RZQ FRUUHFWQHVV� $QG ZRXOG

ZH EHOLHYH LW WKHQ"
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ZD\� 3HRSOH LQWHUHVWHG LQ IRXQGDWLRQV RI PDWKHPDWLFV WU\ WR RUGHU WKH FRQFHSWV
DQG WKHRUHPV RI PDWKHPDWLFV VR WKDW HDFK RQH GHSHQGV RQO\ RQ HDUOLHU UHVXOWV�
ZLWK HYHU\WKLQJ UHVWLQJ RQ D IHZ VHOI�HYLGHQW D[LRPV� 7KH ERG\ RI PDWKHPDWLFV
DYDLODEOH WR:HLHUVWUDVV KDV QRW EHHQ VR RUGHUHG� UDWKHU� WKHUH LV VLPSO\ D ?ZHE�
RI NQRZQ IDFWV DQG DOJRULWKPV� DQ\ RI ZKLFK FDQ EH XVHG DV UHTXLUHG� :H VHH RQH
H[DPSOH RI WKLV LQ WKH WKLUG H[DPSOH SUHVHQWHG LQ WKLV SDSHU�:HLHUVWUDVV GRHVQ
W
PLQG XVLQJ WKH PHDQ YDOXH WKHRUHP WR SURYH WKH FRQWLQXLW\ RI I�[�  

S
[� HYHQ

WKRXJK WKH UHVXOW VHHPV ?VLPSOHU� WKDQ WKH WRRO�

6RPH RI WKH GHVFHQGDQWV RI WKLV SURJUDP PD\ EHFRPH WKH ?PDWKHPDWLFLDQ
V
DVVLVWDQW� RI WKH IXWXUH� D WRRO WR ZKLFK D SUDFWLFLQJ PDWKHPDWLFLDQ PD\ WXUQ
ZKHQ D VWXEERUQ LQHTXDOLW\ QHHGV WR EH SURYHG� 7KH VWDQGDUG RI ?SHHU UHYLHZ� LV
WKH DSSURSULDWH RQH IRU WKLV W\SH RI SURJUDP� 2WKHU GHVFHQGDQWV RI WKLV SURJUDP
PD\ EH XVHG LQ D SURMHFW WR FRQVWUXFW D GDWDEDVH RI IRUPDOL]HG PDWKHPDWLFV� VLP�
LODU WR WKH 0L]DU SURMHFW RI WRGD\� ,Q WKDW FDVH WKH TXHVWLRQV RI IRUPDO FRUUHFWQHVV
SURRIV IRU WKH FRPSXWDWLRQDO VWHSV� DQG RI RUGHULQJ WKH UHVXOWV DQG GHULYLQJ WKHP
IURP D[LRPV� ZLOO HYHQWXDOO\ DULVH� EXW WKLV ZLOO EH D GLpFXOW HQWHUSULVH�

� 7KH /RJLFDO %DFNERQH RI :HLHUVWUDVV

7KH FRUH RI WKH ORJLFDO DSSDUDWXV LQ:HLHUVWUDVV LV D ?EDFNZDUGV *HQW]HQ SURYHU��

, VKDOO QRZ H[SODLQ ZKDW LV PHDQW E\ WKDW SKUDVH� $ *HQW]HQ VHTXHQW� RU MXVW

VHTXHQW� LV DQ H[SUHVVLRQ RI WKH IRUP $�� � � � �$Q � %� ZKHUH WKH $L DQG % DUH
ORJLFDO IRUPXODH �LQ VRPH ODQJXDJH��� 7KH ULJKW VLGH RI WKH VHTXHQW V\PERO � LV
FDOOHG WKH VXFFHGHQW DQG WKH OHIW VLGH LV WKH DQWHFHGHQW� 7KH VHPDQWLF LQWHUSUH�
WDWLRQ RI D VHTXHQW LV WKDW WKH FRQMXQFWLRQ RI WKH $L LPSOLHV %� :H DOORZ WUXH

DQG IDOVH DV DWRPLF SURSRVLWLRQV� 7KH VHTXHQW FDOFXOXV LV D VHW RI LQIHUHQFH UXOHV
IRU GHGXFLQJ RQH VHTXHQW IURP DQRWKHU� 2QH VWDQGDUG UHIHUHQFH IRU WKHVH UXOHV LV
.OHHQH
V ERRN >��@� ,Q WKDW UHIHUHQFH� DQ HPSW\ OLVW FDQ DSSHDU LQ WKH VXFFHGHQW�
ZH XVH IDOVH IRU WKLV SXUSRVH� VR WKDW D IRUPXOD DOZD\V VWDQGV LQ WKH VXFFHGHQW�

:KHQ WKH VHTXHQW FDOFXOXV LV LPSOHPHQWHG LQ :HLHUVWUDVV� PRVW RI WKH DQ�
WHFHGHQW LV NHSW LQ D OLVW RI DVVXPSWLRQV� ZKLFK FRXOG LQ SULQFLSOH EH TXLWH ORQJ�
,I D[LRPV RI LQGXFWLRQ DUH XVHG� IRU H[DPSOH� QHZ LQVWDQFHV RI WKH D[LRPV FDQ
EH JHQHUDWHG DV UHTXLUHG� D[LRPV EHORQJ LQ WKH DQWHFHGHQW� VLQFH WKH VHTXHQW
FDOFXOXV LV IRU SURGXFLQJ SXUHO\ ORJLFDO SURRIV� 7KH RQO\ SDUWV RI WKH DQWHFHGHQW
WKDW ZLOO EH ?SDVVHG� DV IXQFWLRQ SDUDPHWHUV DUH DVVXPSWLRQV WKDW DUH PDGH
WHPSRUDULO\ GXULQJ WKH DUJXPHQW� )RU H[DPSOH� WR SURYH DQ LPSOLFDWLRQ $� %�
ZH ?DVVXPH� $ DQG WKHQ WU\ WR GHULYH %� 7KLV LV WKH LPSOHPHQWDWLRQ RI WKH
*HQW]HQ UXOH

b�$� %

b � $� %

� 7KHVH DUH VRPHWLPHV FDOOHG LQWXLWLRQLVWLF VHTXHQWV� E\ FRQWUDVW ZLWK FODVVLFDO VHTXHQWV

ZKLFK DOORZ %�� � � � �%Q RQ WKH ULJKW� :HLHUVWUDVV XVHV LQWXLWLRQLVWLF ORJLF� EXW WKDW

LV IRU HpFLHQF\ DQG FRQYHQLHQFH RQO\� DQG LV QRW HVVHQWLDO� ,QGHHG VRPH RI WKH FRP�

SXWDWLRQDO VWHSV PD\ QRW EH LQWXLWLRQLVWLFDOO\ YDOLG�
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,Q DGGLWLRQ WR WKH RUGLQDU\ YDULDEOHV RI ORJLF� ZH DOVR PDNH XVH RI ?PHWDYDUL�
DEOHV�� ZKRVH YDOXHV DUH H[SUHVVLRQV �WHUPV RU VRPHWLPHV IRUPXODH�� UDWKHU WKDQ
QXPEHUV RU RWKHU PDWKHPDWLFDO REMHFWV ZKLFK DUH WKH YDOXHV RI RUGLQDU\ �REMHFW�
YDULDEOHV� :HLHUVWUDVV LQWURGXFHV PHWDYDULDEOHV ZKHQ LW XVHV WKH *HQW]HQ UXOHV

b � $>W [@

b � �[$
$>W [@� b � %

�[$� b � %

)RU H[DPSOH� WR SURYH �p�[� \�M[b\M � pbMI�[�bI�\�M � q��:HLHUVWUDVV ZLOO
FKDQJH p WR D PHWDYDULDEOH� DQG WU\ WR SURYH �[� \�M[b\M � pbMI�[�bI�\�M � q��
(YHQWXDOO\� p ZLOO EH JLYHQ D YDOXH �LI WKH SURRI LV VXFFHVVIXO�� DQG ZKHQ WKDW
YDOXH LV SXW LQ IRU WKH PHWDYDULDEOH p� WKH UHVXOW ZLOO EH D �SDUW RI D� SURRI WUHH
ZKLFK LV OHJDO DFFRUGLQJ WR WKH *HQW]HQ UXOHV� ,Q WKH PHDQWLPH� WKDW LV EHIRUH
WKH nQDO XQLnFDWLRQV WDNH SODFH� ZKDW LV EHLQJ FRQVWUXFWHG LV VRPHWKLQJ VOLJKWO\
PRUH JHQHUDO WKDQ D *HQW]HQ SURRI WUHH� LW LV D *HQW]HQ SURRI WUHH LQ ZKLFK
PHWDYDULDEOHV DUH DOORZHG� DQG WKH PHWDYDULDEOHV PD\ KDYH YDOXHV� DQG WKH YDOXHV
PD\ EH H[SUHVVLRQV LQYROYLQJ RWKHU PHWDYDULDEOHV� �7KDW LV� WKH PHWDYDULDEOHV
FDQ EH ?SDUWLDOO\ LQVWDQWLDWHG��� $ IRUPDO GHnQLWLRQ RI DQ H[WHQGHG GHULYDWLRQ�
DQG VRPH UHODWHG WKHRUHPV� FDQ EH IRXQG LQ >�@�

,Q JHQHUDO� :HLHUVWUDVV VWDUWV E\ ORDGLQJ DQ D[LRP nOH� ZKLFK FRQWDLQV �]HUR
RU PRUH� D[LRPV DQG D JRDO� 7KH JRDO LV SODFHG LQ WKH VXFFXGHQW� DQG WKH D[LRPV
LQ WKH DVVXPSWLRQ OLVW� ZKLFK LPSOHPHQWV WKH DQWHFHGHQW� :HLHUVWUDVV WKHQ DW�
WHPSWV WR FRQVWUXFW DQ H[WHQGHG GHULYDWLRQ RI WKLV VHTXHQW� 8QLnFDWLRQ LV XVHG
LQ RUGHU WR LQVWDQWLDWH PHWDYDULDEOHV LQWURGXFHG DV GHVFULEHG DERYH� 8QLnFDWLRQ
LV DOVR XVHG WR FRQWURO WKH VHOHFWLRQ RI WKH QH[W UXOH WR EH DSSOLHG� 6RPH RI WKH
ORJLFDO UXOHV DUH EURNHQ LQWR VXEFDVHV� DQG WKH RUGHU LQ ZKLFK WKH\ DUH WULHG LV
LPSRUWDQW� 7KHVH PDWWHUV DUH GLVFXVVHG LQ >�@� )RU WKH SUHVHQW ZRUN� LW VXpFHV
WR QRWH WKDW WKH ORJLFDO DSSDUDWXV� IXQFWLRQLQJ RQ LWV RZQ� LV D GHFHQW WKHRUHP�
SURYHU� :KLOH LW PDNHV QR DWWHPSW WR FRPSHWH ZLWK 2WWHU� WKH ORJLF UHTXLUHG
IRU RUGLQDU\ PDWKHPDWLFV LV FRPSDUDWLYHO\ VLPSOH� DQG LQ QR H[DPSOH KDV WKH
ORJLFDO DSSDUDWXV UHTXLUHG UHYLVLRQ EH\RQG ZKDW ZDV GHVFULEHG LQ >�@ VHYHQ \HDUV
DJR�

7KH LPSOHPHQWDWLRQ RI D PHWDYDULDEOH ; LQFOXGHV D GDWD VWUXFWXUH GHVLJQHG
WR NHHS WUDFN RI D OLVW RI YDULDEOHV WKDW DUH ?IRUELGGHQ� WR ;� WKLV PHDQV WKDW
; FDQQRW KDYH D YDOXH WKDW FRQWDLQV YDULDEOH IRUELGGHQ WR ;� :H PDNH WKLV
SDUW RI WKH GHnQLWLRQ �DQG LPSOHPHQWDWLRQ� RI XQLnFDWLRQ� VHH >�@ IRU WKHRUHWLFDO
UHDVRQV� 7KLV PHWKRG SURYLGHV DQ HpFLHQW ZD\ WR NHHS WUDFN RI WKH FRQGLWLRQV
RQ YDULDEOHV WKDW DFFRPSDQ\ WKH TXDQWLnHU UXOHV WKDW LQWURGXFH PHWDYDULDEOHV�
,QVWHDG RI JLYLQJ D PHWDYDULDEOH D IRUELGGHQ YDOXH� DQG FDUU\LQJ RXW DQRWKHU ORQJ
VXESURRI� RQO\ WR GLVFDUG WKH UHVXOW EHFDXVH WKH FRQGLWLRQV RQ WKH TXDQWLnHU UXOH
DUH YLRODWHG� WKH XQLnFDWLRQ ZLOO IDLO LQVWHDG� , FUHGLW 1DWDUDMDQ 6KDQNDU IRU nUVW
WHOOLQJ PH VRPHWKLQJ VLPLODU WR WKLV� 7KH LGHD KDV EHHQ IUXLWIXO EH\RQG WKLV
LPSURYHPHQW LQ HpFLHQF\� VLQFH ZH FDQ XVH LW LQ FRQQHFWLRQ ZLWK FRPSXWDWLRQDO
VWHSV ZKHUH ZH ZDQW WR ERXQG D FHUWDLQ TXDQWLW\ LQ WHUPV RI VRPH ERXQG WKDW
GRHV QRW GHSHQG RQ FHUWDLQ YDULDEOHV� WKLV ZLOO EH GLVFXVVHG EHORZ�
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� &RPSXWDWLRQDO 0HWKRGV LQ D 4XDQWLnHU�IUHH 3URYHU

7KH WKHRUHP SURYHU� RU ORJLFDO DSSDUDWXV� LQ 0DWKSHUW LV UHVSRQVLEOH IRU PDLQ�
WDLQLQJ WKH FRUUHFWQHVV RI FRPSXWDWLRQV� LW PXVW EORFN LQFRUUHFW VWHSV DQG HQVXUH
WKDW WKH DVVXPSWLRQV GR VXSSRUW WKH VWHSV WKDW DUH WDNHQ� 7KH SURJUDP :HLHU�

VWUDVV EHJDQ E\ FRPELQLQJ WKH PHWKRGV RI >�@ IRU KDQGOLQJ nUVW�RUGHU ORJLF� ZLWK
WKH PHWKRGV RI 0DWKSHUW IRU KDQGOLQJ FRPSXWDWLRQV LQ D TXDQWLnHU�IUHH VHWWLQJ�
0RUH SUHFLVHO\� WKH ORJLFDO DSSDUDWXV LQ 0DWKSHUW GHDOV ZLWK VHTXHQWV FRPSRVHG
RI IRUPXODH ZKLFK LQYROYH QR LPSOLFDWLRQ RU QHJDWLRQ� EXW RQO\ GLVMXQFWLRQV DQG
FRQMXQFWLRQV RI HTXDOLWLHV DQG LQHTXDOLWLHV� :KHQ ZH VD\ ?TXDQWLnHU�IUHH� EHORZ�
WKLV LV ZKDW ZH PHDQ� :H GHVFULEH WKRVH PHWKRGV� DV LPSOHPHQWHG LQ :HLHU�

VWUDVV� LQ WKLV VHFWLRQ�

��� /RJLFDO DQG 0DWKHPDWLFDO 6LPSOLnFDWLRQ

&RPSXWDWLRQDO PHWKRGV FDQ EH DSSOLHG HLWKHU WR D PDWKHPDWLFDO H[SUHVVLRQ
�WHUP�� RU WR D ORJLFDO H[SUHVVLRQ �SURSRVLWLRQ�� 7KDW LV� ZH FDQ WUHDW UHZULWLQJ
SURSRVLWLRQV DFFRUGLQJ WR WKH ODZV RI %RROHDQ DOJHEUD RQ WKH VDPH IRRWLQJ DV
UHZULWLQJ DOJHEUDLF H[SUHVVLRQV DFFRUGLQJ WR WKH ODZV RI HLJKWK�JUDGH DOJHEUD�
:H DSSO\ WKH WHUP ?VLPSOLnFDWLRQ� WR GHVFULEH WKH DSSOLFDWLRQ RI ERWK DOJHEUDLF
DQG ORJLFDO RSHUDWLRQV�

��� 2SHUDWLRQV 0RUH *HQHUDO WKDQ 5HZULWH 5XOHV

7KH WHUP RSHUDWLRQ LV KHUH XVHG WR PHDQ DQ DOJRULWKP WKDW WUDQVIRUPV DQ H[�
SUHVVLRQ RI D FHUWDLQ IRUP LQWR DQRWKHU H[SUHVVLRQ� ZKLFK LV HTXDO �DOJHEUDLFDOO\
RU ORJLFDOO\� WR WKH LQSXW� SRVVLEO\ XQGHU FHUWDLQ ?VLGH FRQGLWLRQV�� )RU H[DPSOH�S
[�  [ UHSUHVHQWV DQ RSHUDWLRQ WKDW WUDQVIRUPV DQ H[SUHVVLRQ RI WKH IRUP

S
$��

ZKHUH $ LV DQ\ H[SUHVVLRQ� LQWR $� EXW LW KDV WKH VLGH FRQGLWLRQ � � $� 2SHUD�
WLRQV PD\ EH UHZULWH UXOHV� EXW WKH\ PD\ ZHOO EH PRUH JHQHUDO WKDQ UHZULWH UXOHV�
)RU H[DPSOH� WKH RSHUDWLRQ QDPHG FROOHFW SRZHUV FDQ EH XVHG WR UHZULWH [�[�

DV [�� ZKLFK LV QRW D UHZULWH UXOH VLQFH DULWKPHWLF RQ WKH H[SRQHQWV LV LQYROYHG�
7KH VDPH RSHUDWLRQ FDQ EH XVHG WR FROOHFW SRZHUV VHSDUDWHG E\ RWKHU WHUPV� DV
LQ [�\[�� DQG WR FROOHFW DQ\ QXPEHU RI SRZHUV� DV LQ [�\[�[�� %XW� OLNH UHZULWH
UXOHV� RSHUDWLRQV FDQ EH DSSOLHG WR DQ\ VXEWHUP�

��� 2SHUDWLRQV DQG 6LGH &RQGLWLRQV

:HLHUVWUDVV NHHSV WKH DVVXPSWLRQ OLVW �WKH DQWHFHGHQW� LQ VLPSOLnHG IRUP� VR LW
LV QRW QHFHVVDU\ WR ORRN IRU RSHUDWLRQV WR DSSO\ WR WKH DQWHFHGHQW��

� :KHQ DQ RSHUDWLRQ LV DSSOLHG WR WKH VXFFHGHQW� DQ\ RFFXUUHQFHV RI WKH VDPH IRUPXOD

WKDW ZDV FKDQJHG LQ WKH VXFFHGHQW DUH DOVR FKDQJHG LQ WKH DQWHFHGHQW� DIWHU ZKLFK

VRPH VLPSOLnFDWLRQV LQ WKH DQWHFHGHQW PD\ EH SHUIRUPHG WR NHHS WKH DQWHFHGHQW LQ

VLPSOLnHG IRUP�
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:KHQ WKH VXFFHGHQW LV TXDQWLnHU�IUHH�:HLHUVWUDVV ZLOO WU\ WR VLPSOLI\ LW� WU\�
LQJ D ODUJH QXPEHU RI ORJLFDO DQG DOJHEUDLF RSHUDWLRQV� 7KHVH RSHUDWLRQV� IRU
H[DPSOH� PD\ VLPSOLI\ %RROHDQ FRPELQDWLRQV RI LQHTXDOLWLHV� RU VLPSOLI\ FHUWDLQ
LQHTXDOLWLHV WR WUXH RU IDOVH� 3XUHO\ DOJHEUDLF VLPSOLnFDWLRQ ZLOO DOVR EH SHU�
IRUPHG� EXW QRW� IRU H[DPSOH� IDFWRULQJ RU FRPPRQ GHQRPLQDWRUV� H[FHSW WKDW
JUHDWHVW FRPPRQ GLYLVRUV PD\ EH FDQFHOOHG RXW RI IUDFWLRQV�
7KLV ODVW H[DPSOH EULQJV XS WKH LQWHUHVWLQJ TXHVWLRQ RI WKH UHODWLRQVKLS EH�

WZHHQ WKH DQWHFHGHQW �DVVXPSWLRQV� DQG WKH VLPSOLnFDWLRQV SHUIRUPHG LQ WKH
VXFFXGHQW� &RQVLGHU� IRU H[DPSOH� WKH SURSRVLWLRQ

[
� b �

[
� b � ! �

,I ZH FDQFHO [� b � IURP QXPHUDWRU DQG GHQRPLQDWRU� ZH DUULYH DW WKH SURSRVL�
WLRQ [��� ! �� ZKLFK ZLOO VLPSOLI\ WR WUXH� %XW� DW VRPH SRLQW ZH PXVW DVVXPH
[
�b�� �� RWKHUZLVH WKH UHVXOW LV LQFRUUHFW� 7KH SRLQWV WR FRQVLGHU KHUH DUH WZR�
��� WKH RULJLQDO H[SUHVVLRQ LV QRW GHnQHG IRU DOO YDOXHV RI [� DQG ��� WKH GRPDLQ
FKDQJHV DV D UHVXOW RI WKH DSSOLFDWLRQ RI DQ RSHUDWLRQ� ZKLFK RQ WKH FRPPRQ GR�

PDLQ SUHVHUYHV HTXLYDOHQFH� 7KH SUREOHP RI ?SDUWLDO WHUPV� �WHUPV ZKLFK FDQ EH
XQGHnQHG� LV WKXV FORVHO\ UHODWHG WR WKH SUREOHP RI ?VLGH FRQGLWLRQV� RI V\PEROLF
RSHUDWLRQV�

��� 3DUWLDO 7HUPV� 'RPDLQV� DQG 6LGH &RQGLWLRQV

7KHUH DUH WZR QDWXUDO ZD\V WR PDNH WKH DVVXPSWLRQ [� b � � � LQ WKH DERYH
H[DPSOH� HLWKHU DW WKH RXWVHW� RU ZKHQ WKH FDQFHOODWLRQ LV SHUIRUPHG� 3ODQ $
ZRXOG EH WR DQDO\]H WKH GRPDLQ RI WKH JRDO ZKHQ WKH SUREOHP LV VHW XS� DQG SXW
WKH GRPDLQ FRQGLWLRQV LQWR WKH DQWHFHGHQW� $FFRUGLQJ WR SODQ $� WKH FRQGLWLRQ
[
� b � ZRXOG KDYH EHHQ DVVXPHG DW WKH RXWVHW� DQG KHQFH FRXOG KDYH EHHQ
LQIHUUHG ZKHQ UHTXLUHG DV WKH VLGH FRQGLWLRQ IRU FDQFHOOLQJ WKH FRPPRQ IDFWRU
RI QXPHUDWRU DQG GHQRPLQDWRU� 3ODQ % ZRXOG EH WR DOORZ SRWHQWLDOO\ XQGHnQHG
WHUPV LQ WKH SDUWLDOO\ FRQVWUXFWHG SURRI� DQG RQO\ DVVXPH [� b �� � ZKHQ LW LV
UHTXLUHG DV D VLGH FRQGLWLRQ IRU DQ RSHUDWLRQ� 3ODQ % ZDV PHQWLRQHG LQ HDUOLHU
SXEOLFDWLRQV VXFK DV >�@� EXW LQ WKH SUDFWLFDO LPSOHPHQWDWLRQ RI 0DWKSHUW � 3ODQ
$ ZDV IRXQG WR EH PRUH HpFLHQW� DIWHU DOO� ZH FHUWDLQO\ QHHG WR DVVXPH WKDW
WKH JRDO LV GHnQHG WR SURYH DQ\WKLQJ VHQVLEOH DW DOO� 7KHUHIRUH� 3ODQ $ KDV EHHQ
DGRSWHG LQ :HLHUVWUDVV DV ZHOO�
+RZHYHU� 3ODQ % LV QRW WKHUHE\ FRQVLJQHG WR WKH GXVWELQ RI KLVWRU\� 7KHUH

UHPDLQ VLWXDWLRQV LQ ZKLFK D V\PEROLF RSHUDWLRQ PD\ KDYH D VLGH FRQGLWLRQ WKDW
LV QRW QHFHVVDULO\ LPSOLHG E\ WKH GRPDLQ�� ,Q VXFK VLWXDWLRQV� 3ODQ % ZLOO VWLOO
EH XVHG� $Q H[DPSOH ZRXOG EH WKH DSSOLFDWLRQ RI WKH RSHUDWLRQ

S
[�  [� ZKRVH

� :H XVH WKH ZRUG GRPDLQ WR PHDQ D SURSRVLWLRQ JLYLQJ WKH FRQGLWLRQV XQGHU ZKLFK

D WHUP LV GHnQHG� WKXV WKH GRPDLQ RI
S
[ LV � � [� ,I SURSRVLWLRQV DUH WKRXJKW RI DV

%RROHDQ�YDOXHG IXQFWLRQV� DQG VHWV DUH DOVR WKRXJKW RI DV %RROHDQ�YDOXHG IXQFWLRQV�

DV &KXUFK VXJJHVWHG� WKHQ WKLV FRLQFLGHV ZLWK WKH XVXDO XVDJH WKDW WKH GRPDLQ RIS
[ LV I[M� � [J�
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VLGH FRQGLWLRQ � � [ LV QRW LPSOLHG E\ WKH GRPDLQ�� ,Q WKH SURRI WUHH IRUPDOLVP
RI ORJLF� 3ODQ % ZRXOG HQWDLO FRS\LQJ WKH QHZ DVVXPSWLRQ WR WKH DQWHFHGHQWV
DOO WKH ZD\ GRZQ WKH WUHH IURP WKH SODFH ZKHUH WKH RSHUDWLRQ LV DSSOLHG WR WKH
FRQFOXVLRQ� ,Q WKH LPSOHPHQWDWLRQ� KRZHYHU� PRVW RI WKH DQWHFHGHQW LV NHSW LQ
WKH DVVXPSWLRQ OLVW� UDWKHU WKDQ GXSOLFDWHG DW HYHU\ OLQH RI WKH SURRI WUHH� DQG
VR DGGLQJ WKH QHZ DVVXPSWLRQ RQFH VXpFHV�

��� ,QIHU� 5HIXWH� $VVXPH

:KHQ DQ RSHUDWLRQ KDV D VLGH FRQGLWLRQ� WKHUH DUH WZR FKRLFHV� HLWKHU WKH RSHUD�
WLRQ FDQ WU\ WR LQIHU WKH VLGH FRQGLWLRQ� DQG IDLO LI WKH LQIHUHQFH IDLOV� RU LW FDQ WU\
WR FKHFN WKH VLGH FRQGLWLRQ� ZKLFK PHDQV WKDW LW ZLOO WU\ WR LQIHU LW� DQG LI WKDW
IDLOV� LW ZLOO WU\ WR UHIXWH LW� DQG LI WKDW IDLOV LW ZLOO VLPSO\ DVVXPH LW� 7KXV� LI ZH
WU\ WR VLPSOLI\ DQ H[SUHVVLRQ RI WKH IRUP

S
$� WR $� WKH VLGH FRQGLWLRQ � � $ ZLOO

EH FKHFNHG� ,I� IRU H[DPSOH� $ LV �� WKH FRQGLWLRQ � � � ZLOO EH VXFFHVVIXOO\ LQ�
IHUUHG� VR WKH VLPSOLnFDWLRQ WDNHV SODFH ZLWKRXW DQ DVVXPSWLRQ� ,I� RQ WKH RWKHU
KDQG� $ LV b�� WKHQ WKH FRQGLWLRQ ZLOO EH UHIXWHG� DQG WKH VLPSOLnFDWLRQ ZLOO
QRW WDNH SODFH� ,I� KRZHYHU� $ LV DQ H[SUHVVLRQ VXFK WKDW � � $ FDQ QHLWKHU EH
LQIHUUHG QRU UHIXWHG� WKHQ LW ZLOO EH DVVXPHG�
&RQVLGHU WKH H[DPSOH PHQWLRQHG LQ WKH LQWURGXFWLRQ� RI GLYLGLQJ ERWK VLGHV

RI D  � E\ D� 7KH VLGH FRQGLWLRQ IRU GLYLGLQJ ERWK VLGHV RI DQ HTXDWLRQ E\ D LV
WKDW D� �� &DQ ZH LQIHU WKLV" 1R� &DQ ZH UHIXWH LW" 1RW RpFLDOO\� VLQFH D  �
LV LQ WKH VXFFHGHQW� UDWKHU WKDQ WKH DQWHFHGHQW� 7KHQ� ZH ZLOO DVVXPH LW� DQG
REWDLQ WKH ORJLFDOO\ FRUUHFW EXW XVHOHVV SURRI

D� �� �  �

D� �� D  �

7R SUHYHQW WKLV VRUW RI WKLQJ� UHIXWH LV DOVR DOORZHG WR XVH WKH DQWHFHGHQW DV
D WHPSRUDU\ DVVXPSWLRQ� 7KDW ZD\� LI WKH VLGH FRQGLWLRQ LV LQFRQVLVWHQW ZLWK WKH
JRDO� ZH ZLOO DYRLG PDNLQJ D FRQWUDGLFWRU\ DVVXPSWLRQ� :KHQ WKLV LV GRQH� WKH
DWWHPSW WR GLYLGH D  � E\ D ZLOO UHVXOW LQ DQ HUURU PHVVDJH WR WKH HmHFW WKDW
\RX FDQ
W GLYLGH E\ ]HUR� 7KLV FDQ EH VHHQ ZRUNLQJ LQ 0DWKSHUW�
1RWH WKDW WKH FKRLFH ZKHWKHU LQIHU RU FKHFN LV XVHG LV VSHFLnHG LQ WKH RSHU�

DWLRQ LWVHOI� 7KDW LV� WKHUH ZLOO EH WZR GLmHUHQW RSHUDWLRQV UHSUHVHQWHG ORRVHO\
E\ WKH HTXDWLRQ

S
[�  [� 2QH RI WKHP ZLOO LQIHU WKH VLGH FRQGLWLRQ �RU IDLO�

DQG WKH RWKHU ZLOO FKHFN WKH VLGH FRQGLWLRQ� ,Q SUDFWLFH� LW VHHPV WR ZRUN EHVW
WR DYRLG XVLQJ FKHFN LQ WKH HOHPHQWDU\ VLPSOLnFDWLRQ WKDW DUH DXWRPDWLFDOO\ DS�
SOLHG LQ :HLHUVWUDVV� DIWHU DOO� LI ZH IDLO WR SURYH WKH GHVLUHG WKHRUHP EHFDXVH ZH
IDLOHG WR OLVW DOO WKH DVVXPSWLRQV� ZH FDQ UXQ :HLHUVWUDVV DJDLQ DIWHU DGGLQJ WKH
RPLWWHG DVVXPSWLRQ LQ WKH D[LRP nOH� %XW� WKH PHWKRG LV XVHG WR JRRG DGYDQ�
WDJH LQ 0DWKSHUW� DQG PD\ SURYH RI YDOXH LQ IXWXUH DSSOLFDWLRQV RI V\VWHPV OLNH
:HLHUVWUDVV�
7R PDNH WKLV VFKHPH ZRUN� LQIHU DQG UHIXWH PXVW EH JXDUDQWHHG WR WHUPLQDWH�

DQG KHQFH PXVW EH LQFRPSOHWH� WKDW LV� VRPHWLPHV D WUXH VLGH FRQGLWLRQ ZLOO QRW EH

� ,Q SUDFWLFH� IHZ VXFK RSHUDWLRQV DUH DSSOLHG DXWRPDWLFDOO\ LQ :HLHUVWUDVV� EXW DQ

LQWHUDFWLYH SURYHU EDVHG RQ WKHVH SULQFLSOHV ZRXOG FHUWDLQO\ XVH 3ODQ % H[WHQVLYHO\�



,;

LQIHUUHG� RU D IDOVH RQH QRW UHIXWHG� :H PD\ ZLQG XS PDNLQJ D IDOVH DVVXPSWLRQ�
)RU H[DPSOH� LI S�[� LV DQ H[SUHVVLRQ ZKLFK LV UHDOO\ LGHQWLFDOO\ ]HUR� EXW FDQ
W EH
VLPSOLnHG WR ]HUR E\ WKH PHDQV RI VLPSOLnFDWLRQ XVHG E\ LQIHU� WKHQ ZH PLJKW EH
OHG WR PDNH WKH DVVXPSWLRQ S�[�� �� H�J� WR GLYLGH ERWK VLGHV RI DQ HTXDWLRQ E\
S�[�� 7KLV FRXOG OHDG WR ORJLFDOO\ FRUUHFW EXW VHQVHOHVV UHVXOWV� 7KLV LV� KRZHYHU�
XQDYRLGDEOH� DV WKH SUREOHP RI GHWHUPLQLQJ ZKHWKHU PDWKHPDWLFDO H[SUHVVLRQV
S�[� DUH LGHQWLFDOO\ ]HUR LV UHFXUVLYHO\ XQVROYDEOH >��@�
$ UHODWHG VLWXDWLRQ DULVHV LQ VROYLQJ HTXDWLRQV� )RU H[DPSOH� FRQVLGHU WKH

HTXDWLRQ [�b[  �� ,I ZH GLYLGH ERWK VLGHV E\ [� ZH PDNH WKH DVVXPSWLRQ [� �
DQG nQG WKH VROXWLRQ [  �� 7KLV LV ORJLFDOO\ FRUUHFW� EXW ZH GLGQ
W DFKLHYH WKH
JRDO RI nQGLQJ DOO VROXWLRQV RI WKH RULJLQDO HTXDWLRQ� 7KLV PD\ QRW EH D ORJLFDO
HUURU� EXW LW LV D PDWKHPDWLFDO HUURU� DQG KHQFH KDV EHHQ EORFNHG LQ 0DWKSHUW�
EXW LQ DQ LQWHUDFWLYH V\VWHP EDVHG RQ :HLHUVWUDVV� LW ZRXOG QRW QHFHVVDULO\ EH
EORFNHG�

��� 8VLQJ WKH $VVXPSWLRQV LQ D &RPSXWDWLRQ

6XSSRVH ZH WU\ WR VLPSOLI\ � � [� ZKLOH � � [ LV LQ WKH DVVXPSWLRQ OLVW� 7KHQ
LW LV HpFLHQW WR DOORZ � � [ WR VLPSOLI\ WR WUXH� )RU H[DPSOH� LI � � [ RFFXUV
LQVLGH D GLVMXQFWLRQ LQ WKH VXFFHGHQW� WKH ZKROH VXFFHGHQW PD\ VLPSOLI\ WR WUXH�
FRPSOHWLQJ �WKDW EUDQFK RI� D SURRI� 6LPLODUO\� D VLGH FRQGLWLRQ LQYROYLQJ [� �
VKRXOG EH UHGXFHG WR � � [ LI � � [ LV LQ WKH DVVXPSWLRQ OLVW�

��� &RPSXWDWLRQ ZLWKLQ WKH 6FRSH RI D %RXQG 9DULDEOH

(YHQ WKRXJK :HLHUVWUDVV DSSOLHV VLPSOLnFDWLRQ RQO\ WR TXDQWLnHU�IUHH IRUPXODH�
VRPHWLPHV LW LV VWLOO QHFHVVDU\ WR FRPSXWH LQVLGH WKH VFRSH RI D ERXQG YDULDEOH�
VLQFH YDULDEOHV FDQ EH ERXQG E\ GHnQLWH LQWHJUDOV RU LQGH[HG VXPV� )RU H[DPSOH�
ZH ZDQW WR FRQFOXGH WKDW

3
N �
� �[N LV HYHU\ZKHUH GHnQHG� HYHQ WKRXJK WKH

FRQGLWLRQ IRU [N WR EH GHnQHG �IRU DQ LQWHJHU N� UHTXLUHV N ! � B [ � �� %XW
N ! � KROGV EHFDXVH WKH ORZHU OLPLW RI WKH VXP LV SRVLWLYH� ,Q WKH FDVH RI GHnQLWH
LQWHJUDOV DQG LQGH[HG VXPV� WKLV LV KDQGOHG E\ PDNLQJ WHPSRUDU\ DVVXPSWLRQV
RXW RI WKH OLPLWV RI WKH VXP RU LQWHJUDO� ZKLOH WKH IRFXV RI FRPSXWDWLRQ LV LQ
WKH VFRSH RI WKH VXP RU LQWHJUDO� /LPLW WHUPV DUH KDQGOHG VLPLODUO\� EXW WKH
DVVXPSWLRQV WR PDGH LQYROYH LQnQLWHVLPDOV DQG WKH XVH RI QRQ�VWDQGDUG DQDO\VLV�
WKLV PXFK PRUH FRPSOLFDWHG DOJRULWKP LV GLVFXVVHG LQ GHWDLO LQ >�@� &RPSXWDWLRQ
ZLWKLQ WKH VFRSH RI ERXQG YDULDEOHV ZLOO QRW EH GLVFXVVHG IXUWKHU LQ WKLV SDSHU�

��� :KDW )RUPDO 6\VWHP KDV EHHQ ,PSOHPHQWHG"

,W LV DQ LQWHUHVWLQJ TXHVWLRQ WR IRUPXODWH SUHFLVHO\ D ODQJXDJH DQG UXOHV RI LQIHU�
HQFH WKDW FRXOG EH VDLG WR EH LPSOHPHQWHG E\ :HLHUVWUDVV� 2QH VXFK ODQJXDJH
KDV EHHQ VSHFLnHG LQ >�@� LW HVVHQWLDOO\ DOORZV YDULDEOHV IRU LQWHJHUV DQG UHDO QXP�
EHUV� HTXDOLW\ DQG LQHTXDOLW\� DQG V\PEROV IRU DOO WKH HOHPHQWDU\ IXQFWLRQV XVHG
LQ FDOFXOXV� $ FRPSOHWH DQG SUHFLVH JUDPPDU IRU VXFK D ODQJXDJH FDQ EH IRXQG



;

LQ >�@� 7KLV ODQJXDJH DOVR DOORZV WKH IRUPDWLRQ RI LQWHJUDOV� GHULYDWLYHV� LQGH[HG
VXPV� DQG OLPLW WHUPV� GHnQLWH LQWHJUDOV� LQGH[HG VXPV� DQG OLPLW WHUPV FDQ
ELQG YDULDEOHV� :HLHUVWUDVV DOVR DOORZV WKH IRUPDWLRQ RI w�WHUPV ZKLFK DUH QRW
VSHFLnHG LQ >�@�

:H WXUQ QRZ WR UXOHV RI LQIHUHQFH� $ VLQJOH DGGLWLRQDO UXOH VFKHPD GHVFULEHV
WKH VLPSOHVW ZD\ WR DGG FRPSXWDWLRQ WR D TXDQWLnHU�IUHH SURYHU�

b � % %�b � $}

b � $

ZKHUH $} GHQRWHV WKH UHVXOW RI DSSO\LQJ VRPH PDWKHPDWLFDO RU ORJLFDO RS�
HUDWLRQ WR $� RU WR D VXEWHUP RI $� UHSODFLQJ WKH VXEWHUP E\ WKH UHVXOW RI WKH
RSHUDWLRQ� ,Q WKH UXOH� % LV WKH VLGH FRQGLWLRQ RI WKH RSHUDWLRQ� LI DQ\� LI WKH
RSHUDWLRQ KDV QR VLGH FRQGLWLRQ� WKH SUHPLVH b � % GRHV QRW RFFXU� ,Q SULQFLSOH
DQ RSHUDWLRQ FRXOG DOVR KDYH PRUH WKDQ RQH VLGH FRQGLWLRQ� LQ ZKLFK FDVH WKHUH
PLJKW EH PRUH WKDQ WZR SUHPLVHV�

7KH FRQWURO VWUDWHJ\ IRU DSSO\LQJ WKLV UXOH LV WKLV� ZKHQHYHU $ FRQWDLQV QR
TXDQWLnHUV RU LPSOLFDWLRQV RU QHJDWLRQV� WU\ WKLV UXOH� ZLWK D FHUWDLQ VHOHFWLRQ
RI RSHUDWLRQV LQ D FHUWDLQ SUH�VSHFLnHG RUGHU� %XW� WKH VHFRQG SUHPLVH b � %
UHSUHVHQWLQJ WKH VLGH FRQGLWLRQ LV QRW SDVVHG UHFXUVLYHO\ WR WKH PDLQ WKHRUHP�
SURYHU� EXW PXVW EH GHULYHG E\ YHU\ OLPLWHG PHDQV� 7KLV LV WR SUHYHQW ORQJ GHOD\V
RU HYHQ LQnQLWH UHJUHVVHV DWWHPSWLQJ WR YHULI\ WKH VLGH FRQGLWLRQV RI PDWKHPDWLFDO
RSHUDWLRQV� LQ RWKHU ZRUGV� D SUDFWLFDO UDWKHU WKDQ D WKHRUHWLFDO FRQVLGHUDWLRQ�

7KLV UXOH RI LQIHUHQFH GRHV QRW� KRZHYHU� DGHTXDWHO\ GHVFULEH WKH WHFKQLTXH
RI XVLQJ WKH DQWHFHGHQW LQ VLPSOLnFDWLRQ DV GHVFULEHG DERYH� 2QH ZD\ WR GR VR�
DOWKRXJK LW LV DGPLWWHGO\ QRW YHU\ HOHJDQW� LV WR JHQHUDOL]H WKH UXOH WR WKLV�

&�b � �& � $�} &�b � %

&�b � $

+HUH & LV RQH DVVXPSWLRQ� DQG } LV DQ RSHUDWLRQ WKDW FDQ ZRUN RQ DQ LPSOL�
FDWLRQ �XVXDOO\ RI LQHTXDOLWLHV�� )RU H[DPSOH� } PLJKW VLPSOLI\ D � F� D � F WR
WUXH� ,Q ERWK0DWKSHUW DQG:HLHUVWUDVV� ZH QHYHU XVH PRUH WKDQ RQH DVVXPSWLRQ
DW RQFH LQ WKH VLPSOLnFDWLRQ SURFHVV�

7KH DERYH UXOHV VWLOO GRQ
W DGHTXDWHO\ GHVFULEH:HLHUVWUDVV RU HYHQ0DWKSHUW�
EHFDXVH WKH\ GR QRW DFFRXQW IRU NHHSLQJ WKH DVVXPSWLRQ OLVW LQ VLPSOLnHG IRUP�
7R GHVFULEH WKLV ZH QHHG WR DGG WKH UXOH

b} � $
b � $

ZKHUH b} UHSUHVHQWV WKH UHVXOW RI VLPSOLI\LQJ WKH DVVXPSWLRQ OLVW b � 6LQFH
VLPSOLnFDWLRQ JHQHUDOO\ FDQ XVH IRUPXODV LQ WKH DVVXPSWLRQ OLVW�:HLHUVWUDVV KDV
WR EH FDUHIXO ZKHQ VLPSOLI\LQJ DVVXPSWLRQV� RU HDFK DVVXPSWLRQ ZRXOG VLPSOLI\
WR WUXH� (DFK DVVXPSWLRQ LV WHPSRUDULO\ UHPRYHG IURP WKH DVVXPSWLRQ OLVW�
WKHQ VLPSOLnHG �SRVVLEO\ XVLQJ WKH RWKHU DVVXPSWLRQV�� DQG WKH UHVXOW UHSODFHV
WKH RULJLQDO DVVXPSWLRQ� 7KLV SURFHVV LV FRQWLQXHG XQWLO QRWKLQJ FKDQJHV� 7KH
UHVXOW RI WKHVH VLPSOLnFDWLRQV LV b}�
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� &RPELQLQJ &RPSXWDWLRQ ZLWK )LUVW�2UGHU /RJLF

,Q SUHYLRXV VHFWLRQV� ZH KDYH FRQVLGHUHG WKH EDFNZDUGV�*HQW]HQ IUDPHZRUN IRU
D WKHRUHP�SURYHU� DQG WKH PHDQV RI DGGLQJ FRPSXWDWLRQ �VLPSOLnFDWLRQ� WR WKH
TXDQWLnHU�IUHH IUDJPHQW RI VXFK D SURYHU� :H QRZ WDNH XS WKH DGGLWLRQDO IHDWXUHV
ZKLFK ZHUH DGGHG WR :HLHUVWUDVV WR DOORZ LW WR KDQGOH HSVLORQ�GHOWD SURRIV�
7KH nUVW SRLQW LV WKDW ZH PXVW� XQGHU FHUWDLQ FLUFXPVWDQFHV� DOORZ :HLHU�

VWUDVV WR IDFWRU� RU HYHQ XVH WULJ IDFWRU LGHQWLWLHV� 7KLV LV D TXHVWLRQ RI FRQWURO�
DQG QRW RI VRPHWKLQJ QHZ LQ SULQFLSOH� VLQFH IDFWRULQJ SUHVHUYHV PDWKHPDWLFDO
HTXDOLW\� LW FDQ EH WUHDWHG H[DFWO\ OLNH WKH RWKHU FRPSXWDWLRQ UXOHV GLVFXVVHG
DERYH� ,W LV MXVW D TXHVWLRQ RI IDFWRULQJ ZKHQ LW LV XVHIXO� DQG QRW IDFWRULQJ ZKHQ
LW LV QRW XVHIXO� 7R DFKLHYH WKLV� ZH VLPSO\ SXW LW DW WKH ERWWRP RI WKH OLVW RI
WKLQJV WR WU\� WKDW LV� EHORZ DOO WKH WKLQJV WKDW KDYH EHHQ GLVFXVVHG DERYH� ,W
ZLOO WKXV QRW EH WULHG XQOHVV ZLWKRXW LW� WKH SURRI ZRXOG IDLO� 7KDW ZLOO GLVSRVH
RI WKH SUREOHP RI IDFWRULQJ ZKHQ LW LV QRW XVHIXO�
7KH RWKHU QHZ IHDWXUHV FDQ EH UHSUHVHQWHG DV DGGLWLRQDO LQIHUHQFH UXOHV� ZKLFK

DUH� OLNH WKH *HQW]HQ UXOHV� WR EH DSSOLHG ?EDFNZDUGV� ZLWK WKH DLG RI XQLnFDWLRQ�
:H VKDOO GHVFULEH VHYHUDO RI WKHVH UXOHV� /LNH DOO WKH UXOHV LQ VHTXHQW FDOFXOXV�
WKH SUHPLVHV DQG FRQFOXVLRQ RI WKHVH UXOHV DUH VHTXHQWV� EXW LQ DOO FDVHV� WKH
DQWHFHGHQW LV XQFKDQJHG IURP SUHPLVH WR FRQFOXVLRQ� VR ZKHQ ZULWLQJ WKH UXOHV
EHORZ� ZH VKDOO RPLW b � LQ ERWK SUHPLVHV DQG FRQFOXVLRQ�

��� )LQGLQJ 8SSHU DQG /RZHU %RXQGV

(YHU\ PDWKHPDWLFLDQ NQRZV WKDW PDQ\ D SURRI ERLOV GRZQ WR nQGLQJ D VXLWDEOH
ERXQG IRU VRPH H[SUHVVLRQ WKDW GRHV QRW GHSHQG RQ FHUWDLQ YDULDEOHV� :H KDYH
LPSOHPHQWHG D SDLU RI DOJRULWKPV FDOOHG 8SSHU%RXQG DQG /RZHU%RXQG� 8SSHU�
%RXQG WDNHV DV LQSXW D WHUP W WR EH ERXQGHG� DQG D OLVW RI YDULDEOHV RQ ZKLFK
WKH ERXQG PD\ QRW GHSHQG� 2WKHUZLVH SXW� LW WULHV WR nQG D OHJDO YDOXH IRU D
PHWDYDULDEOH 0 VXFK WKDW MWM � 0 FRXOG EH GHULYHG� ZLWK WKH VSHFLnHG OLVW RI
YDULDEOHV IRUELGGHQ WR 0 � )RU H[DPSOH� 8SSHU%RXQG NQRZV WKDW M VLQ[M � �� $
EHWWHU H[DPSOH� LI 8SSHU%RXQG LV DVNHG WR ERXQG [ E\ D ERXQG QRW GHSHQGLQJ
RQ [� DQG WKH FXUUHQW DVVXPSWLRQV LQFOXGH D � [ DQG [ � E� WKHQ LW ZLOO UHWXUQ
WKH ERXQG M[M � PD[�MDM� MEM�� 8SSHU%RXQG LV SUREDEO\ DV JRRG DV D YHU\ JRRG
FDOFXOXV VWXGHQW DW ZKDW LW GRHV� /RZHU%RXQG LV VLPLODU� EXW LW WULHV WR nQG 0
VXFK WKDW 0 � MWM� 7KH WZR DOJRULWKPV DUH GHnQHG E\ PXWXDO UHFXUVLRQ�

8SSHU%RXQG LV DGGHG GLUHFWO\ WR :HLHUVWUDVV DV D UXOH RI LQIHUHQFH ZLWK QR
SUHPLVHV� 7KDW LV� ZKHQ ZH KDYH D JRDO RI WKH IRUP m � 0 � ZKHUH 0 LV D
PHWDYDULDEOH DQG m LV VRPH H[SUHVVLRQ� ZH FDQ GLUHFWO\ WHUPLQDWH WKDW SURRI
EUDQFK� LQVWDQWLDWLQJ 0 WR WKH H[SUHVVLRQ SURGXFHG E\ 8SSHU%RXQG� VXSSO\LQJ
DV WKH VHFRQG DUJXPHQW WR 8SSHU%RXQG WKH OLVW RI YDULDEOHV IRUELGGHQ WR 0 �

��� )DFWRU %RXQGLQJ

7KH VHFRQG QHZ LQIHUHQFH UXOH WR EH DGGHG LV FDOOHG )DFWRU%RXQGLQJ� ,W VD\V WKDW
LI \RX ZDQW WR SURYH no LV VPDOO� RQH ZD\ WR GR LW LV WR SURYH WKDW o LV VPDOO
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DQG JLYH D ERXQG IRU n� 7KH IROORZLQJ UXOH LV VWDWH IRU VLPSOLFLW\ XVLQJ RQO\ WZR
IDFWRUV� EXW WKH UXOH LV LPSOHPHQWHG IRU D SURGXFW RI DQ\ QXPEHU RI IDFWRUV�

b� MmM � p � o �0 b� MmM � p� MnM � q �0 � ��

b� MmM � p� MnoM � q
:KHQ WKLV UXOH LV LPSOHPHQWHG� ZH WDNH0 WR EH D IUHVK PHWDYDULDEOH� DQG IRU�

ELG WR0 DOO WKH YDULDEOHV WKDW DUH IRUELGGHQ WR p� ,Q WKH SUHVHQW LPSOHPHQWDWLRQ
RI :HLHUVWUDVV� WKH UXOH LV XVHG RQO\ ZKHQ p LV D PHWDYDULDEOH� 7KH LPSOHPHQWD�
WLRQ DOVR SURYLGHV DQ DOJRULWKP IRU GHFLGLQJ ZKLFK RI VHYHUDO IDFWRUV WR ERXQG�
LW nUVW LGHQWLnHV WKH TXDQWLW\ LQ WKH DQWHFHGHQW WKDW PXVW EH OHVV WKHQ p� DQG
WKHQ ORRNV IRU D IDFWRU ZKLFK KDV D QRQ]HUR nQLWH OLPLW DV WKDW TXDQWLW\ WHQGV WR
]HUR� /LPLW FDOFXODWLRQV DUH SHUIRUPHG E\ V\PEROLF FRGH IURP 0DWKSHUW� 7KHVH
OLPLW FDOFXODWLRQV GR QRW HQWHU WKH DFWXDO SURRI� WKH\ DUH RQO\ XVHG WR VHOHFW WKH
IDFWRU WR WU\ WR ERXQG�
$W WKLV SRLQW� \RX PLJKW ZDQW WR WXUQ WR ([DPSOH � LQ WKH QH[W VHFWLRQ� WR

VHH KRZ 8SSHU%RXQG DQG )DFWRU%RXQGLQJ DUH XVHG WR SURYH WKH FRQWLQXLW\ RI
I�[�  [��

��� ,QHTXDOLW\ &KDLQLQJ

$ QRWRULRXV GLpFXOW\ LQ LQHTXDOLW\ SURYLQJ LV WKH QHFHVVLW\ RI XVLQJ WUDQVLWLYLW\
FKDLQV� DQG WKH GLpFXOW\ RI nQGLQJ WKH ULJKW FKDLQ RI LQHTXDOLWLHV LQ DQ H[SRQHQ�
WLDOO\ ODUJH VHDUFK VSDFH� +RZHYHU� PDQ\ XVHIXO FKDLQV DUH RI OHQJWK WZR� EDVHG RQ
VRPH VWDQGDUG ?NQRZQ� LQHTXDOLW\� )RU H[DPSOH� LI ZH ZDQW WR SURYH M VLQ[M � q�
LW ZLOO VXpFH WR SURYH M[M � q LQ YLHZ RI WKH NQRZQ LQHTXDOLW\ M VLQ[M � M[M�
:HLHUVWUDVV LPSOHPHQWV WKLV LGHD LQ DQ DOJRULWKP 8VHIXO%RXQGV� 'HVFULEHG DV LQ
LQIHUHQFH UXOH� WKLV MXVW ORRNV OLNH WUDQVLWLYLW\�

m � n n � q

m � q

:KHQ LPSOHPHQWHG� m � n LV RQH RI D OLVW RI VSHFLnF NQRZQ LQHTXDOLWLHV WKDW
KDYH EHHQ VXSSOLHG WR :HLHUVWUDVV� )RU H[DPSOH� D VSHFLDO FDVH RI WKH UXOH ZRXOG
EH

M VLQ[M � M[M M[M � q

M VLQ[M � q

7KLV UXOH RI LQIHUHQFH LV QHHGHG E\:HLHUVWUDVV WR SURYH WKH XQLIRUP FRQWLQXLW\
RI VLQ[� 6HH WKH GLVFXVVLRQ RI WKLV H[DPSOH LQ WKH QH[W VHFWLRQ�

8SSHU%RXQG LV DOVR FDSDEOH RI FRQWUROOLQJ VRPH WUDQVLWLYLW\ FKDLQLQJ WKURXJK
WKH LQHTXDOLWLHV SUHVHQW LQ WKH DQWHFHGHQW� )RU H[DPSOH� LI LW LV WU\LQJ WR VROYH
[ � 0� ZKHUH [ DQG \ DUH IRUELGGHQ WR 0 � DQG WKH DQWHFHGHQW FRQWDLQV [ � \

DQG \ � E� WKH ERXQG [ � E ZLOO EH IRXQG� DQG 0 ZLOO JHW WKH YDOXH E�

��� 0HDQ 9DOXH 7KHRUHP

:HLHUVWUDVV FDQ XVH WKH PHDQ YDOXH WKHRUHP WR SURYH DQ LQHTXDOLW\� 7KLV LV DQ
LQWHUHVWLQJ UXOH RI LQIHUHQFH� EHFDXVH LW UHGXFHV D TXDQWLnHU�IUHH JRDO WR D VXEJRDO
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LQYROYLQJ TXDQWLnHUV� 7KH SXUHO\ ORJLFDO UXOHV RI:HLHUVWUDVV XVH WKH FXW�IUHH UXOHV
RI VHTXHQW FDOFXOXV� ZKLFK DOZD\V UHGXFH JRDOV WR ORJLFDOO\ VLPSOHU VXEJRDOV� +HUH
LV WKH UXOH RI LQIHUHQFH 097�

�]�[ � ] � \� I ��[� �0� M[b \M � q 0

MI�[�b I�\�M � q

7KHUH LV DQRWKHU UXOH XQGHU WKH VDPH QDPH� LQ ZKLFK WKH FRQFOXVLRQ DQG
WKH VHFRQG SUHPLVH KDYH VWULFW LQHTXDOLW\� :KHQ LPSOHPHQWHG� 0 LV D IUHVKO\�
FUHDWHG PHWDYDULDEOH� DQG [ DQG \ DUH DGGHG WR WKH OLVW RI YDULDEOHV IRUELGGHQ
WR 0� 1RWH WKDW WKLV ZRXOG QRW EH WKH FDVH LI WKH UXOH ZHUH VWDWHG ZLWK DQ
H[LVWHQWLDO TXDQWLnHU RYHU 0 LQ WKH SUHPLVH �FRPELQLQJ WKH WZR SUHPLVHV LQWR
D FRQMXQFWLRQ�� ,W LV E\ FRQWUROOLQJ WKH OLVW RI YDULDEOH IRUELGGHQ WR 0 WKDW
:HLHUVWUDVV LV LQGXFHG WR ORRN IRU D ERXQG LQGHSHQGHQW RI [ DQG \� 1RZ� LQ
JHQHUDO VXFK D ERXQG FDQQRW H[LVW XQOHVV WKH UDQJH RI [ DQG \ LV UHVWULFWHG E\
IXUWKHU LQHTXDOLWLHV� VR VRPH LQHTXDOLW\ FKDLQLQJ ZLOO JHQHUDOO\ EH QHHGHG WR nQG
WKH ERXQG 0 � $V DQ H[DPSOH RI VXFK D SURRI� ZH FRQVLGHU LQ WKH QH[W VHFWLRQ� D
SURRI RI WKH XQLIRUP FRQWLQXLW\ RI

S
[ RQ FORVHG LQWHUYDOV >D� E@ ZLWK D ! ��

� ([DPSOHV RI 3URRIV WKDW :HLHUVWUDVV &DQ )LQG

,Q WKLV VHFWLRQ ZH GHVFULEH WKH NH\ SRLQWV RI FHUWDLQ LOOXVWUDWLYH H[DPSOH SURRIV�
7KH VWULFW OHQJWK OLPLW GRHV QRW SHUPLW WKH LQFOXVLRQ RI WKH DFWXDO RXWSXW RI
:HLHUVWUDVV�

��� 8QLIRUP &RQWLQXLW\ RI I�[�  [� RQ &ORVHG ,QWHUYDOV

� 7KLV H[DPSOH LOOXVWUDWHV WKH XVH RI 8SSHU%RXQG DQG )DFWRU%RXQGLQJ� :KHQ
:HLHUVWUDVV LV DVNHG WR SURYH WKH XQLIRUP FRQWLQXLW\ RI I�[�  [� RQ FORVHG
LQWHUYDOV >D� E@� LW VRRQ DUULYHV DW WKH SUREOHP RI nQGLQJ D YDOXH IRU WKH PHWDYDUL�
DEOH p VXFK WKDW� DVVXPLQJ M[b \M � p� ZH FRXOG GHULYH M[� b \�M � q� )DFWRULQJ�
WKLV UHGXFHV WR M[b\MM[��[\�\�M � q� $W WKLV SRLQW� WKH DERYH UXOH ZLOO EH XVHG
�LQ UHYHUVH� ZLWK m  M[ b \M�� FUHDWLQJ WKH WZR QHZ JRDOV M[� � [\ � \�M � 0
DQG M[ b \M � q �0 � ��� 7KH nUVW RQH ZLOO EH VROYHG E\ XVLQJ 8SSHU%RXQG�
LQVWDQWLDWLQJ WKH PHWDYDULDEOH0 WR �PD[�MDM� MEM� DQG WKH VHFRQG ZLOO EH VROYHG
E\ WKH D[LRP UXOH b�$� $� ZKHUH $ LV WKH DVVXPSWLRQ M[b\M � p� LQVWDQWLDWLQJ
WKH PHWDYDULDEOH p WR q �0 �����

��� 8QLIRUP &RQWLQXLW\ RI VLQ[ DQG FRV[

7KHVH WZR WKHRUHPV DUH SURYHG E\ :HLHUVWUDVV LQ D ZD\ VLPLODU WR WKH DERYH

H[DPSOH� +RZHYHU� WKHUH DUH WZR QHZ WZLVWV WR WKH DUJXPHQW� )LUVW� :HLHUVWUDVV

QHHGV WR XVH WKH WULJ IDFWRULQJ RSHUDWLRQV� QRW MXVW SRO\QRPLDO IDFWRULQJ� LQ RUGHU

�
:HLHUVWUDVV ZLOO EH DEOH WR KDQGOH WKH FDVH RI I�[�  [Q VLPLODUO\� ZKHUH Q LV DQ
LQWHJHU YDULDEOH� DV VRRQ DV 8SSHU%RXQG LV H[WHQGHG WR KDQGOH LQGH[HG VXPV� VLQFH
DQ LQGH[HG VXP DULVHV ZKHQ [Q b \Q LV IDFWRUHG�
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WR ZULWH VLQ[ b VLQ \ DV � VLQ�� ��[ b \�� FRV��� ���[ � \�� 7KHQ LQ RUGHU WR
LQVWDQWLDWH p� LW PXVW XVH 8VHIXO%RXQGV WR DSSO\ WKH NQRZQ LQHTXDOLW\ M VLQXM �
MXM� VLQFH )DFWRU%RXQGLQJ ZLOO SURGXFH WKH VXEJRDO VLQ�� ��[b\�� � q �0 ����
ZKLFK GRHV QRW XQLI\ GLUHFWO\ ZLWK M[b \M � p� (YHQ DIWHU M VLQXM � MXM LV XVHG�
WKH � LQ WKH GHQRPLQDWRU VWLOO UHTXLUHV DQRWKHU VWHS� ZKLFK KRZHYHU :HLHUVWUDVV

WDNHV ZLWKRXW GLpFXOW\� VLQFH DQ LQHTXDOLW\ FDQ EH VLPSOLnHG E\ PXOWLSO\LQJ ERWK
VLGHV E\ �� 7KLV LV DQ H[DPSOH RI FRPSXWDWLRQ DSSOLHG WR D SURSRVLWLRQ UDWKHU
WKDQ D PDWKHPDWLFDO WHUP�

��� &RQWLQXLW\ RI I�[�  
S
[

0RUH SUHFLVHO\� WKH H[DPSOH LV WKH XQLIRUP FRQWLQXLW\ RI
S
[ RQ FORVHG LQWHUYDOV

>D� E@ ZLWK � � D� 7R KDQGOH WKH FRQWLQXLW\ RI
S
[ E\ IDFWRULQJ� ZH ZRXOG KDYH WR

JHW :HLHUVWUDVV WR ZULWH

MS[bS\M  M[b \MS
[�

S
\

,W ZRXOG FHUWDLQO\ EH SRVVLEOH WR GR WKLV� EXW LW ZRXOG EH DG KRF� DV WKH NLQG RI
FRPSXWDWLRQ UXOH WKDW ZRXOG GR WKLV ZRXOG FDXVH WURXEOH HOVHZKHUH� VR LW ZRXOG
KDYH WR EH DGGHG DV D ORJLFDO LQIHUHQFH UXOH IRU WKLV VSHFLDO VRUW RI LQHTXDOLW\�
5DWKHU WKDQ DGG DQ DG KRF UXOH� ZH FKRVH WR XVH WKLV H[DPSOH DV DQ LOOXVWUDWLRQ
RI WKH XVH RI WKH 0HDQ 9DOXH 7KHRUHP� :HLHUVWUDVV ZLOO FRPSXWH WKH GHULYDWLYH
RI
S
[ DQG ERXQG LW� 6SHFLnFDOO\� WKH LQIHUHQFH UXOH 097 GHVFULEHG DERYH ZLOO

LQWURGXFH D QHZ PHWDYDULDEOH 0 DQG FUHDWH WKH VXEJRDOV� M[ b \M � q 0 DQG
�]�[ � ] � \ � M�� ��]b�M � 0� 1RWH WKDW WKH GHULYDWLYH LV HYDOXDWHG� 7KH

YDULDEOHV [�\� DQG ] DUH IRUELGGHQ WR 0 � :KHQ 8SSHU%RXQG WULHV WR ERXQG ]b��

LW FDOOV /RZHU%RXQG WR ERXQG ]� DQG VXFFHVVIXOO\ nQGV WKH WUDQVLWLYLW\ FKDLQ

D � [ � ]� DUULYLQJ DW WKH ERXQG D � ]�

5HIHUHQFHV

�� %HHVRQ� 0�� /RJLF DQG FRPSXWDWLRQ LQ 0DWKSHUW� DQ H[SHUW V\VWHP IRU OHDUQLQJ
PDWKHPDWLFV� LQ� .DOWRIHQ� (�� DQG :DWW� 6� 0� �HGV��� &RPSXWHUV DQG 0DWKHPDWLFV�
SS� ���^���� 6SULQJHU�9HUODJ �������

�� %HHVRQ� 0�� 'HVLJQ 3ULQFLSOHV RI 0DWKSHUW� 6RIWZDUH WR VXSSRUW HGXFDWLRQ LQ DOJH�
EUD DQG FDOFXOXV� LQ� .DMOHU� 1� �HG�� +XPDQ ,QWHUIDFHV WR 6\PEROLF &RPSXWDWLRQ�
6SULQJHU�9HUODJ� %HUOLQ� +HLGHOEHUJ� 1HZ <RUN �������

�� %HHVRQ� 0�� 8VLQJ QRQVWDQGDUG DQDO\VLV WR HQVXUH WKH FRUUHFWQHVV RI V\PEROLF FRP�
SXWDWLRQV� ,QWHUQDWLRQDO -RXUQDO RI )RXQGDWLRQV RI &RPSXWHU 6FLHQFH ���� ������
��������

�� %HHVRQ� 0�� 6RPH DSSOLFDWLRQV RI *HQW]HQ
V SURRI WKHRU\ LQ DXWRPDWHG GHGXFWLRQ�
LQ� 6KURHGHU�+HLVWHU� 3�� ([WHQVLRQV RI /RJLF 3URJUDPPLQJ� 6SULQJHU /HFWXUH 1RWHV
LQ &RPSXWHU 6FLHQFH ���� SS� ���^���� 6SULQJHU�9HUODJ �������

�� %HHVRQ� 0�� 8QLnFDWLRQ LQ ODPEGD�FDOFXOXV� WR DSSHDU LQ $XWRPDWHG 'HGXFWLRQ�

&$'(��� � 3URF� RI WKH ��WK ,QWHUQDWLRQDO &RQIHUHQFH RQ $XWRPDWHG 'HGXFWLRQ�
6SULQJHU�9HUODJ� %HUOLQ�+HLGHOEHUJ �������



;9

�� %OHGVRH� :� :�� 6RPH DXWRPDWLF SURRIV LQ DQDO\VLV� SS� ��^��� LQ� :� %OHGVRH DQG
'� /RYHODQG �HGV�� $XWRPRDWHG 7KHRUHP 3URYLQJ� $IWHU �� <HDUV� YROXPH �� LQ WKH
&RQWHPSRUDU\ 0DWKHPDWLFV VHULHV� $06� 3URYLGHQFH� 5� ,� �������

�� %R\HU� 5�� DQG 0RRUH� -�� $ &RPSXWDWLRQDO /RJLF� $FDGHPLF 3UHVV �������
�� %XFKEHUJHU� %�� +LVWRU\ DQG EDVLF IHDWXUHV RI WKH FULWLFDO�SDLU FRPSOHWHLRQ SURFH�

GXUH� -� 6\PEROLF &RPSXWDWLRQ ���^�� �������
�� &ODUNH� (�� DQG =KDR� ;�� $QDO\WLFD� $ 7KHRUHP 3URYHU LQ 0DWKHPDWLFD� LQ� .DSXU�

'� �HG��� $XWRPDWHG 'HGXFWLRQ� &$'(��� � 3URF� RI WKH ��WK ,QWHUQDWLRQDO &RQ�

IHUHQFH RQ $XWRPDWHG 'HGXFWLRQ� SS� ���^���� 6SULQJHU�9HUODJ� %HUOLQ�+HLGHOEHUJ
�������

��� &RVWH� 0�� DQG 5R\� 0� )�� 7KRP
V OHPPD� WKH FRGLQJ RI UHDO DOJHEUDLF QXPEHUV�
DQG WKH FRPSXWDWLRQ RI WKH WRSRORJ\ RI VHPL�DOJHEUDLF VHWV� LQ� $UQRQ� '� 6�� DQG
%XFKEHUJHU� %�� $OJRULWKPV LQ 5HDO $OJHEUDLF *HRPHWU\� $FDGHPLF 3UHVV� /RQGRQ
�������

��� +DUULVRQ� -�� DQG 7KHU\� /�� ([WHQGLQJ WKH +2/ WKHRUHP SURYHU ZLWK D FRPSXWHU
DOJHEUD V\VWHP WR UHDVRQ DERXW WKH UHDOV� LQ +LJKHU 2UGHU /RJLF 7KHRUHP 3URYLQJ

DQG LWV $SSOLFDWLRQV� �WK ,QWHUQDWLRQDO :RUNVKRS� +8* 
��� SS� ���^���� /HFWXUH
1RWHV LQ &RPSXWHU 6FLHQFH ���� 6SULQJHU�9HUODJ �������

��� .OHHQH� 6� &�� ,QWURGXFWLRQ WR 0HWDPDWKHPDWLFV� YDQ 1RVWUDQG� 3ULQFHWRQ� 1� -�
�������

��� 0F&XQH� :�� 2WWHU ���� LQ� 6WLFNHO� 0� (� �HG��� ��WK ,QWHUQDWLRQDO &RQIHUHQFH RQ

$XWRPDWHG 'HGXFWLRQ SS� �������� 6SULQJHU�9HUODJ� %HUOLQ�+HLGHOEHUJ �������
��� 5LFKDUGVRQ� '�� 6RPH XQVROYDEOH SUREOHPV LQYROYLQJ HOHPHQWDU\ IXQFWLRQV RI D UHDO

YDULDEOH� -� 6\PEROLF /RJLF �� ���^��� �������
��� 6WRXWHPH\HU� 5�� &ULPHV DQG PLVGHPHDQRUV LQ WKH FRPSXWHU DOJHEUD WUDGH� 1RWLFHV

RI WKH $�0�6 ����� ���^���� 6HSWHPEHU �����
��� :X :HQ�7VXP� %DVLF SULQFLSOHV RI PHFKDQLFDO WKHRUHP�SURYLQJ LQ HOHPHQWDU\ JH�

RPHWULHV� -� $XWRPDWHG 5HDVRQLQJ � �������� �����

$ $SSHQGL[� 2XWSXW RI :HLHUVWUDVV RQ WKH ([DPSOHV

:HLHUVWUDVV SURGXFHV DQ LQWHUQDO SURRI REMHFW� ZKLFK FDQ EH YLHZHG LQ HLWKHU

?WUDFH YLHZ� RU ?SURRI WUHH YLHZ�� 7KHVH YLHZV ERWK XVH WZR�GLPHQVLRQDO GLVSOD\

RI IRUPXODV RQ WKH VFUHHQ� :KHQ \RX FKRRVH )LOH _ 6DYH $V� \RX VDYH D WH[W
UHSUHVHQWDWLRQ RI WKH SURRI� HLWKHU DV WUDFH RU DV SURRI WUHH� )RUPXODV DUH ZULWWHQ
LQ D SDUVHDEOH IRUP� VLPLODU WR 7(;� EXW ZLWKRXW EDFNVODVKHV� DQG HQFORVHG LQ
GROODU VLJQV� ,Q WKH IXWXUH� , LQWHQG WR XVH WKHVH nOHV ZLWK :HE7(;WR SRVW SURRIV
WR WKH :HE� )RU SXUSRVHV RI WKHVH DSSHQGLFHV� , KDYH VLPSO\ LQFOXGHG WKHVH
nOHV YHUEDWLP �LQVHUWLQJ RQO\ VRPH OLQH EUHDNV� WR DYRLG DQ\ HUURUV LQWURGXFHG
E\ WUDQVFULELQJ WKHP LQWR 7(;� DQG WR GHPRQVWUDWH H[DFWO\ ZKDW WKH SURJUDP
SURGXFHV� , KDYH XVHG WUDFH YLHZ� VLQFH WKH nOHV DUH PRUH UHDGDEOH WKDQ ZLWK SURRI
WUHH YLHZ� (YHQ VR� WKHVH nOHV GR QRW FRQYH\ WKH SURFHVV RI SURRI FRQVWUXFWLRQ
ZHOO� VLQFH WKH PHWDYDULDEOHV DUH UHSODFHG E\ WKHLU nQDO YDOXHV� IRU H[DPSOH�
ZH GRQ
W VHH KRZ DQG ZKHQ p LV IRXQG� EXW LQVWHDG LW DSSHDUV WR EH ?SXOOHG
RXW RI D KDW� QHDU WKH EHJLQQLQJ RI WKH SURRI� ,W LV LQWHUHVWLQJ WKDW WKLV YHU\
SKHQRPHQRQ LV RIWHQ D SUREOHP LQ WKH SUHVHQWDWLRQ RI SURRIV SURGXFHG E\ KXPDQ
PDWKHPDWLFLDQV�
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$�� &RQWLQXLW\ RI I�[�  [�

$VVXPLQJ �HSVLORQ ! ��

7U\LQJ �H[LVWV�GHOWD�DOO�[�\�D � [�[ � E�D � \�\ � E�

DEV�[�\� � GHOWD�!DEV�[A��\A�� � HSVLORQ���

7U\LQJ �DOO�[�\�D � [�[ � E�D � \�\ � E�

DEV�[�\� � ;�!DEV�[A��\A�� � HSVLORQ��

$VVXPLQJ �D � [�[ � E�D � \�\ � E�DEV�[�\� � ;�

7U\LQJ �DEV�[A��\A�� � HSVLORQ�

)DFWRULQJ� LW ZRXOG VXIILFH WR SURYH�

�DEV�[�\� DEV�[A��[ \�\A�� � HSVLORQ�

:H KDYH WKH IROORZLQJ ERXQG�

�DEV�[A��[ \�\A�� � ��PD[�DEV�D��DEV�E���A��

6R LW ZRXOG VXIILFH WR SURYH�

�DEV�[�\� � HSVLORQ����PD[�DEV�D��DEV�E���A�����

$KD� ZH KDYH

�DEV�[�\� � HSVLORQ����PD[�DEV�D��DEV�E���A�����

VXFFHVV

'LVFKDUJLQJ

VXFFHVV

VXFFHVV

'LVFKDUJLQJ

$�� &RQWLQXLW\ RI I�[�  VLQ[

7U\LQJ �HSVLORQ ! ��!H[LVWV�GHOWD�DOO�[�\�DEV�[�\� � GHOWD�!

DEV�VLQ�[��VLQ�\�� � HSVLORQ���

$VVXPLQJ �HSVLORQ ! ��

7U\LQJ �H[LVWV�GHOWD�DOO�[�\�DEV�[�\� �

GHOWD�!DEV�VLQ�[��VLQ�\�� � HSVLORQ���

7U\LQJ �DOO�[�\�DEV�[�\� � ��� HSVLORQ�!

DEV�VLQ�[��VLQ�\�� � HSVLORQ��

$VVXPLQJ �DEV�[�\� � ��� HSVLORQ�

7U\LQJ �DEV�VLQ�[��VLQ�\�� � HSVLORQ�

8VLQJ WULJRQRPHWU\� LW ZRXOG VXIILFH WR SURYH�

��DEV�VLQ�[�\���� DEV�FRV�[�\���� � HSVLORQ�

'LYLGLQJ ERWK VLGHV� LW ZRXOG VXIILFH WR SURYH�

�DEV�VLQ�[�\���� DEV�FRV�[�\���� � ��� HSVLORQ�

:H KDYH WKH IROORZLQJ ERXQG�

�DEV�FRV�[�\���� � ��

6R LW ZRXOG VXIILFH WR SURYH�

�DEV�VLQ�[�\���� � HSVLORQ���

,Q YLHZ RI WKH NQRZQ LQHTXDOLW\ _VLQ [_ � _[_ ZH KDYH�

�DEV�VLQ�[�\���� � DEV��[�\�����

LW ZRXOG WKHUHIRUH VXIILFH WR SURYH�

�DEV��[�\���� � HSVLORQ���
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6LPSOLI\LQJ� LW ZRXOG VXIILFH WR SURYH�

��DEV�[�\� � HSVLORQ�

'LYLGLQJ ERWK VLGHV� LW ZRXOG VXIILFH WR SURYH�

�DEV�[�\� � ��� HSVLORQ�

$KD� ZH KDYH �DEV�[�\� � ��� HSVLORQ�

VXFFHVV

'LVFKDUJLQJ

VXFFHVV

VXFFHVV

'LVFKDUJLQJ

VXFFHVV

$�� &RQWLQXLW\ RI I�[�  
S
[

$VVXPLQJ �D ! ��HSVLORQ ! ��

7U\LQJ �H[LVWV�GHOWD�DOO�[�\�D � [�[ � E�D � \�\ � E�

DEV�[�\� � GHOWD�!DEV�VTUW�[��VTUW�\�� � HSVLORQ���

7U\LQJ �DOO�[�\�D � [�[ � E�D � \�\ � E�DEV�[�\� �

HSVLORQ����� DA��������!DEV�VTUW�[��VTUW�\�� � HSVLORQ��

$VVXPLQJ �D � [�[ � E�D � \�\ � E�

DEV�[�\� � HSVLORQ����� DA��������

7U\LQJ �DEV�VTUW�[��VTUW�\�� � HSVLORQ�

6LPSOLI\LQJ� LW ZRXOG VXIILFH WR SURYH�

�DEV�[A������\A������ � HSVLORQ�

%\ WKH PHDQ YDOXH WKHRUHP DSSOLHG WR �I]  ]A������

LW ZRXOG VXIILFH WR SURYH�

�DOO�]�[ � ]�] � \�!DEV���� ]A�������

� ��� DA��������DEV�[�\� � HSVLORQ����� DA��������

7U\LQJ �DOO�]�[ � ]�] � \�!DEV���� ]A������� � ��� DA��������

7U\LQJ �[ � ]�] � \�!DEV���� ]A������� � ��� DA�������

$VVXPLQJ �[ � ]�] � \�

7U\LQJ �DEV���� ]A������� � ��� DA�������

:H KDYH WKH ERXQG� �DEV���� ]A������� � ��� DA�������

VXFFHVV

'LVFKDUJLQJ

VXFFHVV

VXFFHVV

7U\LQJ �DEV�[�\� � HSVLORQ����� DA��������

$KD� ZH KDYH �DEV�[�\� � HSVLORQ����� DA��������

VXFFHVV

VXFFHVV

'LVFKDUJLQJ

VXFFHVV

VXFFHVV

'LVFKDUJLQJ


