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1RQVWDQGDUG DQDO\VLV KDV EHHQ SXW WR XVH LQ D WKHRUHP�SURYHU� ZKHUH LW
DVVLVWV LQ WKH DQDO\VLV RI IRUPXODH LQYROYLQJ OLPLWV� 7KH WKHRUHP�SURYHU LQ
TXHVWLRQ LV XVHG LQ WKH FRPSXWHU SURJUDP 0DWKSHUW WR HQVXUH WKH FRUUHFW�
QHVV RI FDOFXODWLRQV LQ FDOFXOXV� $OWKRXJK QRQ�VWDQGDUG DQDO\VLV LV ZLGHO\
YLHZHG DV QRQ�FRQVWUXFWLYH� LW FDQ DOWHUQDWHO\ EH YLHZHG DV D PHWKRG RI
UHGXFLQJ ORJLFDO PDQLSXODWLRQ �RI IRUPXODH ZLWK TXDQWLnHUV� WR FRPSXWD�
WLRQ �ZLWK UHZULWH UXOHV�� :H JLYH D ORJLFDO WKHRU\ RI QRQVWDQGDUG DQDO\VLV
ZKLFK LV LPSOHPHQWHG LQ 0DWKSHUW� :H GHVFULEH D SURFHGXUH IRU ?HOLP�
LQDWLRQ RI LQnQLWHVLPDOV� �DOVR LPSOHPHQWHG LQ 0DWKSHUW� DQG SURYH LWV
FRUUHFWQHVV�

� ,QWURGXFWLRQ

7KH JHQHUDO FRQWH[W RI WKLV UHVHDUFK LV WKH XVH RI ORJLF WR HQVXUH WKH FRUUHFWQHVV

RI FRPSXWDWLRQDO VWHSV� 0DQ\ FRPSXWDWLRQDO VWHSV KDYH VLGH FRQGLWLRQV WKDW

PXVW EH VDWLVnHG ZKHQ WKH\ DUH DSSOLHG� &XUUHQW FRPSXWDWLRQDO V\VWHPV JHQ�

HUDOO\ LJQRUH WKHVH VLGH FRQGLWLRQV� ZLWK WKH FRQVHTXHQFH WKDW WKHLU DQVZHUV DUH

XQUHOLDEOH� )RU H[DPSOH� LQ 0DFV\PD RQH FDQ HQWHU D  �� WKHQ GLYLGH ERWK
VLGHV RI WKH HTXDWLRQ E\ D ZLWK WKH FRPPDQG � D� 0DFV\PD ZLOO UHSO\ �  ��
EHFDXVH LW KDV PLQGOHVVO\ DSSOLHG WKH UXOHV D D  � DQG � D  �� 0RUH H[DP�
SOHV FDQ EH IRXQG LQ %HHVRQ>�@� +DUULVRQ DQG 7KuHU\>��@� DQG D ODUJHU QXPEHU
RI H[DPSOHV FDQ EH IRXQG LQ 6WRXWHPH\HU�>��@ &RQWUDU\ WR WKH nUVW LPSUHVVLRQV
RI VRPH REVHUYHUV� WKHVH SUREOHPV FDQQRW EH FRUUHFWHG E\ VLPSO\ DGGLQJ VRPH
VLPSOH FKHFNV WR DOJHEUDLF FRPSXWDWLRQ V\VWHPV�
$ FRPSXWDWLRQ ZKLFK DSSHDUV WR EH D VHTXHQFH RI PDWKHPDWLFDO IRUPXODH�

RQH SHU OLQH� HDFK RQH REWDLQHG E\ WUDQVIRUPLQJ WKH SUHYLRXV RQH DFFRUGLQJ
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WR D FRPSXWDWLRQ UXOH� UHDOO\ KDV D PRUH LQWULFDWH ORJLFDO VWUXFWXUH� (DFK OLQH
GHSHQGV RQ D OLVW RI DVVXPSWLRQV� ZKLFK DUH XVXDOO\ QRW ZULWWHQ� 6RPH RI WKH
FRPSXWDWLRQ UXOHV JHQHUDWH PRUH DVVXPSWLRQV� DQG VRPH XVH WKH DVVXPSWLRQV
WR YHULI\ WKHLU VLGH FRQGLWLRQV� $V WKH FRPSXWDWLRQ SURFHHGV� PRUH DVVXPSWLRQV
DUH JHQHUDWHG� EXW DOVR WKH DVVXPSWLRQV WKHPVHOYHV PD\ VLPSOLI\ DQG HYHQ GLV�
DSSHDU LI WKH\ VLPSOLI\ WR WUXH� ,W FDQ DOVR KDSSHQ WKDW WKH VLPSOLnFDWLRQ RI
DVVXPSWLRQV UHYHDOV D FRQWUDGLFWLRQ DPRQJ WKH DVVXPSWLRQV� VR WKDW ZKDW KDV
EHHQ GHULYHG LV D QRQ VHTXLWXU�
7KH VLGH FRQGLWLRQV RI FRPSXWDWLRQDO UXOHV DUH VRPHWLPHV VLPSOH� VXFK DV

GHQRPLQDWRUV EHLQJ QRQ]HUR� RU WKLQJV LQVLGH VTXDUH URRWV EHLQJ QRQQHJDWLYH�
7KLV VRRQ OHDGV WR TXHVWLRQV RI WKH GRPDLQ RI H[SUHVVLRQV� LW LV FOHDU WKDW DQ
DGHTXDWH FRPSXWDWLRQDO V\VWHP PXVW EH DEOH WR FDOFXODWH WKH GRPDLQ RI HYHU\
H[SUHVVLRQ�
7KH VSHFLnF LPSHWXV IRU WKLV ZRUN DURVH LQ WKH GHYHORSPHQW RI 0DWKSHUW �

ZKLFK LV D FRPSXWHUL]HG HQYLURQPHQW IRU OHDUQLQJ DOJHEUD� WULJRQRPHWU\� DQG
FDOFXOXV� )RU DQ LQWURGXFWRU\ GHVFULSWLRQ RI WKLV V\VWHP� VHH >�@� 0DWKSHUW ZDV
GHVLJQHG WR VXSSRUW D ORJLFDO DSSDUDWXV VXpFLHQW WR HQVXUH FRUUHFWQHVV RI WKH
DQVZHUV LW GHOLYHUV� $OJHEUD DQG WULJRQRPHWU\� LI ZH RPLW LQGH[HG VXPV� FDQ
EH VXSSRUWHG PRUH RU OHVV RQ WKH EDVLV VR IDU GHVFULEHG� 6SHFLnFDOO\� 0DWKSHUW

XVHV DQ LQIHU�UHIXWH�DVVXPH DOJRULWKP>�� �@� :KHQ D UXOH RI FRPSXWDWLRQ UH�
TXLUHV D VLGH FRQGLWLRQ� 0DWKSHUW nUVW DWWHPSWV WR LQIHU WKDW FRQGLWLRQ �IURP
WKH FXUUHQW DVVXPSWLRQV DQG NQRZQ� VLPSOH� D[LRPV�� LI WKDW IDLOV LW DWWHPSWV WR
UHIXWH WKH FRQGLWLRQ� ,I WKH UHIXWDWLRQ VXFFHHGV LW UHIXVHV WR DSSO\ WKH RSHUDWLRQ�
�7KLV VWRSV WKH 0$&6<0$ H[DPSOH DERYH�� ,I QHLWKHU LQIHUHQFH QRU UHIXWDWLRQ
VXFFHHGV� LW DVVXPHV WKH FRQGLWLRQ� ,Q WKLV ZD\ WKH OLVW RI DVVXPSWLRQV FDQ JURZ�
&DOFXOXV LQWURGXFHV DQ DGGLWLRQDO ORJLFDO SUREOHP� QRW UHTXLUHG LQ HOHPHQWDU\

DOJHEUD DQG WULJRQRPHWU\� ZKRVH VROXWLRQ ZLWK WKH DLG RI QRQVWDQGDUG DQDO\VLV
LV WKH VXEMHFW RI WKLV SDSHU� 7KH DGGLWLRQDO SUREOHP LV WKH WUHDWPHQW RI ERXQG
YDULDEOHV� 1RUPDOO\ LQ ORJLF ZH WKLQN RI YDULDEOHV ERXQG E\ TXDQWLnHUV� ,Q
FDOFXOXV� KRZHYHU� YDULDEOHV DUH ERXQG E\ WKH OLPLW RSHUDWRU� WKH GHnQLWH LQWHJUDO
RSHUDWRU� DQG LQGH[HG VXPV�� &RQVLGHU� IRU H[DPSOH� WKH SUREOHP RI GHWHUPLQLQJ
WKH GRPDLQ RI

Q;

N �

[N�

7KLV GRPDLQ PXVW FRPH RXW WR EH WUXH^WKH IXQFWLRQ LV GHnQHG IRU DOO [� :H
PXVW nUVW RI DOO LQIRUP WKH V\VWHP WKDW LQGH[ YDULDEOHV DUH DOZD\V LQWHJHUV� 7KDW
EHLQJ GRQH� WKH PDLQ SUREOHP VWDQGV RXW� [N LV GHnQHG RQO\ IRU [ � � B N !
�� 0DWKSHUW KDQGOHV WKLV SUREOHP DV IROORZV� :KHQ GRLQJ FRPSXWDWLRQ� WKH
H[SUHVVLRQ WUHH LV WUDYHUVHG GHSWK�nUVW� 6RPH FRPSXWDWLRQ UXOHV DUH DSSOLHG

�,Q JHQHUDO� ERXQG YDULDEOHV FDQ EH UHGXFHG WR IXQFWLRQDO RSHUDWLRQV DQG ODPEGD DEVWUDF�

WLRQ� DV LV ZHOO�XQGHUVWRRG E\ H[SHUWV� 7KH DGGLWLRQDO SUREOHP LV QRW PHUHO\ WKH H[LVWHQFH RI

DGGLWLRQDO ELQGLQJ RSHUDWRUV� EXW WKH UXOHV IRU PL[LQJ WKHVH RSHUDWRUV ZLWK V\PEROLF FRPSX�

WDWLRQ FRUUHFWO\�
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RQ WKH ZD\ GRZQ �WKDW LV� EHIRUH WKHLU DUJXPHQWV DUH VLPSOLnHG� DQG VRPH
RQ WKH ZD\ XS �DIWHU WKHLU DUJXPHQWV DUH VLPSOLnHG�� :KHQ LW SDVVHV LQWR
DQ LQGH[HG VXP� 0DWKSHUW JHQHUDWHV WKH WHPSRUDU\ DVVXPSWLRQ WKDW WKH LQGH[
YDULDEOH LV EHWZHHQ WKH ORZHU DQG XSSHU OLPLWV� ,Q WKH H[DPSOH� WKDW ZRXOG EH
WKH DVVXPSWLRQ � � N A N � Q� 7KH DVVXPSWLRQ � � Q ZRXOG DOVR EH JHQHUDWHG
�LI LW FRXOG QRW EH LQIHUUHG RU UHIXWHG�� EXW WKDW LV QRW D WHPSRUDU\ DVVXPSWLRQ
DQG QRW WKH SRLQW RI LQWHUHVW KHUH� 7KH WHPSRUDU\ DVVXPSWLRQ LV DYDLODEOH IRU
XVH ZKLOH FRPSXWDWLRQ LV SURFHHGLQJ LQVLGH WKH LQGH[HG VXP� ,Q SDUWLFXODU� LW
LV DYDLODEOH GXULQJ WKH DQDO\VLV RI WKH GRPDLQ RI [N� ZKLFK WKHUHIRUH FRPHV RXW
HYHU\ZKHUH GHnQHG� :KHQ FRPSXWDWLRQ H[LWV WKH LQGH[HG VXP DIWHU WUDYHUVDO
RI WKH HQWLUH H[SUHVVLRQ WUHH� WKH WHPSRUDU\ DVVXPSWLRQ LV ?GLVFKDUJHG��
/RJLFDOO\ VSHDNLQJ� HDFK OLQH RI FRPSXWDWLRQ FDQ EH YLHZHG DV D ?VHTXHQW�

b� $� ZKHUH $ LV WKH YLVLEOH OLQH DQG b LV WKH OLVW RI FXUUHQW DVVXPSWLRQV� 7KH
OLVW b FDQ JURZ IURP OLQH WR OLQH DV FRPSXWDWLRQ UXOHV JHQHUDWH DVVXPSWLRQV� LW
FDQ DOVR VKULQN LI DVVXPSWLRQV VLPSOLI\� %XW GXULQJ FRPSXWDWLRQ� ZKLOH ZH DUH
n[HG DW D VLQJOH OLQH� LW FDQ DOVR JURZ DQG VKULQN DV FRPSXWDWLRQ JRHV GHHSHU
LQWR DQG WKHQ RXW RI YDULDEOH�ELQGLQJ IXQFWRUV RQ WKH ULJKW VLGH� 7KLV G\QDPLF
TXDOLW\ LV HVVHQWLDO IRU WKH SURSHU KDQGOLQJ RI ERXQG YDULDEOHV�

� 7KH 3UREOHP� LWV 6ROXWLRQ� DQG ([DPSOHV

��� 7KH 3UREOHP

7KH VFKHPH GHVFULEHG DERYH VHHPV DGHTXDWH IRU WKH WUHDWPHQW RI GHnQLWH LQ�

WHJUDOV DQG LQGH[HG VXPV� %XW FDOFXOXV UHTXLUHV WKH WUHDWPHQW RI OLPLW WHUPV

DV ZHOO� DQG LW LV IDU IURP REYLRXV ZKDW WHPSRUDU\ DVVXPSWLRQV PXVW EH PDGH

ZKHQ HQWHULQJ D OLPLW WHUP� &RQVLGHU ([DPSOH ��
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,Q RUGHU WR ZRUN FRUUHFWO\ ZLWK WKH ?OLPLWDQG� �WKH IRUPXOD LQVLGH WKH OLPLW��
ZH PXVW EH DEOH WR LQIHU WKDW [ � � DQG WKDW [ � �� 2I FRXUVH� ZH FDQQRW
JHQHUDWH DQ\ DVVXPSWLRQ LQYROYLQJ [ WKDW ZLOO DSSHDU RXWVLGH WKH VFRSH RI WKH
OLPLW RSHUDWRU�
+HUH LV ([DPSOH �� ,Q FDOFXODWLQJ WKH GHULYDWLYH RI

S
[ IURP WKH OLPLW GHn�

QLWLRQ RI GHULYDWLYH� ZH UHDFK D VWHS LQ ZKLFK ZH ZDQW WR UHZULWH �
S
[� K�� DV

[� K� �+HUH K LV WKH ERXQG YDULDEOH�� 7KH UXOH �
S
\��  \ LV RQO\ YDOLG ZKHQ

� � \� DQG ZH FDQQRW JHQHUDWH WKH DVVXPSWLRQ � � [ � K� EHFDXVH LW LQYROYHV
WKH ERXQG YDULDEOH� 7KH FRUUHFW DVVXPSWLRQ WR JHQHUDWH LV � � [� +RZ FDQ WKLV
GHVLUHG UHVXOW EH UHDFKHG� E\ D JHQHUDO�SXUSRVH DOJRULWKP"
7KH SUREOHP LV WKLV� ZH PXVW HQVXUH WKDW ZKHQ FRPSXWDWLRQ LV SHUIRUPHG

LQVLGH D OLPLW WHUP� WKH ORJLFDO LQIHUHQFHV SHUIRUPHG LQ YHULI\LQJ VLGH FRQGLWLRQV
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DUH FRUUHFW� DQG DQ\ DVVXPSWLRQV JHQHUDWHG E\ RSHUDWLRQV SHUIRUPHG LQVLGH WKH
OLPLW WHUP GR QRW LQYROYH WKH ERXQG OLPLW YDULDEOH�

��� $ VROXWLRQ XVLQJ QRQVWDQGDUG DQDO\VLV

$ ZRUNDEOH VROXWLRQ WR WKLV SUREOHP ZDV GHVFULEHG VL[ \HDUV DJR�>�@ ,W DPRXQWV
WR LQWURGXFLQJ VHFRQG�RUGHU ORJLF LQWR WKH FRPSXWDWLRQ V\VWHP� IRU H[DPSOH
D VHFRQG�RUGHU IXQFWRU WUXH LQ QEKG� ZKLFK WDNHV D SURSRVLWLRQ DQG SRLQW DV
DUJXPHQW DQG LV WUXH LI WKH SURSRVLWLRQ LV WUXH LQ D QHLJKERUKRRG RI WKH SRLQW�
$OWKRXJK WKLV VROXWLRQ ZRUNHG� LW ZDV FRPSOLFDWHG�

7KLV SDSHU GHVFULEHV DQRWKHU� PRUH HOHJDQW VROXWLRQ� XVLQJ QRQVWDQGDUG DQO�
\VLV� ,Q HVVHQFH� LW LV D ZD\ WR UHSODFH VHFRQG�RUGHU LQIHUHQFHV E\ nUVW�RUGHU
FRPSXWDWLRQ� FDOOV WR WKH OLPLW�FDOFXODWRU� 7KLV VDYHG VHYHUDO WKRXVDQG OLQHV RI
FRPSOLFDWHG FRGH LQ 0DWKSHUW ��

7KH LGHD LV WR WUHDW OLPLW WHUPV LQ H[DFWO\ WKH VDPH ZD\ DV GHnQLWH LQWHJUDOV
DQG LQGH[HG VXPV DUH WUHDWHG� WR PDNH D WHPSRUDU\ �nUVW�RUGHU� DVVXPSWLRQ
ZKHQ HQWHULQJ WKH WHUP DQG GLVFKDUJH LW RQ H[LW� DQG OHW FRPSXWDWLRQ DQG LQIHU�
HQFH ERWK SURFHHG QRUPDOO\ ZKLOH LQVLGH WKH WHUP� 7KH DVVXPSWLRQ LV REYLRXV
RQFH QRQVWDQGDUG DQDO\VLV LV FRQVLGHUHG� ZKHQ HQWHULQJ OLP

[�D
I�[�� PDNH WKH

WHPSRUDU\ DVVXPSWLRQ WKDW [ b D LV LQnQLWHVLPDO� DQG [ � D� )RU RQH�VLGHG
OLPLWV IURP WKH ULJKW� DVVXPH D � [ LQVWHDG RI [ � D� DQG IRU OLPLWV IURP WKH
OHIW� DVVXPH [ � D�
:KHQ FRPSXWDWLRQ FRPSOHWHV LWV WUDYHUVDO RI WKH OLPLWDQG� DQ\ DVVXPSWLRQV

ZKLFK KDYH EHHQ JHQHUDWHG LQYROYLQJ WKH OLPLW YDULDEOH� DQG QRW DOUHDG\ HOLPL�
QDWHG E\ VLPSOLnFDWLRQ� PXVW EH HOLPLQDWHG� ZH FDQQRW JHQHUDWH DQ DVVXPSWLRQ
LQYROYLQJ D ERXQG YDULDEOH RXWVLGH LWV VFRSH� ,I WKLV FDQ EH GRQH E\ PDNLQJ DG�
GLWLRQDO DVVXPSWLRQV� LW LV GRQH� ,I LW FDQ
W� WKHQ WKH FRPSXWDWLRQ RU LQIHUHQFH
ZH ZHUH DWWHPSWLQJ KDV IDLOHG�
:H VXSSO\ WKH V\VWHP ZLWK ERWK D[LRPV DQG FRPSXWDWLRQDO UXOHV IRU GHDOLQJ

ZLWK LQnQLWHVLPDOV DQG LQnQLWH QRQVWDQGDUG QXPEHUV� 7KH IXQGDPHQWDO FRQ�
FHSWV LQ RXU WKHRU\ DUH [ z \� ZKLFK PHDQV WKDW [b \ LV LQnQLWHVLPDO �RU ]HUR��
DQG >>[@@� WKH VWDQGDUG SDUW RI [� 6LQFH ZH ZRUN LQ WKH ORJLF RI SDUWLDO WHUPV�
/37� WKHUH LV QR SUREOHP DERXW >>[@@ EHLQJ XQGHnQHG IRU LQnQLWH QXPEHUV� 7KH
D[LRPV DUH VWDWHG XVLQJ WKH SUHGLFDWH z DQG WKH IXQFWLRQ V\PERO >>c@@� 7KH FRP�
SXWDWLRQ UXOHV DUH GLUHFWHG WRZDUGV WKH JRDO RI EHLQJ DEOH WR FRPSXWH >>W@@ IRU
DV PDQ\ WHUPV W DV SRVVLEOH� +HUH ?FRPSXWH� PHDQV WR HOLPLQDWH QRQVWDQGDUG
YDULDEOHV�
)RU H[DPSOH� UHFRQVLGHU WKH FRPSXWDWLRQ RI WKH GHULYDWLYH RI

S
[� ZKHUH ZH

�7KH HmHFW RI WKLV FKDQJH �PDGH LQ -XQH� ����� ZDV LQYLVLEOH WR WKH XVHU� /RJLF LV LQ WKH
EDFNJURXQG LQ 0DWKSHUW � 6WXGHQWV RI FDOFXOXV DUH QRW WDXJKW WR ZRUU\ DERXW ORJLFDO QLFHWLHV�
%XW VLQFH 0DWKSHUW � XQOLNH LWV DQVZHU�RQO\ FRXVLQV� SURGXFHV RQO\ FRUUHFW UHVXOWV� LW PXVW WHQG
WR ORJLFDO PDWWHUV EHKLQG WKH VFHQHV� 7KH FKDQJH WR QRQVWDQGDUG DQDO\VLV ZDV WKXV GRXEO\
LQYLVLEOH� ORJLF LV YLVLEOH RQO\ LI \RX H[SOLFLWO\ FKRRVH 9LHZ $VVXPSWLRQV� DQG EHVLGHV�

QRQVWDQGDUG DQDO\VLV SURGXFHV WKH VDPH UHVXOWV DV VHFRQG�RUGHU LQIHUHQFH�
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KDG WR UHZULWH �
S
[� K�� DV [� K� 7KLV QRZ WDNHV SODFH XQGHU WKH DVVXPSWLRQ

WKDW K LV LQnQLWHVLPDO �DQG QRW ]HUR�� :KHQ 0DWKSHUW WULHV WR YHULI\ � � [� K�
LW ZLOO FRPSXWH WKH VWDQGDUG SDUW RI [� K WR EH [� DQG WKHQ VLPSOLI\ � � [� K

WR � � [ B �� � [ A � � K�� 7KH V\VWHP WKHQ VLPSOLnHV WKLV WR � � [� ,I ZH KDG
EHHQ LQVLGH D RQH�VLGHG OLPLW IURP WKH ULJKW� LW ZRXOG KDYH VLPSOLnHG WR � � [�

��� ([DPSOHV

2QH UHIHUHH DVNHG IRU PRUH H[DPSOHV FRUUHFWO\ ZRUNHG E\ 0DWKSHUW� 7KH SRLQW
WR EH HPSKDVL]HG KHUH LV WKDW 0DWKSHUW ZLOO FRUUHFWO\ ZRUN HYHU\ H[DPSOH RI D
OLPLW SUREOHP IRXQG LQ FDOFXOXV WH[WERRNV� $W OHDVW� LW KDV ZRUNHG KXQGUHGV RI
VXFK H[DPSOHV FRUUHFWO\� 7KH UHOHYDQW SRLQW LV QRW WKDW LW DUULYHV DW WKH FRUUHFW
DQVZHU IRU WKH OLPLW �ZKLFK LW GRHV�� EXW WKDW LW ��� DQDO\]HV WKH GRPDLQ RI WKH
H[SUHVVLRQ LQYROYLQJ WKH OLPLW FRUUHFWO\� ��� PDNHV QR XQQHFHVVDU\ DVVXPSWLRQV
ZKLOH FDOFXODWLQJ WKH OLPLW� ��� PDNHV DOO QHFHVVDU\ DVVXPSWLRQV WR HQVXUH FRU�
UHFWQHVV� DQG ��� PDNHV QR LQFRUUHFW DVVXPSWLRQV� VXFK DV DVVXPSWLRQV LQYROYLQJ
WKH OLPLW YDULDEOH PDGH RXWVLGH WKH VFRSH RI WKH YDULDEOH� 7KHVH FODLPV FDQ EH
YHULnHG E\ FKRRVLQJ $VVXPSWLRQV IURP WKH 9LHZ PHQX RI 0DWKSHUW LQ RUGHU
WR LQVSHFW WKH DVVXPSWLRQ OLVW DV D OLPLW FRPSXWDWLRQ SURJUHVVHV� +HUH DUH VRPH
VSHFLnF H[DPSOHV�
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0DWKSHUW FRUUHFWO\ VKRZV DQ HPSW\ DVVXPSWLRQ OLVW DIWHU DQDO\]LQJ WKH GRPDLQ
RI WKLV H[SUHVVLRQ�

OLP
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WDQ[ ([DPSOH �

$JDLQ 0DWKSHUW VKRZV DQ HPSW\ DVVXPSWLRQ OLVW� HYHQ WKRXJK WKH H[SUHVVLRQ
IRU WKH GRPDLQ RI WDQ[ LV [� ��Q � ��{ �� ZKLFK LQYROYHV D QHZ H[LVWHQWLDOO\
TXDQWLnHG YDULDEOH Q RI W\SH LQW� JHQHUDWHG E\ WKH GRPDLQ DQDO\]HU�
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([DPSOH �

)LUVW� QR DVVXPSWLRQ LV JHQHUDWHG E\ WKH UHTXLUHPHQW WKDW WKLQJV LQVLGH VTXDUH

URRWV EH QRQQHJDWLYH� 6HFRQG� ZKHQ WKH H[SUHVVLRQ
S
[b �

S
[b � LV VLPSOLnHG

WR [ b �� WKH VLGH FRQGLWLRQ [ b � w � LV SURSHUO\ LQIHUUHG� EHFDXVH WKLV WDNHV

SODFH LQVLGH D OLPLW DV [ DSSURDFKHV �� 7KH VLGH FRQGLWLRQ UHGXFHV WR m ! ��

ZKHUH m LV D QRQVWDQGDUG YDULDEOH ZKRVH GLVWDQFH WR � LV LQnQLWHVLPDO�
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1RZ WKH OLPLW SRLQW LV DW WKH ]HUR RI WKH GHQRPLQDWRU� EXW EHFDXVH LW LV D RQH�

VLGHG OLPLW� HYHU\WKLQJ JRHV DV ZLWK WKH SUHYLRXV H[DPSOH�
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7KLV LV WKH VDPH DV WKH SUHYLRXV H[DPSOH H[FHSW LW LV D WZR�VLGHG OLPLW� 7KH

GRPDLQ DQDO\]HU FDQ GHWHUPLQH WKH H[SUHVVLRQ LV XQGHnQHG� VLQFH WKH GRPDLQ

RI
S
mb � IRU D QRQVWDQGDUG m ZKRVH GLVWDQFH WR � LV LQnQLWHVLPDO ZLOO UHGXFH

WR WKH SURSRVLWLRQ m w �� ZKLFK ZLOO UHGXFH WR WR IDOVH XVLQJ WKH DOJRULWKP RI

WKLV SDSHU�

0DWKSHUW LQFOXGHV PDQ\ PDWKHPDWLFDO RSHUDWLRQV ZLWK VLGH FRQGLWLRQV� DQG

RQH FDQ JLYH DUELWUDULO\ FRPSOLFDWHG H[DPSOHV� EXW WKHVH PDWKHPDWLFDOO\ VLPSOH

H[DPSOHV VKRXOG VXpFH WR LOOXVWUDWH WKH ORJLFDO SRLQWV LQYROYHG�

��� &RUUHFWQHVV RI WKH $OJRULWKP

7KH DERYH H[DPSOHV LOOXVWUDWH WKH XVH RI QRQVWDQGDUG DQDO\VLV LQ DVVLVWLQJ ZLWK
LQIHUHQFHV DQG UHGXFWLRQV PDGH LQVLGH WKH VFRSH RI D OLPLW� 7KH SDSHU ZLOO JLYH
DQ DOJRULWKP PDNLQJ WKLV PHWKRG V\VWHPDWLF� ,Q SDUWLFXODU� WKH DOJRULWKP PXVW
HOLPLQDWH D QRQVWDQGDUG YDULDEOH LQWURGXFHG LQ WKLV ZD\� &HUWDLQ VWHSV RI WKH
DOJRULWKP UHSODFH D IRUPXOD VXFK DV m � � E\ D IRUPXOD �IRU H[DPSOH IDOVH�
ZKLFK LV QRW ORJLFDOO\ HTXLYDOHQW� 7KHUHIRUH D FRUUHFWQHVV SURRI LV FDOOHG IRU�
7KHRUHP � RI WKLV SDSHU SURYLGHV VXFK D FRUUHFWQHVV SURRI� 7KH SURRI LV EDVHG
RQ ?LQWHUYDO VHPDQWLFV�� D IRUPXOD ��m� LQYROYLQJ WKH QRQVWDQGDUG YDULDEOH m
LV LQWHUSUHWHG WR PHDQ WKDW ��[� LV WUXH IRU DOO [ LQ D VXLWDEOH �SXQFWXUHG�
QHLJKERUKRRG RI WKH OLPLW SRLQW� �7KH QHLJKERUKRRG ZLOO EH RQH�VLGHG IRU D
RQH�VLGHG OLPLW��

� /RJLF ZLWK W\SHV DQG SDUWLDO WHUPV

7KH PDLQ SXUSRVH RI WKLV SDSHU LV WR GHVFULEH DQ DOJRULWKP IRU ?LQnQLWHVLPDO
HOLPLQDWLRQ� DQG SURYH LWV FRUUHFWQHVV� +RZHYHU� LW LV QRW VR HDV\ HYHQ WR VWDWH

WKH FRUUHFWQHVV WKHRUHP� DV WKDW QHFHVVDULO\ LQYROYHV D IRUPDO ORJLFDO WKHRU\ IRU
FDOFXOXV� 6LQFH WKH DOJRULWKP LQYROYHV QRQVWDQGDUG DQDO\VLV� ZH DOVR QHHG D
IRUPDO WKHRU\ IRU QRQVWDQGDUG DQDO\VLV� ,Q WKLV VHFWLRQ ZH IRUPXODWH D VXLWDEOH
nUVW�RUGHU WKHRU\ RI VWDQGDUG FDOFXOXV� 7KLV UHTXLUHV VRPH UHIRUPXODWLRQV RI
WUDGLWLRQDO nUVW�RUGHU ORJLF� WR GHDO ZLWK SDUWLDO WHUPV VXFK DV

S
[� DQG WR GHDO

ZLWK WKH W\SH�HPEHGGLQJ SUREOHP� 5HDGHUV ZKR GR QRW ZLVK WR FKHFN WKH GHWDLOV
RI WKH FRUUHFWQHVV SURRI PD\ EH DEOH WR VNLS WKLV VHFWLRQ�

7R IRUPXODWH D WKHRU\ RI UHDO QXPEHUV ZLWK VTXDUH URRW LQ RUGLQDU\ SUHGLFDWH
ORJLF� ZH ZRXOG KDYH WR DOORZ

S
� b �� DV D WHUP� ,W LV XQQDWXUDO WR ZRUN ZLWKS

[ ZKHQ [ LV QHJDWLYH �ZKHQ ZH GR QRW KDYH FRPSOH[ QXPEHUV LQ PLQG�� ,W
LV EHWWHU WR XVH D /RJLF RI 3DUWLDO 7HUPV �/37� ZKLFK WDNHV ?W LV GHnQHG� DV
D SULPLWLYH FRQFHSW� $ VXLWDEOH ORJLF /37 KDV EHHQ IRUPXODWHG>�@� 2QH RI LWV
UXOHV IRU IRUPXOD IRUPDWLRQ LV WKDW LI W LV D WHUP� WKHQ W � LV D IRUPXOD� ZKLFK
PHDQV W LV GHnQHG�
7KH W\SH�HPEHGGLQJ SUREOHP DOUHDG\ DULVHV ZKHQ ZH ZDQW WR GLVFXVV ERWK

LQWHJHUV DQG UHDO QXPEHUV� DQG KDYH � EH ERWK DQ LQWHJHU DQG D UHDO QXPEHU�

�



7R XQGHUVWDQG WKH SUREOHP FOHDUO\� FRQVLGHU WKDW ZH ZLOO ZDQW WZR W\SHV� LQW
�IRU LQWHJHUV� DQG UHDO �IRU UHDO QXPEHUV�� ,Q D QRWDWLRQ WR EH IXOO\ H[SODLQHG
EHORZ� ZH ZULWH �[�LQW WR TXDQWLI\ RYHU LQWHJHUV� DQG [ � UHDO IRU D IRUPXOD
H[SUHVVLQJ WKDW [ LV D UHDO QXPEHU� :H FDQ WKHQ VWDWH WKH FRPPXWDWLYLW\ RI
DGGLQJ LQWHJHUV DQG UHDOV� DQG WKH FRPPXWDWLYLW\ RI DGGLQJ UHDOV DQG UHDOV� DQG
ZH VKRXOG EH DEOH WR GHULYH WKH IRUPHU IURP WKH ODWWHU�
6SHFLnFDOO\� ZH VKRXOG EH DEOH WR GHULYH �Q�LQW �[�UHDO �Q � [  [ � Q�

IURP �[�UHDO �\�UHDO �[�\  \�[�� PDNLQJ XVH RI WKH W\SH�HPEHGGLQJ D[LRP
�Q � LQW �Q � UHDO��
7KHUH DUH WZR WUDGLWLRQDO PHWKRGV WR VROYH WKH W\SH�HPEHGGLQJ SUREOHP�

7KH nUVW LV WR XVH WZR XQDU\ SUHGLFDWHV1�[� DQG 5�[�� ZLWK WKH W\SH�HPEHGGLQJ
D[LRPV 1�[� � 5�[�� 7KLV KDV WKH GLVDGYDQWDJH WKDW DOO TXDQWLnHUV PXVW EH
H[SOLFLWO\ UHODWLYL]HG WR WKHVH XQDU\ SUHGLFDWHV� 7KH VHFRQG PHWKRG LV WR XVH
D WZR�VRUWHG SUHGLFDWH FDOFXOXV� ZLWK RQH VRUW IRU LQWHJHUV DQG RQH IRU UHDOV�
7KLV KDV WKH GLVDGYDQWDJH WKDW WKHUH PXVW EH DQ H[SOLFLW W\SH�HPEHGGLQJ IXQF�
WLRQ WKDW FRQYHUWV WKH LQWHJHU � WR WKH UHDO QXPEHU �� :KHQ ZULWLQJ SDSHUV�
DV RSSRVHG WR FRPSXWHU SURJUDPV� RQH FDQ PDNH VRPH FRQYHQWLRQV WKDW VOXU
WKH GLVWLQFWLRQV EHWZHHQ WKHVH WZR DSSURDFKHV� EXW WR EH SUHFLVH RQH QHHGV DQ
DSSDUDWXV WKDW FRPELQHV WKH EHVW RI WKHVH WZR DSSURDFKHV� ,Q WKLV DSSURDFK
D YDULDEOH LV ODEHOOHG ZLWK LWV W\SH �DV LQ WZR�VRUWHG SUHGLFDWH FDOFXOXV�� EXW
SUHGLFDWH DQG IXQFWLRQ V\PEROV DUH QRW UHTXLUHG WR WDNH H[DFWO\ RQH W\SH DV
DUJXPHQW� 7KXV WKH IRUPXOD [ � \ LV ZHOO�IRUPHG UHJDUGOHVV RI ZKHWKHU [ DQG \
KDYH W\SH UHDO RU LQWHJHU� , GR QRW NQRZ RI DQ\ PHQWLRQ RI VXFK D YHUVLRQ RI
SUHGLFDWH FDOFXOXV LQ WKH OLWHUDWXUH� EXW LW LV D VWUDLJKWIRUZDUG PDWWHU WR UHGXFH
LW WR NQRZQ YHUVLRQV� DQG ZH ZLOO XVH LW� 7R LOOXVWUDWH WKH OHJDO V\QWD[� LI ZH
KDYH D W\SH LQW� WKHQ �[�LQW �\�LQW�[� \  \ � [� ZRXOG EH D OHJDO IRUPXOD�
:H XVH WKH QRWDWLRQ [�LQW WR LQGLFDWH W\SH LQIRUPDWLRQ DWWDFKHG WR D YDULDEOH�
2Q WKH RWKHU KDQG [ � LQW ZLOO EH ZULWWHQ IRU D IRUPXOD� 2pFLDOO\ WKLV VKRXOG
EH [�LQW � LQW � EXW ZH ZLOO QHYHU ZULWH LW RXW OLNH WKLV� ,Q DQ LPSOHPHQWDWLRQ�
VRPH ELWV RI �RU DFFHVVLEOH IURP� WKH REMHFW UHSUHVHQWLQJ [ ZLOO EH VHW DVLGH IRU
W\SH LQIRUPDWLRQ� DQG WKH QRWDWLRQ [�LQW LV PHDQW WR GHQRWH WKDW WKRVH ELWV
FRQWDLQ WKH FRGH IRU WKH W\SH LQW � 7KH XVH RI WZR GLmHUHQW V\PEROV [�LQW
�ZKLFK LV D YDULDEOH� DQG [ � LQW �ZKLFK LV D IRUPXOD� KHOSV LQ ZULWLQJ D SUHFLVH
JUDPPDU EHORZ�
7KLV VKRZV WKH W\SH LQIRUPDWLRQ H[SOLFLWO\� :KHQ ZULWLQJ RQ SDSHU� ZH VKRZ

WKH W\SH ODEHOV RQ YDULDEOHV RQO\ ZKHQ WKH\ DUH ERXQG� DV LQ �Q�LQW �[�UHDO�[�
Q  Q � [�� EXW WKH W\SH ODEHOV DUH QHYHUWKOHVV RpFLDOO\ SUHVHQW ZLWK HDFK
RFFXUUHQFH RI WKH YDULDEOH� :H DOVR DOORZ CW\SLQJV
 WR EH XVHG DV DWRPLF IRUPXODH�
7KXV �Q�LQW�Q � UHDO� LV D OHJDO IRUPXOD� ZKLFK FDQ EH XVHG WR H[SUHVV D W\SH�
HPEHGGLQJ�
:H VHW RXW KHUH WKH V\QWD[ DQG UXOHV RI nUVW�RUGHU ORJLF ZLWK SDUWLDO WHUPV

DQG W\SHG YDULDEOHV� 7KLV YHUVLRQ RI nUVW�RUGHU ORJLF JLYHV D JRRG VROXWLRQ RI
WKH W\SH�HPEHGGLQJ SUREOHP DQG RI WKH XQGHnQHG�WHUPV SUREOHP�
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YDULDEOH�� LGHQWLILHU�W\SH

WHUP�� YDULDEOH _ FRQVWDQW _ IXQFWRU�WHUPOLVW�

WHUPOLVW�� WHUP _ WHUP�WHUPOLVW

DWRPLF IRUPXOD�� WHUP � _

WUXH _ IDOVH _

WHUP � W\SH _

WHUP  WHUP _

WHUP LQIL[ UHODWLRQ WHUP _

SIXQFWRU�WHUPOLVW�

IRUPXOD�� DWRPLF IRUPXOD _

IRUPXOD A IRUPXOD _

IRUPXOD B IRUPXOD _

IRUPXOD � IRUPXOD _

� IRUPXOD _

� YDULDEOH �IRUPXOD�

� YDULDEOH �IRUPXOD�

IRUPXOD OLVW�� IRUPXOD _ IRUPXOD�IRUPXODOLVW _ �HPSW\!

VHTXHQW�� IRUPXODOLVW � IRUPXOD

FODVVLFDO VHTXHQW�� IRUPXODOLVW � IRUPXODOLVW

1RWH WKDW WKHVH UXOHV PDNH [�$ D YDULDEOH� QRW [ VWDQGLQJ DORQH� +RZHYHU�
LQ ZULWLQJ RQ SDSHU� ZH VXSSUHVV WKH W\SLQJ LQIRUPDWLRQ DQG MXVW ZULWH [� H[FHSW
ZKHUH TXDQWLnHUV ELQG YDULDEOHV� :H IRUPXODWH WKH ORJLF XVLQJ *HQW]HQ VHTXHQWV�
7KH UXOHV IRU SURSRVLWLRQDO FDOFXOXV DUH WKH XVXDO *HQW]HQ UXOHV �VHH H�J� V\VWHP
*� LQ .OHHQH>��@��
7R VSHFLI\ DQ\ SDUWLFXODU V\VWHP LQ WKLV ORJLF� ZH PXVW DGG JUDPPDU UXOHV

IRU IXQFWRU� SIXQFWRU� FRQVWDQW� DQG W\SH� 7KLV LV WKH VDPH DV LQ WKH XVXDO
SUHVHQWDWLRQV RI nUVW�RUGHU ORJLF� ZKHUH D SDUWLFXODU nUVW�RUGHU WKHRU\ PXVW EH
VSHFLnHG E\ LWV IXQFWLRQ V\PEROV DQG FRQVWDQWV� +HUH ZH PXVW DOVR JLYH W\SHV
DQG SIXQFWRUV� WKDW LV� V\PEROV XVHG IRU DWRPLF SURSRVLWLRQV� :H DOVR DGRSW
WKH XVXDO FRQYHQWLRQ UHJDUGLQJ DULWLHV RI IXQFWRUV� HDFK IXQFWRU FRPHV ZLWK D
VSHFLnHG DULW\� VR WKDW QRW MXVW DQ\ WHUPOLVW FDQ EH SXW LQWR MXVW DQ\ IXQFWRU�
7KH JUDPPDU DERYH GRHV QRW HQIRUFH VXFK D UHVWULFWLRQ� EXW DOO UHDGHUV ZLOO
NQRZ KRZ WR PDNH LW GR VR� DW VRPH FRVW LQ UHDGDELOLW\� 7R n[ WKH LGHDV� RQH
PD\ WDNH WKH UXOHV

W\SH ��� UHDO _ LQW

LQIL[ UHODWLRQ ��� � _ � _ � _  

IXQFWRU ��� OQ� VTUW� � � �
DQG KDYH QR UXOH DW DOO IRU SIXQFWRU�
7KH *HQW]HQ UXOHV IRU YDULDEOHV DQG TXDQWLnHUV UHTXLUH PRGLnFDWLRQ� ERWK

EHFDXVH RI WKH XVH RI /37 DQG EHFDXVH RI WKH XVH RI W\SHG YDULDEOHV� ,Q WKHVH
UXOHV� b DQG c DUH OLVWV RI IRUPXODH� $ LV D W\SH� DQG W LV D WHUP� 6XEVWLWXWLRQ
RI D WHUP IRU D YDULDEOH LV LQGLFDWHG E\ D VODVK� +HUH DUH WKH UXOHV�
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b� E � $� �>E�$ [@

b� �[�$���
b� E � $��>E�$ [@� �

b��[�$���� �

b� W � $��>W [�$@� �

b��[�$���� �

b� �>W [�$@ c� W � $

b�c� �[�$���

7KH nUVW WZR RI WKHVH UXOHV DUH VXEMHFW WR WKH XVXDO UHVWULFWLRQ RQ YDULDEOHV�
WKDW E LV QRW IUHH LQ WKH FRQFOXVLRQ RI WKH UXOH� WKDW LV� WKH SDUW EHORZ WKH OLQH�
7KHVH UXOHV DUH WKH LQWXLWLRQLVWLF UXOHV� WKH FODVVLFDO UXOHV DUH REWDLQHG MXVW E\
DOORZLQJ PRUH IRUPXODH RQ WKH ULJKW RI �� $OO WKHRULHV XVHG LQ WKLV SDSHU ZLOO
EH FODVVLFDO�
7KH XVH RI FRQVWDQW SURSRVLWLRQV WUXH DQG IDOVH UHTXLUHV WKH D[LRPV

b� WUXH

IDOVH�b� �

DQG D UHIRUPXODWLRQ RI WKH UXOH IRU LQWURGXFLQJ QHJDWLRQ�

b� �� IDOVH

b� ��
:LWK WKLV UXOH� ZH FDQ PDNH VXUH WKH VXFFHGHQW �ULJKW KDQG VLGH RI �� LV QHYHU
HPSW\�
7KH HTXDOLW\ D[LRPV LQ /37 WDNH WKH IRUP

[  [ A �[  \� \  [�

�W � BV �� W  V� A ��W�� ��V�

7KH UHODWLRQVKLS EHWZHHQ WKH WZR V\PEROV ZH KDYH XVHG IRU W\SLQJ LV JLYHQ
LQ WKH IROORZLQJ ?W\SLQJ D[LRPV��

�[�$�[ � $�

[�% � $� �]�$�[  ]�

7R LOOXVWUDWH WKH QHHG IRU WKH VHFRQG W\SLQJ D[LRP� FRQVLGHU WU\LQJ WR SURYH
�[�$�[ � LQW � [ � UHDO�� ZKHQ JLYHQ RQO\ WKH D[LRP �[�LQW �[ � UHDO�� :H
KDYH WR DUJXH DV IROORZV� /HW [�$ EH JLYHQ� 6XSSRVH [ � LQW � 7KHQ E\ WKH

�



VHFRQG W\SLQJ D[LRP� [ LV HTXDO WR VRPH LQWHJHU ]� DQG E\ WKH W\SH�HPEHGGLQJ
RI LQWHJHUV LQWR UHDOV� ] LV DOVR D UHDO� KHQFH E\ HTXDOLW\ D[LRPV [ � UHDO�
7KHUH DUH VRPH UXOHV UHTXLUHG E\ WKH ORJLF RI SDUWLDO WHUPV� 7KH nUVW RQH

VD\V WKDW WKHUH DUH QR XQGHnQHG REMHFWV� 8QGHnQHGQHVV LV D SURSHUW\ WKDW WHUPV
FDQ SRVVHVV� QRW D SURSHUW\ WKDW REMHFWV EHLQJ VSRNHQ DERXW FDQ SRVVHVV� $OO
REMHFWV H[LVW�

b� [�$ �
7KH YHUVLRQ RI /37 DOUHDG\ LQ WKH OLWHUDWXUH>�@ UHTXLUHV VWULFWQHVV� IRU HDFK

Q�DU\ IXQFWLRQ V\PERO I DQG HDFK VHTXHQFH RI WHUPV WL� DQG HDFK L � Q� ZH KDYH

I�W�� � � � � WQ� �� WL �

:H VKDOO NHHS WKLV FRQGLWLRQ LQ WKH SUHVHQW IRUPXODWLRQ� WKRXJK RQH ZRXOG OLNH
WR ZHDNHQ LW� EHFDXVH LW ZDV HVVHQWLDO WR WKH FRPSOHWHQHVV SURRI IRU /37� ,Q
SDUWLFXODU� LW LPSOLHV WKDW WKH PHDQLQJ RI W � $ LV ?W LV GHnQHG DQG RI W\SH $��
6WULFWQHVV DOVR DSSOLHV WR UHODWLRQ V\PEROV DQG HTXDOLW\�

[  \ � [ � A\ �

DQG
5�[� \�� [ � A\ �

IRU HDFK DWRPLF UHODWLRQ V\PERO 5 �LQn[ RU QRW��
1RWH WKDW LQ WKH W\SHG YHUVLRQ RI /37 SUHVHQWHG KHUH� WKH GHnQHGQHVV V\P�

ERO GRHV QRW HQWHU LQWR WKH TXDQWLnHU UXOHV�� 7KH XQW\SHG YHUVLRQ>�@ KDV WKH
UXOH

b� �>W [@ c� W �
b�c� �[���

LQ SODFH RI WKH UXOH XVHG KHUH�

b� �>W [ � $@ c� W � $

b�c� �[ � $���
<RX PLJKW ZRQGHU KRZ WKH GHnQHGQHVV V\PERO ZLOO HYHU HQWHU LQWR SURRIV WKHQ�
7KHUH DUH DW OHDVW WZR ZD\V� IURP WKH H[LVWHQFH D[LRP� DQG IURP QRQ�ORJLFDO
D[LRPV� )RU H[DPSOH� \RX PLJKW KDYH WKH QRQORJLFDO D[LRP

S
[ �� �

S
[��  [

�6LQFH ZH GLG QRW VSHFLI\ WKH JUDPPDU UXOHV IRU W\SH� WKHUH PD\ UHDOO\ EH VHYHUDO ?W\SHG

YHUVLRQV� RI RXU WKHRU\� ,I ZH IXUWKHU UHTXLUH WKDW WKHUH DUH RQO\ FRQVWDQW W\SHV� DV LV WKH FDVH

LQ 0DWKSHUW� WKHQ WKH FRQVLVWHQF\ RI WKH W\SHG YHUVLRQ IROORZV IURP WKDW RI WKH XQW\SHG YHUVLRQ

LQ WKH VDPH ZD\ DV IRU RUGLQDU\ ORJLF� E\ LQWHUSUHWLQJ WKH W\SHV DV SUHGLFDWHV� $ FRPSOHWHQHVV

WKHRUHP ZRXOG UHTXLUH DGGLWLRQDO ZRUN� EXW FRPSOHWHQHVV LV QRW XVHG LQ WKLV SDSHU�

��



ZLWK WKH DLG RI ZKLFK \RX FRXOG GHGXFH

[ � UHDO A [ � �� �S[ �

�2I FRXUVH WKH SURRI ZLOO KDYH WR XVH VRPH RWKHU QRQ�ORJLFDO D[LRPV HQDEOLQJ XV
WR SURYH WKDW VTXDUHV DUH QHYHU QHJDWLYH��
$V DQ H[DPSOH WR FODULI\ WKH UXOHV� DQG GHPRQVWUDWH KRZ W\SH HPEHGGLQJ LV

KDQGOHG� FRQVLGHU WKH FRPPXWDWLYLW\ RI DGGLWLRQ LQ WKH IRUP

�[�UHDO �\�LQW�[� \  \ � [�

7KLV LV GHULYDEOH IURP WKH W\SH HPEHGGLQJ �[�LQW�[ � UHDO� DQG WKH FRPPXWD�
WLYLW\ ODZ IRU UHDOV�

�[�UHDO �\�UHDO�[� \  \ � [�

E\ D VWUDLJKWIRUZDUG IRUPDOL]DWLRQ RI WKH LQIRUPDO DUJXPHQW� /HW [�UHDO DQG
\�LQW EH JLYHQ� WKHQ E\ WKH W\SH HPEHGGLQJ ZH KDYH [ � UHDO DQG \ � UHDO�
KHQFH [� \  \ � [� 1RWH WKDW WKH VHFRQG W\SLQJ D[LRP ZDV QRW XVHG�

5HPDUN � 2QH UHIHUHH DVNHG DERXW WKH VHPDQWLFV RI WKLV V\VWHP� IRU H[DPSOH�
ZKDW LV WKH WUXWK YDOXH RI

Sb�� �" 7KH DQVZHU LV� WKDW WKLV IRUPXOD KDV QR
WUXWK YDOXH EHFDXVH RI WKH XQGHnQHG FRQVWLWXHQW IRUPXOD� $ GHnQLWLRQ RI WKH
VHPDQWLFV ZRXOG EH VXSHUoXRXV� EHFDXVH RI WKH UHGXFWLRQ RI /37 WR RUGLQDU\
ORJLF LQ >�@� )RU D GLVFXVVLRQ RI LQWHUSUHWDWLRQV RI /37 DQG D FRPSOHWHQHVV
WKHRUHP IRU WKLV ORJLF VHH WKH H[HUFLVHV RQ SDJH �� RI %HHVRQ>�@� RU VHH %HHVRQ>�@�

� $Q D[LRPDWL]DWLRQ RI VWDQGDUG DQDO\VLV

,Q WKLV VHFWLRQ ZH nUVW JLYH D ?VWDQGDUG� WKHRU\ DGHTXDWH IRU IRUPDOL]LQJ FDOFX�
OXV� :H ZLOO NHHS WKLQJV VLPSOH E\ XVLQJ MXVW WZR EDVLF W\SHV� LQWHJHU �DEEUHYL�
DWHG LQW� DQG UHDO� +HUH LQWHJHU PHDQV QHJDWLYH RU QRQQHJDWLYH LQWHJHU� 7KH
EDVLF UHODWLRQ V\PEROV DUH  � �� �� DQG� � 7KH EDVLF IXQFWLRQV DUH [� \� [ c \�
[\� [ \� b[� :H DOVR n[ RQFH DQG IRU DOO D VHW ) RI XQDU\ IXQFWLRQV WR EH UHS�

UHVHQWHG� IRU H[DPSOH� VTXDUH URRW DQG QDWXUDO ORJ� 0DWKSHUW DFWXDOO\ LQFOXGHV

PDQ\ PRUH IXQFWLRQV� ,W LV LPSRUWDQW� KRZHYHU� WKDW WKH IXQFWLRQV GHnQHG E\

WHUPV LQ WKLV ODQJXDJH IRUP D VHW FORVHG XQGHU GLmHUHQWLDWLRQ��

�+HQFH LQ 0DWKSHUW � ZKHQ ZH ZDQWHG WR LQFOXGH WKH JDPPD IXQFWLRQ� ZH DOVR KDG WR

LQFOXGH WKH SRO\JDPPD IXQFWLRQ� ZKLFK LV QHHGHG IRU WKH GHULYDWLYHV RI WKH JDPPD IXQFWLRQ�

7KH GHULYDWLYH RI M[M LV M[M [� ZH GRQ
W PHDQ WR LPSO\ WKDW DOO WKH IXQFWLRQV DUH GLmHUHQWLDEOH

HYHU\ZKHUH� 6SHFLnFDOO\� ZH DVVXPH WKDW IRU HDFK XQDU\ IXQFWLRQ V\PERO I LQ WKH WKHRU\ WKHUH

LV D WHUP ZKLFK FDQ EH SURYHG WR GHQRWH WKH GHULYDWLYH RI I H[FHSW DW LVRODWHG SRLQWV RI WKH

GRPDLQ RI I �

��



��� 1RQORJLFDO D[LRPV

7KH QRQORJLFDO D[LRPV RI WKH WKHRU\ RI VWDQGDUG FDOFXOXV DUH DV IROORZV�

��� 7KH VFKHPD RI PDWKHPDWLFDO LQGXFWLRQ
��� 7KH D[LRPV RI RUGHUHG H[SRQHQWLDO nHOGV
��� 'HGHNLQG
V VFKHPD
��� $[LRPV DERXW WKH VSHFLnF IXQFWLRQV LQ )

'HGHNLQG
V VFKHPD H[SUHVVHV� IRU HDFK WHUP W�[� RI WKH WKHRU\� WKDW LI W�[� LV
GHnQHG DQG XQLIRUPO\ FRQWLQXRXV RQ WKH LQWHUYDO D � [ � E DQG LI D � EA W�D� �
� A W�E� ! �� WKHQ �[ � UHDO�W�[�  � A D � [ A [ � E�� 7KH XVXDO q�p GHnQLWLRQ
RI XQLIRUP FRQWLQXLW\ LV WR EH XVHG� 7KH XVH RI XQLIRUP LQVWHDG RI SRLQWZLVH
FRQWLQXLW\ LV RI QR VLJQLnFDQFH�
8QGHU ��� ZH KDYH LQFOXGHG QRW RQO\ WKH RUGHUHG nHOG D[LRPV� EXW DOVR

D[LRPV DERXW H[SRQHQWLDWLRQ� LQFOXGLQJ ERWK WKH XVXDO DOJHEUDLF D[LRPV DQG
D[LRPV UHODWLQJ H[SRQHQWLDWLRQ DQG RUGHU�
8QGHU ��� ZH LQFOXGH WKH IROORZLQJ D[LRPV IRU VTXDUH URRWV DQG ORJDULWKPV

[ w �� �
S
[��  [�

[ � �� �S[ �
[ ! �� H

OQ [  [

[ � �� � OQ[ �

��� 3XLVHX[ VHULHV

$ 3XLVHX[ VHULHV LV OLNH D SRZHU VHULHV� H[FHSW WKH H[SRQHQWV DUH PXOWLSOHV RI
VRPH n[HG IUDFWLRQ� UDWKHU WKDQ LQWHJHUV� $OVR� WKH VHULHV LV DOORZHG WR EHJLQ ZLWK
D nQLWH QXPEHU RI WHUPV ZLWK QHJDWLYH H[SRQHQWV� 3XLVHX[ VHULHV DUH GHnQHG
DQG GLVFXVVHG� IRU H[DPSOH� RQ SDJH �� RI 6LHJHO>��@� EXW WKH SUHFHGLQJ EULHI
GHVFULSWLRQ VKRXOG EH DGHTXDWH WR XQGHUVWDQG WKLV SDSHU� ,W LV QHFHVVDU\ WKDW
WKH HOHPHQWDU\ SURSHUWLHV RI 3XLVHX[ VHULHV EH SURYDEOH LQ 7 � IRU H[DPSOH� WKDW
WKH OLPLW DV [ DSSURDFKHV ]HUR RI D 3XLVHX[ VHULHV LQ [ LV HTXDO WR WKH OLPLW RI LWV
OHDGLQJ WHUP� )RU WKLV LW VXpFHV WKDW 7 SURYH WKH IXQGDPHQWDO SURSHUWLHV DERXW
ZKLFK UDWLRQDO SRZHUV RI [ GRPLQDWH ZKLFK RWKHU UDWLRQDO SRZHUV IRU VPDOO [�
7KHVH UHVXOWV FDQ EH GHULYHG IURP WKH D[LRPV RI H[SRQHQWLDO RUGHUHG nHOGV� 7KH
QRQORJLFDO D[LRPV IRU HDFK IXQFWLRQ LQFOXGHG LQ WKH WKHRU\ VKRXOG EH VXpFLHQW
WR MXVWLI\ WKH FDOFXODWLRQ RI 3XLVHX[ VHULHV IRU WKDW IXQFWLRQ ZKHUH VXFK D VHULHV
H[LVWV�

��� 6RPH H[WHQVLRQV RI WKH EDVLF WKHRU\

7KLV VHFWLRQ GHVFULEHV WKUHH LQWHUHVWLQJ H[WHQVLRQV RI WKH WKHRU\� ZKLFK IRU VLP�
SOLFLW\ KDYH EHHQ RPLWWHG IURP WKH EDVLF V\QWD[� EXW WR ZKLFK WKH UHVXOWV RI WKH
SDSHU FDQ EH H[WHQGHG�
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7UDGLWLRQDO nUVW�RUGHU ORJLF GRHV QRW DOORZ WKH IRUPDWLRQ RI WHUPV ZLWK ERXQG
YDULDEOHV� VXFK DV OLP[�F I�[� RU GHnQLWH LQWHJUDOV� ,W LV QRW GLpFXOW WR IRUPX�
ODWH WKH V\QWD[ UHTXLUHG IRU DOORZLQJ VXFK WHUPV� DQG HYHQ� XVLQJ WKH ORJLF RI
SDUWLDO WHUPV� WR DOORZ VXFK WHUPV WR EH XQGHnQHG VRPHWLPHV� �6LQFH IUHVKPHQ
DUH URXWLQHO\ UHTXLUHG WR XVH WKLV V\QWD[� LW KDG EHWWHU QRW EH WRR GLpFXOW WR
IRUPXODWH��

7KH V\VWHP LPSOHPHQWHG LQ0DWKSHUW KDV� LQ DGGLWLRQ WR WKH W\SHV LQW� UHDO�
DQG FRPSOH[� WKH W\SH QRWQXPEHU� ZKRVH PHPEHUV DUH GHQRWHG E\ FRQVWDQWV��
b�� FRPSOH[LQILQLW\� ERXQGHG RVFLOODWLRQV� DQG XQERXQGHG RVFLOODWLRQV�
ZKLFK FDQ EH XVHG DV YDOXHV RI OLPLW WHUPV� 7KHVH WHUPV DUH QRW WUHDWHG DV XQ�
GHnQHG� EXW DV GHnQHG YDOXHV ZKLFK DUH QRW UHDO �RU FRPSOH[� QXPEHUV� 7KH\
DUH YLWDO IRU WKH SURSHU WUHDWPHQW RI OLPLWV DW LQnQLW\ DQG LQnQLWH OLPLWV� 7KH
DGGLWLRQDO W\SH QRWQXPEHU ZLOO QRW EH GHDOW ZLWK LQ WKLV SDSHU� EXW LW SUHVHQWV
QR GLpFXOWLHV� WKH WUHDWPHQW RI QRQVWDQGDUG DQDO\VLV EHORZ H[WHQGV WR D WKHRU\
ZLWK WKLV W\SH�

7KH VLPSOH W\SH WKHRU\ JLYHQ KHUH LV DGHTXDWH IRU IUHVKPDQ FDOFXOXV� +RZ�
HYHU� WKH ORJLFDO IUDPHZRUN XVHG H[WHQGV HDVLO\ WR WKH W\SH WKHRULHV SURPXOJDWHG
LQ D VHULHV RI SDSHUV RYHU WKH ODVW FRXSOH RI GHFDGHV E\ 6� )HIHUPDQ� $ UHFHQW
IRUPXODWLRQ FDQ EH IRXQG LQ )HIHUPDQ>��@� 7KH UHVXOWV JLYHQ LQ WKLV SDSHU ZLOO
H[WHQG WR WKLV VHWWLQJ� DQG WKH DOJRULWKPV GLVFXVVHG EHORZ PD\ KDYH HYHQ PRUH
LQWHUHVWLQJ DSSOLFDWLRQV DW KLJKHU W\SHV� ,Q SDUWLFXODU )HIHUPDQ
V WKHRULHV DOORZ
DQ LQWHUHVWLQJ PL[WXUH RI W\SHG DQG XQW\SHG YDULDEOHV�

� $Q D[LRPDWL]DWLRQ RI QRQVWDQGDUG DQDO\VLV

*LYHQ D W\SHG ODQJXDJH VXFK DV KDV EHHQ GHVFULEHG� ZH DGG D QHZ W\SH FRUUH�
VSRQGLQJ WR HDFK ROG W\SH� ,Q RXU FDVH� ZH DGG WKH W\SHV RI H[WHQGHG LQWHJHU DQG
H[WHQGHG UHDO� ZKLFK ZH DEEUHYLDWH DV HLQW DQG HUHDO� ,QWXLWLYHO\� WKH QRQQHJD�
WLYH H[WHQGHG LQWHJHUV DUH D QRQVWDQGDUG PRGHO RI �DW OHDVW� 3HDQR $ULWKPHWLF�
DQG WKH H[WHQGHG UHDOV DUH �DW OHDVW� D QRQ�$UFKLPHGHDQ UHDO�FORVHG nHOG LQ�
FOXGLQJ WKH QRQVWDQGDUG LQWHJHUV� :H UHIHU WR LQW DQG UHDO DV WKH ?VWDQGDUG�
W\SHV DQG HLQW DQG HUHDO DV WKH ?H[WHQGHG� W\SHV�
7KH WZR SLHFHV RI V\QWD[ WKDW HQDEOH XV VSHFLnFDOO\ WR GHDO ZLWK QRQVWDQGDUG

FRQFHSWV DUH DV IROORZV� D ELQDU\ UHODWLRQ [ z \� ZKRVH LQWHQGHG PHDQLQJ LV ?[b\
LV LQnQLWHVLPDO �RU ]HUR��� DQG D XQDU\ IXQFWLRQ V\PERO >>[@@ IRU WKH VWDQGDUG SDUW
RI [�
7KH VWDQGDUG IUDJPHQW RI RXU WKHRU\ FRQVLVWV RI WKH IRUPXODH DQG WHUPV

EXLOW XS ZLWKRXW PHQWLRQLQJ WKH H[WHQGHG W\SHV HUHDO DQG HLQW� DQG ZLWKRXW
PHQWLRQLQJ z DQG >>c@@� ,Q SDUWLFXODU� D VWDQGDUG IRUPXOD LV RQH FRQWDLQLQJ QR
YDULDEOHV �ERXQG RU IUHH� RI W\SH HLQW RU HUHDO� DQG QRW FRQWDLQLQJ z RU >>c@@�
:H VKDOO OLVW WKH QRQORJLFDO D[LRPV RI RXU WKHRU\ SUHFLVHO\� 7KH nUVW JURXS

RI QRQORJLFDO D[LRPV DUH WKH W\SH�HPEHGGLQJ D[LRPV� 7KH\ VD\ WKDW DQ LQW LV
ERWK D UHDO DQG DQ HLQW� DQG HYHU\WKLQJ LV DQ HUHDO�

��



[ � LQW � [ � UHDO

[ � LQW � [ � HLQW

[ � HUHDO

7KH QH[W D[LRPV FRQFHUQ WKH FRQJUXHQFH UHODWLRQ�
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7KH QH[W D[LRPV FRQFHUQ WKH VWDQGDUG SDUW� 7KH\ VD\ WKDW WKH VWDQGDUG
SDUW LV D SDUWLDO IXQFWLRQ PDSSLQJ H[WHQGHG UHDOV WR UHDOV� H[WHQGHG LQWHJHUV WR
LQWHJHUV� ZKLFK LV WKH LGHQWLW\ RQ WKH VWDQGDUG UHDOV DQG LQWHJHUV� DQG UHVSHFWV
WKH FRQJUXHQFH UHODWLRQ� 0RUHRYHU� WZR QXPEHUV DUH FRQJUXHQW LI WKH\ KDYH WKH
VDPH VWDQGDUG SDUW� �,QWXLWLYHO\� WKH VWDQGDUG SDUW LV D SDUWLDO IXQFWLRQ EHFDXVH
LW LV QRW UHTXLUHG WR EH GHnQHG RQ ?LQnQLWH� H[WHQGHG UHDOV� EXW RQO\ RQ WKRVH
UHDOV ZKLFK DUH LQnQLWHVLPDOO\ FORVH WR D VWDQGDUG UHDO��

[ z \ A >>[@@ �� >>[@@  >>\@@

>>[@@  >>\@@� [ z \

[ � HUHDO A >>[@@ �� >>[@@ � UHDO

[ � HLQW A >>[@@ �� >>[@@ � LQW

>>[@@ �� [ z >>[@@

[ � LQW � >>[@@  [

[ � UHDO � >>[@@  [

7KHVH D[LRPV GR QRW SUHYHQW FRQJUXHQFH IURP EHLQJ ?WRR VPDOO�� 7KH IRO�
ORZLQJ D[LRP VD\V WKDW WKH SRVLWLYH QXPEHUV FRQJUXHQW WR ]HUR DUH H[DFWO\ WKRVH
OHVV WKHQ WKH UHFLSURFDOV RI DOO WKH VWDQGDUG LQWHJHUV� 7KLV LV FDOOHG WKH D[LRP

RI LQnQLWHVLPDOV�

[ z \ � �Q�LQW �Q ! �� M[b \M � � Q�

1RWH WKDW WKH YHUVLRQ RI WKH ORJLF RI SDUWLDO WHUPV ZH XVH UHTXLUHV DOO SUHG�
LFDWHV WR EH ?VWULFW�� ,Q SDUWLFXODU [  \ � [ �� VR WKH SUHYLRXV D[LRPV LPSO\
>>[@@ LV GHnQHG ZKHQHYHU WKH W\SH RI [ LV D VWDQGDUG W\SH�
7KH ODVW D[LRP LV QHHGHG WR PDNH VXUH WKH H[WHQGHG W\SHV UHDOO\ DUH GLmHUHQW

IURP WKH VWDQGDUG W\SHV�

�[�HLQW �Q�LQW �[ ! Q�

([HUFLVH � 3URYH >>[� \@@  >>[@@ � >>\@@�
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��� 7UDQVIHUHQFH

7KH WUDQVIHU RI D VWDQGDUG IRUPXOD $ LV DQRWKHU IRUPXOD $e� REWDLQHG E\ FKDQJ�
LQJ WKH W\SH RI ERXQG YDULDEOHV IURP LQW WR HLQW DQG IURP UHDO WR HUHDO� �,I
WKHUH ZHUH PRUH W\SHV LQ RXU WKHRU\� WKH\ ZRXOG FRPH LQ SDLUV� VWDQGDUG DQG
H[WHQGHG� DQG WKH WUDQVIHU ZRXOG UHSODFH HDFK VWDQGDUG W\SH E\ LWV H[WHQGHG
FRXQWHUSDUW��

*LYHQ D WKHRU\ 7 LQ WKH VWDQGDUG IUDJPHQW RI RXU ODQJXDJH� ZH IRUP WKH
QRQVWDQGDUG YHUVLRQ RI 7� ZKLFK ZH FDOO 7e� E\ DGGLQJ WR 7 DOO WKH IRUPXODH
$
e
� $ IRU $ D VWDQGDUG IRUPXOD RI 7 � $Q\ IUHH YDULDEOHV LQ $ MXVW SOD\ WKH

UROH RI n[HG �VWDQGDUG� SDUDPHWHUV�

��� 1RQVWDQGDUG 7UHDWPHQW RI /LPLWV

/HW 7 EH DQ RUGLQDU\ PDWKHPDWLFDO WKHRU\ IRUPXODWHG LQ WKH VWDQGDUG IUDJPHQW
RI WKH ODQJXDJH GLVFXVVHG DERYH� :H VXSSRVH WKDW 7 FRQWDLQV WKH VFKHPD RI
PDWKHPDWLFDO LQGXFWLRQ� DQG DW OHDVW WKH D[LRPV RI WKH WKHRU\ RI RUGHUHG nHOGV
�LQ ZKLFK HYHU\ SRVLWLYH HOHPHQW KDV D VTXDUH URRW�� 7KLV LV HQRXJK WR GHnQH
DEVROXWH YDOXHV� DQG KHQFH WR VWDWH WKH XVXDO q�p GHnQLWLRQ RI OLPLW� DQG SURYH
WKH EDVLF WKHRUHPV DERXW WKDW FRQFHSW�

,I 7 LV IRUPXODWHG VR DV WR H[SOLFLWO\ LQFOXGH OLPLW WHUPV� ZH VXSSRVH WKDW 7
DOVR LQFOXGHV D GHnQLQJ D[LRP VFKHPD PDNLQJ WKH YDOXH RI OLPLW WHUPV HTXDO WR
ZKDW \RX JHW IURP WKH q�p GHnQLWLRQ� 6SHFLnFDOO\� IRU HDFK WHUP W RI 7 � ZH KDYH

OLP
[�F

W  \� �q�UHDO �p�UHDO �[�UHDO �� � M[b FM � p � MWb \M � q�

,Q WKLV IRUPXOD WKH YDULDEOH \ KDV W\SH UHDO � QRW HUHDO � 6LQFH ZH KDYH QRW
IRUPXODWHG 7 ZLWK H[SOLFLW OLPLW WHUPV� WKH PHDQLQJ RI WKLV IRUPXOD LV WKDW WKH
OHIW�KDQG VLGH LV DQ DEEUHYLDWLRQ �DW WKH PHWD�OHYHO� IRU WKH ULJKW�KDQG VLGH�
:H ZLOO QRZ JLYH WKH QRQVWDQGDUG FKDUDFWHUL]DWLRQ RI OLPLWV LPSOHPHQWHG LQ

0DWKSHUW LWV SUHFLVH ORJLFDO VWDWHPHQW� 7KLV LV� RI FRXUVH� QRW QHZ� LW LV MXVW WKH
XVXDO QRQVWDQGDUG FKDUDFWHUL]DWLRQ RI OLPLWV�>��@ 7KH QHZ SRLQWV DERXW LW PDGH
KHUH DUH ��� WKLV FKDUDFWHUL]DWLRQ FDQ EH IRUPDOL]HG LQ WKH WKHRU\ 7e� DQG ���
7e FDQ EH� DQG KDV EHHQ� FRPSXWDWLRQDOO\ LPSOHPHQWHG�

5HPDUN � ,W VKRXOG EH QRWHG WKDW RXU WKHRU\ LV PXFK ZHDNHU WKDQ WKH XVXDO
WKHRULHV RI QRQVWDQGDUG DQDO\VLV� LQ WKDW WKHUH DUH QR YDULDEOHV IRU UHDO�YDOXHG
IXQFWLRQV� RU HYHQ VHTXHQFHV RI UHDOV� $OO IXQFWLRQV DUH JLYHQ E\ H[SOLFLW WHUPV RI
WKH WKHRU\� 7KLV LV QRW LPSRUWDQW WR WKH PHWKRGV LOOXVWUDWHG KHUH� ZKLFK ZRXOG
DSSO\ WR DQ\ QDWXUDO PDWKHPDWLFDO WKHRU\� ,W GRHV PHDQ WKDW WKHUH LV VRPHWKLQJ
WR EH FKHFNHG� DV WKH XVXDO SURRI LQYROYHV XVLQJ WKH WUDQVIHUHQFH SULQFLSOH LQ WKH
IRUP WKDW VD\V VHTXHQFHV GHnQHG RQ WKH VWDQGDUG LQWHJHUV H[WHQG WR VHTXHQFHV
GHnQHG RQ WKH H[WHQGHG LQWHJHUV�

7KHRUHP� ,I 7 FRQWDLQV WKH D[LRPV RI RUGHUHG nHOGV DQG WKH VFKHPD RI PDWK�

HPDWLFDO LQGXFWLRQ� WKHQ OLP
[�F

I�[�  \ LV HTXLYDOHQW LQ 7e WR �m�HUHDO�m z 
F A m� F� I�m� z \��
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3URRI � 6XSSRVH OLP[�F I�[�  \� 7KHQ OHW m z F� EXW m � F� :H PXVW VKRZ
I�m� z \� :H KDYH E\ WKH GHnQLWLRQ RI OLPLW

�q�UHDO �p�UHDO �[�UHDO �� � M[b FM � p� MI�[�b \M � q�

/HW Q EH D VWDQGDUG LQWHJHU� DQG WDNH q  � Q� :H WKXV KDYH D VWDQGDUG UHDO p
VXFK WKDW

�[�UHDO �� � M[b FM � p� MI�[� b \M � � Q��

1RWH WKDW WUDQVIHUHQFH LV DSSOLFDEOH VLQFH \ LV VWDQGDUG� %\ WUDQVIHUHQFH� ZH
KDYH

�[�HUHDO �� � M[b FM � p � MI�[�b \M � q�

7DNH [  m� :H KDYH � � Mmb FM� +HQFH

Mmb FM � p� MI�m�b \M � � Q�

%XW VLQFH m z F� ZH KDYH Mmb FM � p E\ WKH D[LRP RI LQnQLWHVLPDOV� 7KHUHIRUH
MI�m�b \M � � Q� +HQFH� E\ WKH D[LRP RI LQnQLWHVLPDOV� I�m� z \�
1RZ IRU WKH RWKHU GLUHFWLRQ� :H SURFHHG E\ FRQWUDGLFWLRQ�� 6XSSRVH [ z 

F� I�[� z \� DQG VXSSRVH WKDW I�[� GRHV QRW DSSURDFK \ DV [� F� 7KHQ

�q�UHDO �q ! � A �N�LQW �[�UHDO �� � M[b FM � � N A MI�[�b \M ! q�

)L[ VXFK D �VWDQGDUG� q� 7KHQ DSSO\LQJ WUDQVIHUHQFH�

�N�HLQW �[�HUHDO �M[b FM � � N A MI�[�b \M ! q�

&KRRVH DQ LQnQLWH LQWHJHU N� DQG OHW [ EH VXFK WKDW M[b FM � � N A MI�[�b \M !
q� 7KHQ E\ WKH D[LRP RI LQnQLWHVLPDOV� [ z F� VR ZH KDYH I�[� z \� ZKLFK
FRQWUDGLFWV MI�[� b \M ! q�

��� &RQYHUWLQJ QRQVWDQGDUG SURRIV WR VWDQGDUG SURRIV

:KDW ZH QHHG WR NQRZ LV WKDW LI D VWDQGDUG WKHRUHP LV SURYHG XVLQJ QRQVWDQGDUG

PHWKRGV LW LV WUXH� ,Q RUGHU WR TXRWH WKH ZHOO�NQRZQ IDFW WKDW HYHU\ WKHRUHP

ZLWK D QRQVWDQGDUG SURRI DOVR KDV D VWDQGDUG SURRI� ZH QHHG WR FRQQHFW RXU

WKHRU\ 7 e ZLWK VRPH WKHRU\ LQ WKH OLWHUDWXUH� IRU ZKLFK WKDW FRQVHUYDWLRQ UHVXOW

KDV EHHQ SURYHG�� 7KHUH DUH VHYHUDO D[LRPDWL]DWLRQV RI QRQVWDQGDUG DQDO\VLV LQ

WKH OLWHUDWXUH� 5RELQVRQ KLPVHOI EHJDQ ZLWK D W\SH�WKHRUHWLF YHUVLRQ DQG ODWHU
JDYH D VHW�WKHRUHWLF YHUVLRQ>��@� .UHLVHO>��@ JDYH RQH DV D SUHOLPLQDU\ WR KLV

WKHRUHP� 0RUH UHFHQWO\� (� 1HOVRQ GHYHORSHG KLV WKHRU\ ,67�>��� ��@ 7KH PRVW

�&ODVVLFDO ORJLF VHHPV QHFHVVDU\ KHUH� EHFDXVH WKH FRQJUXHQFH IRUPXODWLRQ RI OLPLWV GRHV
QRW FRQWDLQ WKH FRPSXWDWLRQDO LQIRUPDWLRQ DERXW KRZ WR FRPSXWH p DV D IXQFWLRQ RI q�

�6XFK D WKHRUHP ZDV nUVW SURYHG E\ .UHLVHO�>��@ 7KH RULJLQDO SURRI LV KLJKO\ PRGHO�WKHRUHWLF
LQ QDWXUH� DQG JLYHV QR KLQW RI KRZ WR WUDQVIRUP D QRQVWDQGDUG SURRI H[SOLFLWO\ LQWR D ?FRUUH�
VSRQGLQJ� VWDQGDUG SURRI�
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EHDXWLIXO SURRI RI VXFK D FRQVHUYDWLRQ UHVXOW LV IRXQG LQ 1HOVRQ
V D[LRPDWL]DWLRQ�
VR ZH ZLOO UHIHU WR WKDW YHUVLRQ�

1HOVRQ
V WKHRU\ LV IRUPHG IURP D WKHRU\ RI VWDQGDUG DQDO\VLV E\ DGGLQJ D
QHZ XQDU\ SUHGLFDWH VWDQGDUG �DQG WKUHH D[LRPV� ZKLFK ZH GR QRW GLVFXVV KHUH��
7KH PDLQ GLmHUHQFH EHWZHHQ 7e DQG ,67 LV QRW LQ WKH QRQVWDQGDUG SDUW DW DOO�
EXW LQ WKH IDFW WKDW ,67 LV EDVHG RQ VHW WKHRU\� ZKLOH 7e LV D W\SHG WKHRU\� ,W LV
ZHOO NQRZQ� KRZHYHU� KRZ WR LQWHUSUHW W\SHV LQ VHW WKHRU\� VR WKDW HDFK IRUPXOD
$ RI 7 KDV DQ LQWHUSUHWDWLRQ LQ =HUPHOR VHW WKHRU\ =� 2XU nUVW WDVN LV WR H[WHQG
WKDW LQWHUSUHWDWLRQ WR DQ LQWHUSUHWDWLRQ RI 7e LQ ,67�
)LUVW� , ZLOO VKRZ KRZ WR GHnQH WKH IXQGDPHQWDO FRQFHSWV [ z \ DQG \  >>[@@

RI 7e LQ WHUPV RI ,67� 1HOVRQ GHnQHV ?LQnQLWHVLPDO� WR PHDQ SRVLWLYH EXW OHVV
WKDQ DOO VWDQGDUG UHDOV� DQG WKHQ KH GHnQHV [ z \ LI [b \ LV LQnQLWHVLPDO� 2QH
FDQ WKHQ GHnQH WKH VWDQGDUG SDUW RI [ DV WKDW �QHFHVVDULO\ XQLTXH� VWDQGDUG
QXPEHU \ VXFK WKDW [ z \� LI VXFK D \ H[LVWV� 7KH IXQGDPHQWDO W\SHV HUHDODQG
UHDO� HLQW DQG LQW� DOVR KDYH QDWXUDO LQWHUSUHWDWLRQV LQ ,67� HQDEOLQJ XV WR
WUDQVODWH DWRPLF IRUPXODH RI WKH IRUP W � $� 7\SHV DUH VLPSO\ LQWHUSUHWHG DV VHWV�
7KH HDVLHVW ZD\ WR KDQGOH WKH GHnQHGQHVV V\PERO LV WR FKRRVH VRPH RWKHUZLVH
LUUHOHYDQW VHW MXQN DQG PDNH LW WKH YDOXH RI DOO XQGHnQHG WHUPV� 2I FRXUVH� MXQN
FDQQRW EH D �VWDQGDUG RU QRQVWDQGDUG� UHDO QXPEHU� 7KHQ WKH LQWHUSUHWDWLRQ
RI [ � LV MXVW [� MXQN� 7KHVH UXOHV GHWHUPLQH D QDWXUDO WUDQVODWLRQ RI 7e LQWR
,67�
1HOVRQ SURYHG WKH FRQVHUYDWLRQ UHVXOW WKDW LI $ LV DQ LQWHUQDO IRUPXOD SURY�

DEOH LQ ,67� WKHQ $ KDV D SURRI LQ WKH VWDQGDUG VHW WKHRU\ RQ ZKLFK ,67 LV
EDVHG�� $SSO\LQJ 1HOVRQ
V WKHRUHP� ZH REWDLQ WKH GHVLUHG UHVXOW�

7KHRUHP� /HW $ EH D VWDQGDUG WKHRUHP RI 7e� 7KHQ WKH WUDQVODWLRQ RI $ LQWR

,67 KDV D VWDQGDUG SURRI LQ FODVVLFDO =HUPHOR VHW WKHRU\�

3URRI � /HW $ EH D VWDQGDUG WKHRUHP RI 7e� 7KHQ WKH WUDQVODWLRQ RI $ LQWR

,67 KDV D SURRI LQ ,67� %\ 1HOVRQ
V WKHRUHP� LW KDV D SURRI LQ =HUPHOR VHW

WKHRU\�

� $Q LQnQLWHVLPDO�HOLPLQDWLRQ DOJRULWKP

7KLV VHFWLRQ FRQWDLQV D SUHFLVH GHnQLWLRQ RI WKH LQnQLWHVLPDO�HOLPLQDWLRQ DOJR�

ULWKP XVHG E\0DWKSHUW � 7KH SXUSRVH RI WKH DOJRULWKP LV WR HOLPLQDWH D QRQVWDQ�

GDUG YDULDEOH ZKLFK ZDV LQWURGXFHG ZKHQ FRPSXWDWLRQ HQWHUHG D OLPLW WHUP� VR

WR HDFK QRQVWDQGDUG YDULDEOH m�HUHDO WKHUH FRUUHVSRQGV DQ DVVXPSWLRQ m z [�
ZKHUH [ LV D VWDQGDUG YDULDEOH� ,I WKH OLPLW LV RQH�VLGHG� WKHUH LV DOVR DQ DV�
VXPSWLRQ [ � m �IRU OLPLWV IURP WKH ULJKW� RU m � [ �IRU OLPLWV IURP WKH OHIW��
RWKHUZLVH WKHUH LV DQ DVVXPSWLRQ [ � m� 7KXV HDFK QRQVWDQGDUG YDULDEOH KDV

�0RUHRYHU� WKH SURRI LV IXOO\ FRQVWUXFWLYH� XQOLNH WKH RULJLQDO SURRI RI .UHLVHO
V WKHRUHP�

1HOVRQ JLYHV DQ DOJRULWKP IRU FRQYHUWLQJ QRQVWDQGDUG SURRIV LQWR VWDQGDUG SURRIV� 7KH DOJR�

ULWKP LV UHPLQLVFHQW RI WKH *�RGHO 'LDOHFWLFD LQWHUSUHWDWLRQ�
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D ?GRPDLQ LQHTXDOLW\� DVVRFLDWHG WR LW� $V D PDWWHU RI QRWDWLRQ� ZH ZLOO XVH m
IRU D �WKH� QRQVWDQGDUG YDULDEOH DVVRFLDWHG WR D OLPLW DV [ DSSURDFKHV F� DQG
ZH ZLOO XVH K IRU WKH FRUUHVSRQGLQJ LQnQLWHVLPDO TXDQWLW\ mb F� 6WULFWO\ VSHDN�
LQJ ?LQnQLWHVLPDO HOLPLQDWLRQ� LV RQO\ DFFXUDWH ZKHQ F  �� JHQHUDOO\ ZH DUH
HOLPLQDWLQJ D QRQVWDQGDUG YDULDEOH m�
7KH DOJRULWKP WR EH GHnQHG KHUH HOLPLQDWHV RQO\ RQH LQnQLWHVLPDO� )RUPXODV

LQYROYLQJ QHVWHG �LWHUDWHG� OLPLWV FDQ WKHUHIRUH QRW EH WUHDWHG E\ WKLV PHWKRG�
:KHWKHU WKLV OLPLWDWLRQ FDQ EH UHPRYHG E\ PRUH FDUHIXO ERRNNHHSLQJ� ZH GR
QRW NQRZ� 7KH XVHIXOQHVV RI WKH DOJRULWKP GHSHQGV RQ FRPSXWDWLRQDO FRGH IRU
FRPSXWLQJ OLPLWV� ZKLFK LQ WXUQ UHOLHV RQ 3XLVHX[ VHULHV FRPSXWDWLRQV� DQG WKH
FRPSXWDWLRQ RI QHVWHG OLPLWV LV QRWRULRXVO\ PRUH GLpFXOW WKDQ VLPSOH OLPLWV�
3UREDEO\ WKH GLpFXOW\ RI FRPSXWDWLRQ LV WKH PDLQ REVWDFOH WR H[WHQGLQJ WKH
PHWKRG� UDWKHU WKDQ DQ\ LQKHUHQW ORJLFDO GLpFXOWLHV�

��� ,QWURGXFWLRQ WR WKH $OJRULWKP

7KH PHWKRG FDQ EH SDUWO\ GHVFULEHG DV D VPDOO FROOHFWLRQ RI UHZULWH UXOHV� IRU
UHGXFLQJ ORJLFDO IRUPXODH WR VLPSOHU ORJLFDO IRUPXODH� 2QH KRSHV WKDW YDULDEOHV
RI W\SH HUHDO ZLOO EH HOLPLQDWHG E\ WKH UHZULWLQJ� VR WKDW D ORJLFDO IRUPXOD
JHQHUDWHG LQVLGH WKH VFRSH RI D ERXQG OLPLW YDULDEOH �DQG KHQFH LQYROYLQJ DQ
LQnQLWHVLPDO� ZLOO EH UHGXFHG WR D VWDQGDUG IRUPXOD QRW LQYROYLQJ WKH ERXQG
YDULDEOH� 7KH UXOHV LQYROYH WKH GHFRPSRVLWLRQ RI DQ H[WHQGHG UHDO LQWR LWV ?VWDQ�
GDUG SDUW� DQG LWV ?QRQVWDQGDUG SDUW�� DQDORJRXV WR WKH GHFRPSRVLWLRQ RI D
FRPSOH[ QXPEHU LQWR UHDO DQG LPDJLQDU\ SDUW� :H KDYH DOUHDG\ LQWURGXFHG WKH
QRWDWLRQ >>[@@ IRU WKH VWDQGDUG SDUW� OHW XV GHnQH 16�[�  [ b >>[@@� +HUH DUH
WKH WZR PRVW LPSRUWDQW UXOHV� �7KHVH DUH ORJLFDO HTXLYDOHQFHV� EXW WKH\ ZLOO EH
XVHG DV UHZULWH UXOHV IURP OHIW WR ULJKW��

[ � \� >>[@@ � >>\@@ B �>>[@@  >>\@@ A16�[� �16�\�
[ � \� >>[@@ � >>\@@ B �>>[@@  >>\@@ A16�[� �16�\�

7KHVH UXOHV GR QRW \HW FRQVWLWXWH WKH GHnQLWLRQ RI DQ DOJRULWKP� )RU RQH WKLQJ�
ZH KDYHQ
W VDLG KRZ WR DSSO\ WKH UXOHV� RU KRZ WR FRPSXWH WKH VWDQGDUG DQG
QRQVWDQGDUG SDUWV LQYROYHG� %XW PRUH LPSRUWDQWO\� WKHVH UXOHV DORQH ZRQ
W GR
WKH MRE� &RQVLGHU WKH H[DPSOH RI FRPSXWLQJ WKH GHULYDWLYH RI

S
[� 8QGHU WKH

OLPLW� ZH KDYH WR VLPSOLI\
S
[� K �� 7KLV FRPHV WR � � [�K� 7KH VWDQGDUG SDUW

RI [� K LV [ DQG WKH QRQVWDQGDUG SDUW LV K� VR WKH UXOHV DERYH VLPSOLI\ WKLV WR
� � [B��  [A� � K�� :KDW0DWKSHUW GRHV ZKHQ VLPSOLI\LQJ � � K LV WR VHDUFK
IRU WKH GRPDLQ LQHTXDOLW\ LQ WKH OLVW RI DVVXPSWLRQV �WKDW LV� LQ WKH DQWHFHGHQW
RI WKH FXUUHQW VHTXHQW�� ,I WKLV LQHTXDOLW\ LV K � �� VKRZLQJ WKDW WKH OLPLW LW
FDPH IURP ZDV D WZR�VLGHG OLPLW� WKHQ 0DWKSHUW VLPSOLnHV � � K WR IDOVH� 7KLV
SURFHGXUH FDQQRW EH GHVFULEHG DV D UHZULWH UXOH� HYHQ D UHZULWH UXOH ZLWK VLGH
FRQGLWLRQ� ,W GRHV KDYH WKH GHVLUHG UHVXOW� DW OHDVW LQ WKLV H[DPSOH� EHFDXVH WKHQ
� � [ B �[  � A � � K� VLPSOLnHV WR � � [� 7KH QRQVWDQGDUG YDULDEOH K KDV
EHHQ HOLPLQDWHG FRUUHFWO\� 1RWH WKDW LI ZH KDG EHHQ FDOFXODWLQJ WKH RQH�VLGHG

��



OLPLW IURP WKH ULJKW� � � K ZRXOG KDYH VLPSOLnHG WR WUXH E\ WKH RUGLQDU\ UXOHV
XVHG E\ 0DWKSHUW� XVLQJ WKH GRPDLQ LQHTXDOLW\ � � K� VR ZH ZRXOG KDYH FRPH
RXW ZLWK � � [ B �  [� ZKLFK VLPSOLnHV WR � � [�
7KH WKLUG UXOH XVHG LQ WKH LQnQLWHVLPDO HOLPLQDWLRQ DOJRULWKP LV WKLV� ,I WKH

GRPDLQ LQHTXDOLW\ IRU WKH QRQVWDQGDUG YDULDEOH m LV m� F� WKHQ m � F� m � F�
m ! F� DQG m w F DOO UHZULWH WR IDOVH� 7KLV UXOH PD\ DSSHDU SUREOHPDWLF�
VLQFH LW FHUWDLQO\ VKRZV WKDW WKH ?UHZULWH� LQ TXHVWLRQ GRHV QRW SUHVHUYH D GLUHFW
ORJLFDO HTXLYDOHQFH� +RZHYHU� LQ WKH LQIRUPDO ?LQWHUYDO VHPDQWLFV� PRWLYDWLQJ
WKH DOJRULWKP� WKH IRUPXOD ��m� PHDQV WKDW � LV WUXH LQ D QHLJKERUKRRG RI WKH
OLPLW SRLQW F� DQG LQWHUSUHWHG WKLV ZD\� LW PDNHV VHQVH WR UHZULWH m ! F DV IDOVH�
HWF�
7KH VWDQGDUG SDUW RI [� GHQRWHG >>[@@ DERYH� LV DEVWUDFWO\ GHnQHG� VR WKH DO�

JRULWKP IRU LQnQLWHVLPDO HOLPLQDWLRQ FDQ
W EH FRQVLGHUHG GHnQHG E\ WKH DERYH
WKUHH UXOHV XQWLO ZH JLYH PHWKRGV IRU FRPSXWLQJ WKH VWDQGDUG DQG QRQVWDQGDUG
SDUW� $ FRPSXWDWLRQDO SURFHGXUH VWGSDUW �LPSOHPHQWHG LQ0DWKSHUW� DWWHPSWV
WR FRPSXWH >>W@@ IRU DQ H[SOLFLWO\ JLYHQ WHUP W� 7KLV IXQFWLRQ FRPSXWHV WKH VWDQ�
GDUG SDUW RI D YDULDEOH [ RI W\SH HUHDO RU HLQW E\ ORRNLQJ LQ WKH OLVW RI FXUUHQW
DVVXPSWLRQV IRU DQ DVVXPSWLRQ [ z W� DQG UHWXUQLQJ VWGSDUW�W�� 7KH VWDQGDUG
SDUW RI DQ H[SUHVVLRQ QRW LQYROYLQJ DQ\ YDULDEOHV RI W\SH HUHDO RU HLQW LV MXVW
WKH LQSXW H[SUHVVLRQ� 2Q FRPSRXQG H[SUHVVLRQV FRQWDLQLQJ QRQVWDQGDUG YDUL�
DEOHV� VWGSDUW XVHV OHDGLQJ WHUPV RI 3XLVHX[ VHULHV LQ D ZD\ GHVFULEHG LQ PRUH
GHWDLO DW WKH HQG RI WKLV VHFWLRQ� ,Q DSSO\LQJ WKH WZR UHZULWH UXOHV OLVWHG DERYH�
WKH IXQFWLRQ VWGSDUW�[� LV XVHG WR LPSOHPHQW >>[@@�
:H DVVXPH WKDW VWGSDUW KDV EHHQ FRUUHFWO\ SURJUDPPHG� LQ WKH VHQVH WKDW

LW VDWLVnHV WKH IROORZLQJ SURSHUWLHV�

��� ,I VWGSDUW UHWXUQV VXFFHVVIXOO\ DQ DQVZHU T RQ LQSXW W WKHQ T LV D VWDQGDUG
WHUP DQG 7e SURYHV b� , � T z W� ZKHUH b LV WKH OLVW RI DVVXPSWLRQV FXUUHQW
ZKHQ VWGSDUW LV FDOOHG DQG , LV WKH OLVW RI DVVXPSWLRQV DERXW WKH QRQVWDQGDUG
YDULDEOH�V� LQYROYHG LQ W�
��� VWGSDUW ZLOO DOZD\V WHUPLQDWH� HLWKHU LQ VXFFHVV RU IDLOXUH� :H HPSKDVL]H

WKDW VWGSDUW ZLOO QR GRXEW IDLO WR FRPSXWH D FRUUHFW DQVZHU RQ D VXpFLHQWO\
FRPSOLFDWHG LQSXW� EXW LW ZLOO QRW JR LQWR LQnQLWH UHJUHVV� ,W ZLOO VXFFHHG RU JLYH
XS�
��� ,I VWGSDUW WHUPLQDWHV VXFFHVVIXOO\ RQ LQSXW W� WKHQ 7 SURYHV

OLP
[�F

W>[ m@  VWGSDUW�W�

6LPLODUO\� WKHUH LV D FRPSXWDWLRQDO SURFHGXUH QRQVWGSDUW ZKLFK DWWHPSWV WR
FRPSXWH �DQ DSSUR[LPDWLRQ WR� WKH QRQ�VWDQGDUG SDUW RI D WHUP� /LNH VWGSDUW�
LW ZLOO DOZD\V WHUPLQDWH� EXW PD\ IDLO WR FRPSXWH WKH DQVZHU� :KHQ LW GRHV
WHUPLQDWH VXFFHVVIXOO\� ZH KDYH QRQVWGSDUW�W� z 16�W�� SURYDEO\ LQ 7e� 2I
FRXUVH WKLV SURSHUW\ ZRXOG EH VDWLVnHG E\ WDNLQJ QRQVWGSDUW�W�  �� EXW VXFK
D ZHDN DOJRULWKP IRU QRQVWGSDUW�W� ZRXOG QRW EH LQWHUHVWLQJ� 7KH HVVHQWLDO

��



SURSHUW\ RI QRQVWGSDUW�W� LV WKDW� ZKHQ LW WHUPLQDWHV VXFFHVVIXOO\� LW FRUUHFWO\
GHWHUPLQHV WKH VLJQ RI Wb VWGSDUW�W� LQ D QHLJKERUKRRG RI WKH OLPLW SRLQW��

7KH DOJRULWKP HPSOR\HG DOVR PDNHV XVH RI VLPSOLnFDWLRQ� 6LPSOLnFDWLRQ LV
DSSOLHG ERWK WR PDWKHPDWLFDO H[SUHVVLRQV DQG WR ORJLFDO IRUPXODH� <RX PD\
WKLQN RI VLPSOLnFDWLRQ DV VRPHWKLQJ OLNH QRUPDOL]LQJ D WHUP XVLQJ UHZULWH UXOHV�
EXW VRPH RI WKH UXOHV XVHG DUH PRUH JHQHUDO WKDQ UHZULWH UXOHV� LQIHU RSHUDWHV
E\ VLPSOLI\LQJ LWV DUJXPHQW� KRSHIXOO\ WR WUXH� ZKLOH UHIXWH WULHV WR VLPSOLI\ WR
IDOVH�
7KH H[DFW QDWXUH RI LQIHU DQG UHIXWH DUH QRW JHUPDQH� ZH QHHG MXVW D IHZ

SURSHUWLHV RI WKHP� 1DPHO\�

��� :H DVVXPH WKDW LQIHU DQG UHIXWH DOZD\V WHUPLQDWH �ZKHWKHU VXFFHVVIXO
RU QRW�� DQG WKDW LI LQIHU��� VXFFHHGV� WKHQ � LV SURYDEOH� 0RUH SUHFLVHO\� 7e

SURYHV b�c� �� ZKHUH b LV WKH OLVW RI DVVXPSWLRQV FXUUHQW ZKHQ LQIHU LV FDOOHG�
DQG c LV WKH OLVW �RIWHQ HPSW\� EXW QRW DOZD\V� RI QHZ DVVXPSWLRQV JHQHUDWHG
GXULQJ WKH H[HFXWLRQ RI LQIHU� $V D PDWWHU RI QRWDWLRQ� ZH ZLOO DOZD\V XVH c
IRU D OLVW RI DVVXPSWLRQV JHQHUDWHG GXULQJ FRPSXWDWLRQ�

��� :H DOVR DVVXPH WKDW LI W VLPSOLnHV WR T �IRU WHUPV W DQG T� WKHQ 7e SURYHV
b� W  T� 6LPLODUO\� LI � DQG � DUH SURSRVLWLRQV� DQG � VLPSOLnHV WR �� WKHQ 7e

SURYHV b� �� �� ,Q SUDFWLFH WKLV K\SRWKHVLV LV VDWLVnHG� EHFDXVH WKH UXOHV RI
VLPSOLnFDWLRQ FRPH GLUHFWO\ IURP WKH PDWKHPDWLFDO D[LRPV RI 7 � WRJHWKHU ZLWK
VLPSOH UXOHV RI SURSRVLWLRQDO FDOFXOXV�

��� :H DVVXPH WKDW LQIHU LV DEOH WR SURYH WUXH LQHTXDOLWLHV RI WKH IRUP
DKX ! � XQGHU DVVXPSWLRQV RI RQH RI WKH IRUPV K ! �� K� �� K � �� ZKHUH X LV
D UDWLRQDO QXPEHU�
:H WKXV KDYH� DSSDUHQWO\� VHYHUDO DOJRULWKPV WR FRQVLGHU� WKH LQnQLWHVLPDO�

HOLPLQDWLRQ DOJRULWKP YDO� WKH VLPSOLnFDWLRQ DOJRULWKP� LQIHU� DQG UHIXWH� ,Q
UHDOLW\ WKHVH DOJRULWKPV DUH QRW DOO VHSDUDWH� WKH LQnQLWHVLPDO�HOLPLQDWLRQ DOJR�
ULWKP DQG WKH RUGLQDU\ PDWKHPDWLFDO DQG ORJLFDO VLPSOLnFDWLRQV �ZKLFK VDWLVI\
��� DERYH� DUH ERWK LQFRUSRUDWHG LQWR D VLQJOH DOJRULWKP YDO� DQG LQIHU DQG
UHIXWH ERWK ZRUN E\ FDOOLQJ YDO� LQIHU��� VXFFHHGV LI YDO���  WUXH� DQG
UHIXWH��� VXFFHHGV LI YDO���  IDOVH� ,Q DGGLWLRQ WKHUH DUH WKH DOJRULWKPV
VWGSDUW DQG QRQVWGSDUW� ZKLFK LQYROYH D PXWXDO UHFXUVLRQ ZLWK YDO�
7R DYRLG FRQIXVLRQ� ?VLPSOLnFDWLRQ� LV QRW GHnQHG E\ D PXWXDO UHFXUVLRQ

ZLWK YDO� 7KH ZRUG ?VLPSOLnFDWLRQ� LQ WKLV SDSHU UHIHUV WR ORJLFDO DQG PDWK�
HPDWLFDO VWHSV ZKLFK KDYH QRWKLQJ WR GR ZLWK LQnQLWHVLPDO HOLPLQDWLRQ� DQG
ZKLFK SUHVHUYH RUGLQDU\ PDWKHPDWLFDO DQG ORJLFDO HTXLYDOHQFH� $OO WKHVH VWHSV
DUH PDWKHPDWLFDOO\ VLPSOH DQG UHSUHVHQW HTXLYDOHQFHV WKDW FDQ EH VWDWHG DQG
SURYHG LQ 7e� +RZHYHU� LW LV DOORZHG WKDW WKHUH EH VLPSOLnFDWLRQ VWHSV LQYROYLQJ
WKH QRQVWDQGDUG YDULDEOH� )RU H[DPSOH� LI F  � VR WKDW WKH QRQVWDQGDUG YDUL�
DEOH m UHSUHVHQWV DQ LQnQLWHVLPDO� ZH PLJKW DOORZ VLPSOLI\LQJ VLQm WR m� 1R

�7KLV GRHV QRW LPSO\ WKDW RQO\ IXQFWLRQV ZKLFK GR QRW RVFLOODWH QHDU D OLPLW SRLQW FDQ EH

FRUUHFWO\ KDQGOHG� 6RPH VXFK IXQFWLRQV FDQ EH KDQGOHG FRUUHFWO\� EXW QRW E\ WKH SDUW RI WKH

DOJRULWKP FDOOLQJ QRQVWGSDUW�
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DVVXPSWLRQ DERXW VXFK VLPSOLnFDWLRQV LV PDGH IRU SXUSRVHV RI RXU FRUUHFWQHVV
SURRI H[FHSW WKH DVVXPSWLRQ RI FRUUHFWQHVV� SURSHUW\ ��� DERYH� ,Q SDUWLFXODU
WKH FRUUHFWQHVV SURRI GRHV QRW UHTXLUH D FRPPLWPHQW WR ZKHWKHU VXFK VLPSOL�
nFDWLRQV DUH DFWXDOO\ XVHG RU QRW� ,W VKRXOG EH QRWHG WKDW WKH VLPSOLnFDWLRQ
PHWKRGV PD\ XVH WKH FXUUHQW DVVXPSWLRQV b� IRU H[DPSOH E\ VLPSOLI\LQJ � WR
WUXH LI � RFFXUV LQ WKH OLVW b� )RU FRPSOHWH SUHFLVLRQ ZH VKRXOG VD\ ?W VLPSOLnHV
WR T ZLWK FXUUHQW DVVXPSWLRQV b� LQVWHDG RI MXVW ?W VLPSOLnHV WR T�� EXW b ZLOO
DOZD\V EH FOHDU IURP WKH FRQWH[W�

7KH FRUUHFWQHVV SURRI IRU RXU LQnQLWHVLPDO�HOLPLQDWLRQ DOJRULWKP GRHV UH�
TXLUH PRUH GHWDLOHG LQIRUPDWLRQ DERXW KRZ YDO ZRUNV RQ LQHTXDOLWLHV DKX ! ��
6SHFLnFDOO\� ��� LV nQH ZKHQ D DQG X DUH VSHFLnF QXPEHUV� EXW LQ JHQHUDO LW
VKRXOG EH VWUHQJWKHQHG WR WKH IROORZLQJ�
��� YDO ZLOO WHUPLQDWH RQ DKX ! � ZKHQ RQH RI WKH DVVXPSWLRQV K � ��

� � K� RU K� � LV LQ �RU LPPHGLDWH IURP� � b� ZLWK WKH �FRUUHFW� UHVXOW WUXH RU
IDOVH� SRVVLEO\ JHQHUDWLQJ DGGLWLRQDO DVVXPSWLRQV LQ WKH SURFHVV� LI DGGLWLRQDO
DVVXPSWLRQV DUH UHTXLUHG WR GHFLGH WKH VLJQV RI D DQG X DQG ZKHWKHU X LV RGG
RU QRW �VHH EHORZ�� +HUH D DQG X DUH DUELWUDU\ VWDQGDUG H[SUHVVLRQV���

$OWKRXJK ��� LV OLVWHG DV DQ DVVXPSWLRQ KHUH� , ZLOO H[SODLQ KRZ WKH DFWXDO
DOJRULWKPV HPSOR\HG E\ 0DWKSHUW DUH FRQVWUXFWHG WR VDWLVI\ WKLV DVVXPSWLRQ�
7KHVH GHWDLOV DUH LUUHOHYDQW WR WKH LQnQLWHVLPDO HOLPLQDWLRQ DOJRULWKP H[FHSW
WKDW WKH\ MXVWLI\ ���� ZKLFK LV UHTXLUHG IRU WKH FRUUHFWQHVV SURRI�
7KH GHWDLOV LQ TXHVWLRQ FRQFHUQ WKH VLWXDWLRQ LQ ZKLFK WKH H[SRQHQW X DQG�RU

WKH FRHpFLHQW D DUH QRW VSHFLnF UDWLRQDO QXPEHUV� EXW H[SUHVVLRQV FRQWDLQLQJ
RWKHU YDULDEOHV� 2EVHUYH WKDW WZR WKLQJV DUH UHOHYDQW WR GHWHUPLQLQJ WKH VLJQ RI
DK

X XQGHU RQH RI WKH DVVXPSWLRQV K ! �� K � �� RU K� �� 1DPHO\� ,V X DQ RGG
IUDFWLRQDO H[SRQHQW �WKDW LV� DQ RGG LQWHJHU RU D TXRWLHQW ZLWK HYHQ GHQRPLQDWRU
DQG RGG QXPHUDWRU�" :KDW LV WKH VLJQ RI D" 2EVHUYH IXUWKHU WKDW LI X LV RGG
DQG WKH DVVXPSWLRQ LV K� �� WKHQ WKH VLJQ RI D LV LUUHOHYDQW� EHFDXVH DKX ZLOO
WDNH ERWK VLJQV� ZKLOH LI X LV HYHQ� WKHQ WKH VLJQ RI D GHWHUPLQHV WKH VLJQ RI
DK

X� 7KHUHIRUH 0DWKSHUW nUVW DSSOLHV WKH LQIHU� UHIXWH� DVVXPH PHWKRG WR
WKH TXHVWLRQ ZKHWKHU X LV RGG� ,I WKLV FDQ QHLWKHU EH LQIHUUHG QRU UHIXWHG� LW LV
DVVXPHG� DQG QR DVVXPSWLRQ QHHG EH PDGH DERXW WKH VLJQ RI D� ,I LW FDQ EH
UHIXWHG� KRZHYHU� WKHQ WKH LQIHU� UHIXWH� DVVXPH PHWKRG LV DSSOLHG WR D ! ��
,Q DQ\ HYHQW� WKHQ� YDO ZLOO WHUPLQDWH RQ DKX ! �� HVWDEOLVKLQJ ����

�7KH SURYLVLRQ DERXW ?LPPHGLDWH IURP� LV QHFHVVDU\ EHFDXVH LI WKH OLPLW SRLQW LV QRW ]HUR�

WKHQ WKH GRPDLQ LQHTXDOLW\ ZKLFK LV DFWXDOO\ LQ b KDV WKH IRUP� IRU H[DPSOH� m � F IRU D

QRQVWDQGDUG YDULDEOH m� DQG K  mb F� VR K� � LV QRW OLWHUDOO\ LQ b� EXW ZH VWLOO QHHG YDO WR

WHUPLQDWH�
��,I WKH H[SUHVVLRQ D LV VXpFLHQWO\ FRPSOLFDWHG WKDW LQIHU DQG UHIXWH FDQQRW GHWHUPLQH LWV

VLJQ� EXW LWV VLJQ LV QHYHUWKHOHVV DFWXDOO\ GHWHUPLQHG E\ WKH DVVXPSWLRQV LQ c� DQ LQFRQVLVWHQW

DVVXPSWLRQ PD\ EH DGGHG� LQ ZKLFK FDVH WKH FRQFOXVLRQ RI WKH FRUUHFWQHVV WKHRUHP ZLOO EH

YDFXRXVO\ WUXH�

��



��� 3UHFLVH 'HnQLWLRQ RI WKH $OJRULWKP

7KH DOJRULWKP LQ TXHVWLRQ� KHUH GHQRWHG YDO� WDNHV WKUHH LQSXWV� $ OLVW b RI
�VWDQGDUG� DVVXPSWLRQV� WZR DVVXPSWLRQV , DERXW WKH QRQVWDQGDUG YDULDEOH m
�QDPHO\� m z F DQG D GRPDLQ LQHTXDOLW\�� DQG D ORJLFDO IRUPXOD � �ZKLFK PD\
FRQWDLQ m� EXW QR RWKHU QRQVWDQGDUG YDULDEOHV RU V\PEROV� WR EH VLPSOLnHG�
7KH SURFHGXUH YDO ZLOO DOZD\V WHUPLQDWH� HLWKHU ZLWK VXFFHVV RU IDLOXUH� ,Q FDVH
LW VXFFHHGV� LW SURGXFHV WZR RXWSXWV� WKH VLPSOLnHG IRUP YDO��� RI �� ZKLFK
IRU IXOO SUHFLVLRQ PXVW EH ZULWWHQ DV YDO�b� ,���� DQG D �SRVVLEO\ HPSW\� OLVW
RI QHZ DVVXPSWLRQV c� 7R EH SUHFLVH� ZH ZRXOG KDYH WR ZULWH VRPHWKLQJ OLNH
YDO�b� , ����SURS IRU WKH VLPSOLnHG SURSRVLWLRQ� DQG YDO�b� ,����DVVXPSWLRQ IRU
c� WR LQGLFDWH WKDW WKH UHWXUQ YDOXH LV D SDLU FRQVLVWLQJ RI D SURSRVLWLRQ DQG D
OLVW RI DVVXPSWLRQV� 7KLV ZRXOG EH KRSHOHVVO\ XQUHDGDEOH� VR LQVWHDG ZH ZULWH
YDO��� IRU WKH VLPSOLnHG SURSRVLWLRQ DQG c IRU WKH OLVW RI JHQHUDWHG DVVXPSWLRQV�
0RUHRYHU� ZH KDYH WR GLVWLQJXLVK WZR NLQGV RI VXFFHVV� ZKHQ RQO\ UXOHV WKDW

SUHVHUYH ORJLFDO HTXLYDOHQFH KDYH EHHQ XVHG� ZH VD\ YDO VXFFHHGV ?SRVLWLYHO\��
2WKHUZLVH VXFFHVV LV ?QHJDWLYH�� 7KH H[DFW GHnQLWLRQ RI WKH DOJRULWKP PXVW
LQGLFDWH DW HDFK UHWXUQ ZKHWKHU WKH UHWXUQ LV ZLWK IDLOXUH� ZLWK SRVLWLYH VXFFHVV�
RU QHJDWLYH VXFFHVV� 7KH ZRUGV ?SRVLWLYH� DQG ?QHJDWLYH� KDYH QR LQWULQVLF
VLJQLIDQFH KHUH� ZH PLJKW DV ZHOO KDYH XVHG ?UHG� DQG ?EOXH��
7KH GHnQLWLRQ RI WKH DOJRULWKP YDO IROORZV�
6WHS �� :KHQ YDO RSHUDWHV RQ DQ\ LQSXW IRUPXOD �� LW PD\ nUVW SHUIRUP

VRPH RUGLQDU\ ORJLFDO VLPSOLnFDWLRQV� RU PDWKHPDWLFDO VLPSOLnFDWLRQV RQ WKH
WHUPV LQ WKH IRUPXOD� 7KH RQO\ UHOHYDQW SURSHUW\ RI WKHVH VLPSOLnFDWLRQV LV
WKDW WKH\ SUHVHUYH ORJLFDO HTXLYDOHQFH XQGHU WKH DVVXPSWLRQV b�c� ZKHUH c
LV D �SRVVLEO\ HPSW\� OLVW RI QHZ DVVXPSWLRQV JHQHUDWHG E\ WKH VLPSOLnFDWLRQV
SHUIRUPHG� ,I VRPH VLPSOLFDWLRQ LV SHUIRUPHG� ZLWK UHVXOW � GLmHUHQW IURP ��
UHWXUQ YDO���� ,I QR VLPSOLnFDWLRQV FDQ EH DSSOLHG� DQG � FRQWDLQV RQO\ VWDQGDUG
YDULDEOHV� WKHQ YDO WHUPLQDWHV ZLWK SRVLWLYH VXFFHVV� UHWXUQLQJ � XQFKDQJHG� ,I
QR VLPSOLnFDWLRQV FDQ EH DSSOLHG DQG � FRQWDLQV WKH QRQVWDQGDUG YDULDEOH� JR
WR VWHS � LI � LV D GLVMXQFWLRQ RU D FRQMXQFWLRQ� ,I LW LV DQ LQHTXDOLW\ RU HTXDOLW\
LQ ZKLFK ERWK VLGHV FRQWDLQ m� JR WR VWHS �� ,I LW LV DQ HTXDOLW\ RU LQHTXDOLW\ LQ
ZKLFK H[DFWO\ RQH VLGH FRQWDLQV m� EXW WKDW VLGH LV QRW H[DFWO\ m� JR WR VWHS ��
,I RQH VLGH LV H[DFWO\ m DQG WKH RWKHU VLGH LV F� JR WR VWHS �� ,I RQH VLGH LV m DQG
WKH RWKHU LV QRW F� JR WR VWHS ��

5HPDUN� 2Q LQSXW FRQWDLQLQJ RQO\ VWDQGDUG YDULDEOHV� YDO GRHV QRWKLQJ EXW
RUGLQDU\ VLPSOLnFDWLRQ� :H DVVXPH WKDW YDO WHUPLQDWHV RQ LQSXW FRQWDLQLQJ
RQO\ VWDQGDUG YDULDEOHV� �7KLV ZRXOG EH JXDUDQWHHG� IRU H[DPSOH� LI DOO WKH
VLPSOLnFDWLRQV VKRUWHQHG WKH IRUPXOD� ,Q SUDFWLFH VRPH VLPSOLnFDWLRQV OHQJWKHQ
WKH IRUPXOD� EXW SURYLQJ WKH WHUPLQDWLRQ RI RUGLQDU\ VLPSOLnFDWLRQ SURFHGXUHV LV
QRW ZKDW WKLV SDSHU LV DERXW�� 7KH VLPSOLnFDWLRQV WR EH DSSOLHG LQFOXGH WKH ODZ
UHZULWLQJ $ � % DV % B �$� DQG WKH ODZV SXVKLQJ QHJDWLRQ LQZDUGV� WKH ODZ
WKDW ?oDWWHQV� GLVMXQFWLRQV ZKRVH DUJXPHQWV LQFOXGH D GLVMXQFWLRQ �ZH DOORZ
GLVMXQFWLRQV RI PDQ\ DUJXPHQWV� IRU H[DPSOH $B �%B&� oDWWHQV WR $B%B&�

��



ZKLFK PHDQV B�$�%�&��� WKH ODZ WKDW oDWWHQV FRQMXQFWLRQV� DQG WKH ODZV WKDW
UHZULWH QHJDWLRQV RI LQHTXDOLWLHV DV RWKHU LQHTXDOLWLHV��� 2XU EDVH V\VWHP KDV
QR DWRPLF IRUPXODH RWKHU WKDQ LQHTXDOLWLHV DQG HTXDOLWLHV� LQ JHQHUDO �LI WKH
V\VWHP LV HQODUJHG� RWKHU DWRPLF IRUPXODH PLJKW DSSHDU QHJDWHG� EXW YDO ZLOO
QRW SHUIRUP DQ\WKLQJ EXW SXUH PDWKHPDWLFDO VLPSOLnFDWLRQ RQ VXFK IRUPXODH� ,Q
VXEVHTXHQW VWHSV RI WKH DOJRULWKP� LW PD\ WKHUHIRUH EH DVVXPHG WKDW LPSOLFDWLRQ
DQG QHJDWLRQ GR QRW RFFXU�

6WHS �� 2Q GLVMXQFWLRQV DQG FRQMXQFWLRQV� LI YDO GRHV QRW SHUIRUP VRPH
LPPHGLDWH VLPSOLnFDWLRQV� LW LV FDOOHG RQ HDFK DUJXPHQW RI WKH LQSXW LQ WXUQ�

YDO�3� A � � �A 3Q�� YDO�3�� A � � � A YDO�3Q�

YDO�3� B � � �B 3Q�� YDO�3�� B � � � B YDO�3Q�

7KHVH IRUPXODH DUH ZULWWHQ ZLWK� LQVWHDG RI  � EHFDXVH WKH DFWXDO GHnQLWLRQ RI
WKH DOJRULWKP FDOOV IRU FRPSXWLQJ WKH ULJKW�KDQG VLGH� DQG WKHQ SHUIRUPLQJ VRPH
VLPSOLnFDWLRQV� VXFK DV GURSSLQJ GXSOLFDWH FRQMXQFWV RU GLVMXQFWV DQG FRPELQLQJ
FHUWDLQ LQHTXDOLWLHV� 7KH H[DFW QDWXUH RI WKHVH VLPSOLnFDWLRQV LV QRW LPSRUWDQW
WR WKH FRUUHFWQHVV SURRI DV ORQJ DV WKH\ SUHVHUYH �SURYDEOH� HTXLYDOHQFH� ,I DQ\
RI WKH UHFXUVLYH FDOOV YDO�3N� IDLOV� WKHQ UHWXUQ ZLWK IDLOXUH� ,Q WKH FDVH RI
FRQMXQFWLRQ� LI DOO WKH UHFXUVLYH FDOOV UHWXUQ ZLWK SRVLWLYH VXFFHVV� WKHQ UHWXUQ
UHWXUQ ZLWK SRVLWLYH VXFFHVV� HOVH UHWXUQ ZLWK QHJDWLYH VXFFHVV�
'LVMXQFWLRQ LV WUHDWHG GLmHUHQWO\� ,I DOO WKH UHFXUVLYH FDOOV UHWXUQ ZLWK SRVL�

WLYH VXFFHVV� UHWXUQ ZLWK SRVLWLYH VXFFHVV� ,I H[DFWO\ RQH UHWXUQV ZLWK QHJDWLYH
VXFFHVV� UHWXUQ ZLWK QHJDWLYH VXFFHVV� ,I RQH RU PRUH IDLOV� UHWXUQ XQVXFFHVVIXOO\�
,I PRUH WKDQ RQH UHWXUQV ZLWK QHJDWLYH VXFFHVV� DQG RQH RI WKRVH UHWXUQLQJ ZLWK
QHJDWLYH VXFFHVV LV D FRQMXQFWLRQ� WKHQ XVH WKH GLVWULEXWLYH ODZ RQ WKH RULJLQDO
LQSXW WR PRYH WKH GLVMXQFWLRQ LQ� DQG FDOO YDO UHFXUVLYHO\ RQ WKH UHVXOW� 7KLV LV
UHIHUUHG WR EHORZ DV WKH ?IRUFHG GLVWULEXWLRQ� FODXVH�
6LQFH GLVMXQFWLRQV KDYH EHHQ oDWWHQHG DQG QHJDWLRQV KDYH EHHQ SXVKHG LQ�

WKH RQO\ RWKHU SRVVLELOLW\ LV WZR RU PRUH QHJDWLYH VXFFHVVHV RQ DWRPLF IRUPXODH�
,Q WKLV FDVH� ZH UHWXUQ XQVXFFHVVIXOO\� 7KLV LV UHIHUUHG WR EHORZ DV WKH ?IRUFHG
IDLOXUH FODXVH�� �7KH SXUSRVH RI WKLV FODXVH VKRXOG EH PDGH FOHDU LQ 5HPDUN �
IROORZLQJ 7KHRUHP � EHORZ��
7KH UHFXUVLYH FDOOV WR YDO RQ WKH ULJKW FDQ JHQHUDWH DVVXPSWLRQV c� 7KH

TXHVWLRQ DULVHV RI KRZ WKHVH DUH KDQGOHG� 7KH VLPSOHVW WKLQJ LV MXVW WR WDNH
WKHLU XQLRQ DQG UHWXUQ WKDW DV WKH c IURP WKH FDOO RQ WKH OHIW� ,Q DFWXDOLW\�
WKRXJK� WKH FDOOV RQ WKH ULJKW DUH QRW PDGH LQ SDUDOOHO� EXW VHTXHQWLDOO\� DQG WKH
DVVXPSWLRQV c JHQHUDWHG E\ WKH nUVW FDOO ZLOO EH SDUW RI WKH b IRU WKH VHFRQG FDOO�
DQG VR RQ� ,Q RWKHU ZRUGV� RQO\ RQH OLVW RI FXUUHQW DVVXPSWLRQV LV PDLQWDLQHG�
DQG DQ\ QHZ DVVXPSWLRQV JHQHUDWHG DUH DGGHG WR WKDW OLVW�

��7KHVH ODZV LQFOXGH UHZULWLQJ ��D � E� DV E � D DQG VHYHUDO VLPLODU ODZV� :H WUHDW D� E

DV DQ LQHTXDOLW\ V\PERO� QRW D QHJDWLRQ�
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6WHS �� ,I WKH LQSXW � LV DQ LQHTXDOLW\ U � V� DQG ERWK VLGHV FRQWDLQ m� UHWXUQ
YDO�� � Vb U����

7KH SDUW RI YDO LQ ZKLFK QRQVWDQGDUG DQDO\VLV LV XVHG FRPHV LQWR SOD\ RQO\
ZKHQ YDO LV FDOOHG RQ DQ HTXDOLW\ RU LQHTXDOLW\ FRQWDLQLQJ D QRQVWDQGDUG YDULDEOH�
5HFDOO WKDW ZH KDYH DVVXPHG WKHUH LV RQO\ RQH QRQVWDQGDUG YDULDEOH� FDOO LW m�
LQ WKH LQSXW� ,QHTXDOLWLHV FRXOG EH RI WKH IRUP U � V� U � V� RU U� V� DQG LQSXW
U  V LV DOVR DOORZHG� )RU VLPSOLFLW\ ZH FRQVLGHU KHUH RQO\ U � V� RWKHU IRUPV
DUH WUHDWHG VLPLODUO\�

6WHS �� ,I WKH LQSXW LV U � V DQG H[DFWO\ RQH VLGH FRQWDLQV m� PDNH YDULRXV
SXUHO\ PDWKHPDWLFDO VLPSOLnFDWLRQV �DERXW ZKLFK ZH QHHG WR NQRZ RQO\ WKDW
WKH\ SUHVHUYH PDWKHPDWLFDO HTXLYDOHQFH�� DQG WKHQ VROYH WKH LQHTXDOLW\ IRU WKH
QRQVWDQGDUG YDULDEOH m LI SRVVLEOH� �)RU H[DPSOH� �m � � ZLOO EHFRPH m �
� ����� ,I WKH UHVXOW RI WKHVH FRPSXWDWLRQV LV �� UHWXUQ YDO���� ,I WKH LQHTXDOLW\
FDQQRW EH VROYHG IRU m� JR WR VWHS ��

6WHS �� ,I WKH LQSXW LV DQ LQHTXDOLW\ FRQWDLQLQJ D VLQJOH QRQVWDQGDUG YDULDEOH
m� DQG WKH GRPDLQ LQHTXDOLW\ IRU m LV m� F �LQGLFDWLQJ WKDW m DURVH IURP D WZR�
VLGHG OLPLW DV m DSSURDFKHV F�� DQG WKH LQSXW LQHTXDOLW\ KDV RQH RI WKH IRUPV
m � F� m ! F� m w F� m � F� m  F� UHWXUQ IDOVH� ,I WKH LQSXW LV m� F� UHWXUQ
WUXH��� ,Q WKHVH FDVHV� YDO UHWXUQV ZLWK QHJDWLYH VXFFHVV� �$OO QHJDWLYH�VXFFHVV
UHWXUQV RULJLQDWH KHUH� DQG DUH SDVVHG XSZDUGV E\ UHWXUQV IURP UHFXUVLYH FDOOV��
,I QHLWKHU VLGH LV F� JR WR VWHS ��

6WHS �� �:H JHW KHUH HLWKHU IURP VWHS � ZLWK DQ LQHTXDOLW\ VROYHG IRU m ZKRVH
RWKHU VLGH LV QRW F� RU IURP VWHS � ZLWK DQ LQHTXDOLW\ WKDW FRXOG QRW EH VROYHG
IRU m�� ,I WKH LQSXW � LV U � V ZLWK U QRW ]HUR� VHW � WR WKH VLPSOLnHG IRUP RI
� � V b U� 2QFH WKH LQSXW KDV WKH IRUP � � V� FRPSXWH 6  VWGSDUW�V�� :H
KDYH DVVXPHG WKDW WKLV FRPSXWDWLRQ ZLOO DOZD\V WHUPLQDWH� HLWKHU LQ VXFFHVV RU
IDLOXUH� ,I LW IDLOV� WKHQ YDO�� � V� WHUPLQDWHV XQVXFFHVVIXOO\� UHWXUQLQJ � � V�
7KLV LV WKH RQO\ VWHS LQ WKH DOJRULWKP �EHVLGHV WKH IRUFHG IDLOXUH FODXVH LQ VWHS
�� WKDW FDQ FDXVH DQ XQVXFFHVVIXO UHWXUQ RI YDO� ,Q WKLV FDVH� WKH QRQVWDQGDUG
YDULDEOH ZLOO QRW KDYH EHHQ HOLPLQDWHG�
,I 6 LV VXFFHVVIXOO\ FRPSXWHG� ZH WU\ WR GHWHUPLQH LWV VLJQ� :H DVVXPH WKDW

WKH FRPSXWDWLRQ RI WKH VWDQGDUG SDUW KDV DOUHDG\ VLPSOLnHG WKH UHVXOW VR WKDW
WKHUH LV QR SRLQW LQ WU\LQJ WR LQIHU 6  �� LI WKDW ZRXOG VXFFHHG� 6 LV DOUHDG\
]HUR� ,Q FDVH 6 LV ]HUR� ZH GR QRW SURFHHG LPPHGLDWHO\ WR FRPSXWH WKH 3XLVHX[
VHULHV XVLQJ QRQVWGSDUW� EHFDXVH LQ VRPH FDVHV RI LQWHUHVW� WKH UHVXOW ZRXOG

��$V D SUDFWLFDO PDWWHU� VLPSOLnFDWLRQ GRHV EHWWHU DW SURYLQJ TXDQWLWLHV DUH SRVLWLYH WKDQ
DW SURYLQJ RQH TXDQWLW\ H[FHHGV DQRWKHU� EHFDXVH LW LV HDVLHU WR nQG FDQFHOODWLRQV DQG FHUWDLQ
RWKHU VLPSOLnFDWLRQV WKDW ZD\�

��7KLV VWHS ZLOO PDNH IXUWKHU DVVXPSWLRQV �DGG WR WKH OLVW c� LI QHHG EH� )RU H[DPSOH�
Tm � � ZKHUH T LV D YDULDEOH PD\ UHGXFH WR m � � T JHQHUDWLQJ WKH DVVXPSWLRQ � � T� LI WKLV
FDQ EH QHLWKHU LQIHUUHG QRU UHIXWHG�

��,Q WKH FDVH RI D RQH�VLGHG OLPLW IURP WKH ULJKW� ZH ZRXOG UHWXUQ WUXH RQ F � m� F � m�
m  F� DQG IDOVH RQ m � F DQG m � F�
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EH IDLOXUH� :H nUVW FDOO LQIHU � � V��� ,I WKLV VXFFHHGV� ZH UHWXUQ WUXH� ZLWK
SRVLWLYH VXFFHVV� ,I QRW� JR WR VWHS ��
,I 6 LV QRW ]HUR� FDOO LQIHU RQ WKH LQHTXDOLW\ � � 6� ,I LW VXFFHHGV� WKHQ UHWXUQ

WUXH� ZLWK SRVLWLYH VXFFHVV��� ,I QRW� JR WR VWHS ��

6WHS �� &DOO LQIHU�6 � ��� ,I WKLV VXFFHHGV� WKHQ UHWXUQ IDOVH� ZLWK SRVLWLYH
VXFFHVV� HOVH JR WR VWHS ��

6WHS �� &DOO LQIHU �� 6� �,W PLJKW EH SRVVLEOH WR LQIHU WKLV ZLWKRXW EHLQJ
DEOH WR GHWHUPLQH WKH VLJQ RI 6� IRU H[DPSOH LI �� 6 LV D FXUUHQW DVVXPSWLRQ��
,Q WKDW FDVH ZH DGG � � 6 WR WKH OLVW c RI QHZ DVVXPSWLRQV DQG UHWXUQ WUXH�
,I WKH FDOO WR LQIHU GRHV QRW VXFFHHG� UHWXUQ

� � 6 B �6  � A YDO�� � Vb 6��

,I WKH UHFXUVLYH FDOO WR YDO IDLOV� WKH UHWXUQ LV XQVXFFHVVIXO� RWKHUZLVH WKH VXFFHVV
LV SRVLWLYH RU QHJDWLYH� WKH VDPH DV LV UHWXUQHG IURP WKH UHFXUVLYH FDOO� �

6WHS �� &DOO QRQVWGSDUW RQ V� 7KLV UHVXOWV LQ DWWHPSWLQJ WR FRPSXWH WKH
OHDGLQJ WHUP RI WKH 3XLVHX[ VHULHV IRU V� ,I WKLV FRPSXWDWLRQ GRHV QRW VXFFHHG�
YDO�� � V� WHUPLQDWHV ZLWK IDLOXUH� 1RZ VXSSRVH WKDW LW VXFFHHGV� 7KH VHULHV
LQ TXHVWLRQ LV� E\ GHnQLWLRQ RI WKH DOJRULWKP QRQVWGSDUW� FRPSXWHG LQ SRZHUV
RI K  m b F� ZKHUH F LV WKH VWDQGDUG SDUW RI m�� ,W LV LPSRUWDQW WR QRWH WKDW
FRPSXWDWLRQ RI WKH VHULHV PXVW LQFOXGH VLPSOLI\LQJ WKH FRHpFLHQWV� EHFDXVH WKHUH
FDQ EH FDQFHOODWLRQV� &RQVLGHU� IRU H[DPSOH� KbVLQK� LQ ZKLFK WKH OLQHDU WHUPV
FDQFHO RXW� DQG WKH DFWXDO OHDGLQJ WHUP LV K� �� 7KH OHDGLQJ WHUP FDQ KDYH D
V\PEROLF SRZHU� WKH H[SRQHQW GRHV QRW KDYH WR EH D VSHFLnF UDWLRQDO QXPEHU�
6LQFH VLPSOLnFDWLRQ LV QRW �DQG FDQQRW EH� SHUIHFW� KRZHYHU� WKH OHDGLQJ WHUP DV
FDOFXODWHG PLJKW VWLOO UHDOO\ EH ]HUR� :H WKHUHIRUH FDOO LW WKH DSSDUHQW OHDGLQJ
WHUP� DV WKH WUXH OHDGLQJ WHUP ZRXOG EH IDUWKHU RXW LQ WKH VHULHV��

��7KLV PD\ VXFFHHG� HYHQ LQ FDVH V KDV QR 3XLVHX[ VHULHV� )RU H[DPSOH� 0DWKSHUW FDQ LQIHU

WKDW Hb� [ LV SRVLWLYH�
��7KLV SDUW RI WKH DOJRULWKP HQDEOHV XV� IRU H[DPSOH� WR VLPSOLI\ K � � WR WUXH LQVLGH D

OLPLW DV K � �� 7KXV ZH ZLOO FRUUHFWO\ JHQHUDWH QR DVVXPSWLRQ ZKHQ FDQFHOOLQJ K b � LQVLGH
VXFK D OLPLW�

�,Q WKH UHFXUVLYH FDOO WR YDO� WKH VWDQGDUG SDUW RI Vb6 ZLOO FRPH RXW ]HUR LQ VWHS �� DQG ZH
ZLOO JR WR VWHS �� ,W PD\ KHOS WKH UHDGHU WR FRQVLGHU WKH H[DPSOH RI 6HFWLRQ ���� LQ ZKLFK ZH
KDYH WKH LQSXW � � [� K� ,Q WKLV FDVH WKH VWDQGDUG SDUW LV [� DQG ERWK WKH DWWHPSW WR LQIHU
� � [ DQG WKH DWWHPSW WR LQIHU [ � � ZLOO IDLO� VR ZH ZLOO UHWXUQ � � [ B �[  � A YDO�� � K��
7KLV ZLOO WXUQ RXW WR EH � � [ B �[  � A IDOVH�� ZKLFK VLPSOLnHV WR � � [�

�,W LV QHFHVVDU\ QRQVWGSDUW PXVW ?NQRZ� DERXW ZKLFK SRLQW WR FRPSXWH WKH 3XLVHX[
VHULHV� 7KHUH VHHPV WR EH QR ZD\ WR HQVXUH WKLV LQ JHQHUDO H[FHSW WR PDNH WKH UHVWULFWLRQ
�ZKLFK ZH KDYH PDGH� WKDW WKHUH LV RQO\ RQH QRQVWDQGDUG YDULDEOH� DULVLQJ IURP D OLPLW WHUP
DQG KHQFH XQLTXHO\ DVVRFLDWHG WR D SRLQW F DERXW ZKLFK ZH DUH WR FRPSXWH VHULHV�

�$Q H[DPSOH ZLWKRXW H[WUD YDULDEOHV LQ ZKLFK WKH DSSDUHQW OHDGLQJ WHUP LV DFWXDOO\ ]HUR
ZRXOG EH FRPSOLFDWHG� EHFDXVH VLPSOLI\ ZLOO FRUUHFWO\ KDQGOH VLPSOH H[DPSOHV OLNH Kb VLQ K�
EXW VXFK H[DPSOHV VXUHO\ GR H[LVW� 7KH VLWXDWLRQ RI DQ DSSDUHQW OHDGLQJ WHUP ZKRVH VLJQ
FDQQRW EH GHWHUPLQHG ZLOO RI FRXUVH RFFXU LI H[WUD YDULDEOHV DUH SUHVHQW ZKRVH VLJQV DUH QRW
GHWHUPLQHG E\ WKH FXUUHQW DVVXPSWLRQV� IRU H[DPSOH � � DK ZKHUH D LV D YDULDEOH DQG QR
DVVXPSWLRQ LV PDGH DERXW WKH VLJQ RI D�
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/HW XV FDOO WKH DSSDUHQW OHDGLQJ WHUP RI WKH 3XLVHX[ VHULHV DKX� 7KHQ UHWXUQ
YDO�� � DKX��
7KDW FRPSOHWHV WKH GHnQLWLRQ RI YDO� 1RWH WKDW WKH VWHSV LQ WKH FRPSXWDWLRQ

E\ YDO DUH RI WZR NLQGV� �L� RUGLQDU\ PDWKHPDWLFDO DQG ORJLFDO UHGXFWLRQV WKDW
SUHVHUYH ORJLFDO HTXLYDOHQFH� DQG �LL� LQnQLWHVLPDO�HOLPLQDWLRQ VWHSV� 7KH ODWWHU
KDYH EHHQ VSHFLnHG ZLWK FRPSOHWH SUHFLVLRQ� 7KH IRUPHU KDYH QRW EHHQ IXOO\
VSHFLnHG� LQVWHDG VSHFLnF DVVXPSWLRQV KDYH EHHQ OLVWHG ZKLFK WKH\ PXVW VDWLVI\
LQ RUGHU WR PDNH WKH FRUUHFWQHVV SURRI ZRUN� 7KLV PHDQV WKDW PRUH VLPSOLnFD�
WLRQV RI NLQG �L� FDQ EH DGGHG WR WKH DOJRULWKP ZLWKRXW KDYLQJ WR UHZRUN WKH
FRUUHFWQHVV SURRI�
,Q SDUWLFXODU� ZH KDYH GLVFXVVHG D WKHRU\ ZLWK QRQORJLFDO D[LRPV RQO\ IRU

QDWXUDO ORJ DQG VTXDUH URRW IXQFWLRQV� WKHUHE\ DYRLGLQJ WKH QHHG WR GLVFXVV WKH
IRUPDOL]DWLRQ RI RWKHU IXQFWLRQV� 2XU WKHRUHP KDV EHHQ IRUPXODWHG LQ VXFK D ZD\
WKDW LW LPPHGLDWHO\ H[WHQGV WR D WKHRU\ LQFOXGLQJ VLQH� DV VRRQ DV WKH GLOLJHQW
UHDGHU GHnQHV WKDW IXQFWLRQ E\ VXLWDEOH QRQ�ORJLFDO D[LRPV LQ 7 �IRU H[DPSOH
\��  b\ DQG \���  � DQG \����  �� DQG SURYHV WKH 7D\ORU VHULHV H[SDQVLRQ
RI WKH VLQH IXQFWLRQ DW DQ DUELWUDU\ FHQWHU RQ WKH EDVLV RI WKRVH D[LRPV� 7R
FRYHU WKH WKHRU\ DFWXDOO\ XVHG LQ 0DWKSHUW � WKLV ZRXOG KDYH WR EH GRQH IRU WKH
WULJRQRPHWULF� LQYHUVH WULJRQRPHWULF� K\SHUEROLF� LQYHUVH K\SHUEROLF� %HVVHO DQG
RWKHU VSHFLDO IXQFWLRQV�

� ([DPSOHV

,Q WKLV VHFWLRQ ZH WUDFH WKH DOJRULWKP RQ WZR LOOXVWUDWLYH H[DPSOHV� ,W LV QRW
ORJLFDOO\ QHFHVVDU\ WR UHDG WKLV VHFWLRQ WR IROORZ WKH UHVW RI WKH SDSHU� :H
FRQWLQXH WKH QXPEHULQJ RI H[DPSOHV IURP VHFWLRQ ��

([DPSOH � � &DOFXODWH WKH GHULYDWLYH RI
S
I�[�� XVLQJ WKH OLPLW GHnQLWLRQ RI

GHULYDWLYH� ZKHUH I LV D SRO\QRPLDO� :H ZLOO KDYH WR FRPSXWH YDO�� � I�[�K��
IRU K z �� 6WHS � ZLOO VLPSOLI\ I � LI LW LV QRW DOUHDG\ VLPSOLnHG� DQG SDVV WKH
LQHTXDOLW\ WR 6WHS �� +HUH VRPH PDWKHPDWLFDO VLPSOLnFDWLRQV ZLOO EH PDGH� LQ
SUDFWLFH 0DWKSHUW LQFRUSRUDWHV QRQWULYLDO DOJRULWKPV IRU SRO\QRPLDO LQHTXDOL�
WLHV� EXW WKH\ DUH LUUHOHYDQW KHUH� /HW XV DVVXPH WKDW WKH UHVXOWLQJ LQHTXDOLW\
FDQ VWLOO QRW EH VROYHG H[DFWO\� H�J� LI I LV LUUHGXFLEOH ZLWK VHYHUDO UHDO URRWV� )RU
LOOXVWUDWLYH SXUSRVHV OHW XV QHJOHFW WKH IDFW WKDW RQO\ UDWKHU FRPSOLFDWHG SRO\�
QRPLDO LQHTXDOLWLHV ZRXOG UHDOO\ UHPDLQ XQVROYHG� VR WKDW ZH FDQ WKLQN DERXW
VLPSOH H[DPSOHV OLNH I�[�  [� b � RU [� � [� 7KH LQHTXDOLW\ ZLOO WKHQ EH
SDVVHG WR 6WHS �� ZKLFK UHTXLUHV FRPSXWLQJ WKH VWDQGDUG SDUW RI I�[�K�� 7KH
VWDQGDUG SDUW RI I�[�K� LV I�[�� ,I LQIHU FDQ VKRZ WKDW � � I�[�� WKDW ZLOO HQG
WKH FRPSXWDWLRQ� IRU H[DPSOH LI I�[�  [� � �� $VVXPLQJ WKH HmRUWV LQ 6WHSV
� DQG � WR GHWHUPLQH WKH VLJQ RI I�[� DOVR IDLO �DV WKH\ ZLOO LQ SUDFWLFH IRU D
SRO\QRPLDO WKDW KDV SDVVHG 6WHS ��� ZH FRPH WR 6WHS �� LQ ZKLFK QRQVWGSDUW

ZLOO EH FDOOHG� ,W ZLOO FRPSXWH WKH DSSDUHQW OHDGLQJ WHUP RI WKH 3XLVHX[ VHULHV
LQ K RI I�[� K�� 7KH nUVW FDQGLGDWH IRU WKDW ZLOO EH KI ��[�� ,I LQIHU FDQ VKRZ

��



WKDW � � I ��[�� DV LQ WKH H[DPSOH [� � [� YDO ZLOO UHWXUQ IDOVH RQ � � KI ��[��
DQG WKH WRS�OHYHO FDOO WR YDO ZLOO FRPSXWH

� � I�[� B �I�[�  � A YDO�� � KI ��[��

ZKLFK LQ WKH H[DPSOH [� � [ ZRXOG VLPSOLI\ �XVLQJ [� � [  [�[� ���� WR

� � [ B YDO�� � K�

DQG nQDOO\ WR � � [� ,Q WKH H[DPSOH I�[�  [� b �� LQIHU ZLOO QRW EH DEOH WR
GHWHUPLQH WKH VLJQ RI I ��[�� 7KH FRPSXWDWLRQ ZLOO FRPH WR

� � [� b � B YDO�� � �K[�

DQG YDO ZLOO KDYH WR VROYH WKH LQHTXDOLW\ � � �K[ IRU K� 7R GR WKLV ZLWKRXW
PDNLQJ DVVXPSWLRQV DERXW WKH VLJQ RI [�0DWKSHUW UHWXUQV �� � [A� � K�B�[ �
� A K � ��� :KHQ YDO LV FDOOHG UHFXUVLYHO\ RQ WKLV LQSXW� WKH FRPSXWDWLRQ KLWV
WKH IRUFHG GLVWULEXWLRQ FODXVH LQ VWHS �� $IWHU GLVWULEXWLRQ ZH JHW

�� � [ B [ � �� A �� � K B [ � �� A �� � [ A K � �� A �� � K B K � ��

7KH ODVW FRQMXQFW VLPSOLnHV WR WUXH� LQ YLHZ RI K � �� LQ 0DWKSHUW� DOWKRXJK
WKLV ZRXOG QRW EH JXDUDQWHHG E\ WKH JHQHUDO DVVXPSWLRQV ZH KDYH PDGH DERXW
VLPSOLnFDWLRQ� :LWK RU ZLWKRXW WKLV VLPSOLnFDWLRQ� YDO DSSOLHG WR WKH GLVSOD\HG
IRUPXOD UHWXUQV IDOVH ZLWK QHJDWLYH VXFFHVV� 7KHUHIRUH WKH RULJLQDO FDOO WR YDO

UHWXUQV � � [
� b �� 7KLV LV WKH FRUUHFW FRQGLWLRQ IRU WKH GLmHUHQWLDELOLW\ RIS

[� b ��
([DPSOH � � &RQVLGHU WKH RQH�VLGHG OLPLW

OLP
[���

S
[
�
b �

,Q DQDO\]LQJ WKH GRPDLQ RI WKLV H[SUHVVLRQ� 0DWKSHUW ZLOO JHQHUDWH WKH H[SUHVVLRQ
m
�
b� w �� ZKHUH m LV D QRQVWDQGDUG YDULDEOH VXEMHFW WR WKH DVVXPSWLRQV m z �

DQG m ! �� $W 6WHS �� WKH LQHTXDOLW\ m� b � w � ZLOO VLPSOLI\ WR WKH GLVMXQFWLRQ
� � m B m � b�� 7KLV ZLOO UHDFK 6WHS �� ZKLFK ZLOO FDOO YDO VHSDUDWHO\ RQ WKH
WZR LQHTXDOLWLHV � � m DQG m � b�� /HW XV FRQVLGHU m � b� nUVW� 7KLV ZLOO EH
VHQW WR 6WHS �� ZKHUH LW ZLOO EH SXW LQ WKH IRUP � � b�bm� 6LQFH WKH VWDQGDUG
SDUW RI m LV �� WKH VWDQGDUG SDUW RI WKH ULJKW VLGH LV b�� DQG VR ZH WU\ WR LQIHU
� � b�� ZKLFK IDLOV� DQG ZH JR WR 6WHS �� ,Q 6WHS �� ZH WU\ WR LQIHU b� � ��
ZKLFK VXFFHHGV� VR YDO UHWXUQV IDOVH ZLWK SRVLWLYH VXFFHVV�
1RZ FRQVLGHU WKH RWKHU LQHTXDOLW\� � � m� 7KLV UHDFKHV 6WHS � DQG LV SXW

LQ WKH IRUP � � m b �� 6LQFH WKH VWDQGDUG SDUW RI m LV �� ZH JHW ]HUR IRU WKH
VWDQGDUG SDUW� VR WKH DWWHPSWHG LQIHUHQFHV LQ 6WHSV �� �� DQG � DOO IDLO� DQG ZH
DUULYH DW 6WHS �� 7KLV FDOOV QRQVWGSDUW RQ m b �� 7KLV VHWV K  m b � DQG
DVNV IRU WKH OHDGLQJ WHUP RI WKH 3XVLHX[ VHULHV LQ K RI m b �� 7KDW OHDGLQJ

��



WHUP LV RI FRXUVH MXVW K LWVHOI� WKDW LV� D  X  �� 1RZ YDO�K ! �� LV FDOOHG�
7KH FRPSXWDWLRQ RI YDO�K ! �� UHDFKHV 6WHS �� DQG UHWXUQV WUXH ZLWK QHJDWLYH
VXFFHVV� VLQFH WKH GRPDLQ LQHTXDOLW\ LV � � m� ,I WKLV KDG EHHQ D WZR�VLGHG OLPLW�
RU D RQH�VLGHG OLPLW IURP WKH OHIW� WKH UHWXUQ YDOXH ZRXOG KDYH EHHQ IDOVH ZLWK
QHJDWLYH VXFFHVV�
5HWXUQLQJ QRZ WR WKH RULJLQDO FDOO WR YDO RQ WKH GLVMXQFWLRQ� ZH KDYH IRU WKH

UHVXOWV RQ WKH GLVMXQFWV� IDOVH ZLWK SRVLWLYH VXFFHVV DQG WUXH ZLWK QHJDWLYH
VXFFHVV� 7KH UXOHV LQ 6WHS � FDXVH XV WR UHWXUQ WUXH ZLWK QHJDWLYH VXFFHVV DV
WKH nQDO DQVZHU� 7KH PHDQLQJ RI WKLV UHVXOW LV WKDW WKH OLPLWDQG LV GHnQHG LQ
WKH YLFLQLW\ RI WKH OLPLW SRLQW� ,I WKH OLPLW KDG EHHQ WZR�VLGHG� WKH UHWXUQ YDOXH
ZRXOG KDYH EHHQ IDOVH� UHoHFWLQJ WKH IDFW WKDW WKH OLPLWDQG LV GHnQHG RQO\ RQ
RQH VLGH RI WKH OLPLW SRLQW�

� $ FRUUHFWQHVV SURRI

2XU DLP KHUH LV WR IRUPXODWH DQG SURYH D WKHRUHP WR WKH HmHFW WKDW WKH SURFH�
GXUH GHVFULEHG DERYH LV FRUUHFW� 7KLV WKHRUHP FDQ EH VXPPDUL]HG DV IROORZV�
$OWKRXJK YDO GRHV QRW SUHVHUYH VWULFW ORJLFDO HTXLYDOHQFH� LW SUHVHUYHV HTXLYD�
OHQFH LQ ?QHLJKERUKRRG VHPDQWLFV�� 6SHFLnFDOO\� D IRUPXOD LQYROYLQJ m LV WUXH
LQ ?QHLJKERUKRRG VHPDQWLFV� LI LW LV WUXH IRU DOO UHDO [ LQ D QHLJKERUKRRG RI WKH
OLPLW SRLQW F� 7KH QHLJKERUKRRG LQ TXHVWLRQ PXVW EH D SXQFWXUHG QHLJKERUKRRG
DQG PXVW EH RQH�VLGHG LI WKH RULJLQDO OLPLW ZDV RQH�VLGHG�
7R IRUPXODWH VXFK D WKHRUHP SUHFLVHO\� OHW QEKG��� F� EH WKH �VWDQGDUG� IRU�

PXOD H[SUHVVLQJ WKDW � LV WUXH LQ VRPH SXQFWXUHG QHLJKERUKRRG RI F DV D IXQFWLRQ
RI K� QDPHO\ �LQ WKH FDVH RI D WZR�VLGHG OLPLW�

�D�UHDO �E�UHDO�D � F A F � E A �[�UHDO�D � [ A [ � E A [� F� �>[ m@��

:H ZLOO QRW WUHDW WKH FDVH RI RQH�VLGHG OLPLWV H[SOLFLWO\� DV WKH GHWDLOV DUH TXLWH
VLPLODU WR WKH WUHDWPHQW RI WZR�VLGHG OLPLWV� 6LQFH F ZLOO EH FOHDU IURP WKH
FRQWH[W ZH ZLOO RIWHQ ZULWH VLPSO\ QEKG��� LQVWHDG RI QEKG��� F��
7KLV VHPDQWLFV GHSHQGV RQ HDFK QRQVWDQGDUG YDULDEOH m EHLQJ FOHDUO\ DVVR�

FLDWHG ZLWK D OLPLW SRLQW F DQG HLWKHU D RQH�VLGHG OLPLW RU D WZR�VLGHG OLPLW�
)RU WKLV UHDVRQ� RXU HOLPLQDWLRQ SURFHGXUH DVVXPHV WKDW WKHUH LV RQO\ RQH QRQ�
VWDQGDUG YDULDEOH DQG LW LV VR DVVRFLDWHG� 7KLV ZLOO EH DGHTXDWH IRU V\PEROLF
FRPSXWDWLRQ QRW LQYROYLQJ QHVWHG OLPLW WHUPV�

7KHRUHP� �(OLPLQDWLRQ RI DQ LQnQLWHVLPDO� /HW b EH D OLVW RI VWDQGDUG DV�
VXPSWLRQV� DQG OHW , EH WKH OLVW RI WZR DVVXPSWLRQV� m � HUHDO z F � UHDO� DQG
D ?GRPDLQ LQHTXDOLW\�� HLWKHU m � F� m ! F� RU m� F� /HW � EH D TXDQWLnHU�IUHH
IRUPXOD� VWDQGDUG H[FHSW WKDW LW PD\ FRQWDLQ m� 7KHQ YDO���  YDO�b� , ��� ZLOO
WHUPLQDWH� ,I YDO��� WHUPLQDWHV ZLWK VXFFHVV� OHW c EH WKH OLVW RI DQ\ DGGLWLRQDO
DVVXPSWLRQV JHQHUDWHG GXULQJ WKH FRPSXWDWLRQ RI YDO���� 7KHQ�

�L� c DQG YDO��� DUH ERWK VWDQGDUG�

��



�LL� 7e SURYHV c�b� QEKG��� � YDO��� ZKHUH QEKG�JLYHQ SUHFLVHO\ DERYH�
H[SUHVVHV WKDW � LV WUXH LQ D SXQFWXUHG QHLJKERUKRRG RI F�

�LLL� c�b� QEKG���� YDO��� LV SURYDEOH LQ FODVVLFDO VHW WKHRU\� DQG KHQFH
WUXH�

5HPDUN � � &RQVLGHU WKH H[DPSOH LQSXW m � F B F � m� ,I VWHS � RI WKH
DOJRULWKP IDLOV WR VLPSOLI\ WKLV LQSXW WR WUXH� VR WKDW LW ZRXOG EH SDVVHG WR VWHS
�� WKHQ YDO ZLOO EH IRUFHG WR UHWXUQ XQVXFFHVVIXOO\� EHFDXVH LW ZLOO VXFFHHG QHJ�
DWLYHO\ RQ HDFK �DWRPLF� GLVMXQFW� 6LQFH YDO UHWXUQV IDOVH RQ HDFK GLVMXQFWLRQ�
ZLWKRXW WKH ?IRUFHG IDLOXUH� FODXVH ZH ZRXOG JHW WKH LQFRUUHFW DQVZHU IDOVH RQ
WKLV LQSXW� WKH DQVZHU LV LQFRUUHFW EHFDXVH WKH LQSXW LV D WKHRUHP� 2I FRXUVH�
LI WKH ORJLFDO VLPSOLnHU LQ VWHS � RI WKH DOJRULWKP GRHV DQ\WKLQJ DW DOO� LW LV
OLNHO\ WR FDWFK WKLV H[DPSOH EHIRUH LW LV IRUFHG WR IDLO� EXW WKHUH ZLOO FHUWDLQO\
EH PRUH FRPSOH[ H[DPSOHV ZKLFK HVFDSH WKH VLPSOLnHU DQG SURGXFH GLVMXQFWV RI
WKLV NLQG�

5HPDUN � � 7KH WKHRUHP GRHV QRW SODFH D UHVWULFWLRQ RQ WKH V\QWDFWLFDO
IRUP RI �� +RZHYHU� WKH WKHRUHP RQO\ VWDWHV ZKDW KDSSHQV LI YDO��� FDQ EH
VXFFHVVIXOO\ FRPSXWHG� 7KH ?IRUFHG IDLOXUH� FODXVH LQ 6WHS � RI WKH DOJRULWKP
WKXV KDV D VLPLODU HmHFW WR D UHVWULFWLRQ RQ WKH V\QWD[ RI �� 7KH IROORZLQJ VHFWLRQ
RI WKH SDSHU ZLOO VKRZ WKDW �XQGHU DGGLWLRQDO DVVXPSWLRQV� WKH IRUFHG IDLOXUH
FODXVH LV QHYHU XVHG� WKLV LV VLPLODU WR UHPRYLQJ D V\QWDFWLFDO UHVWULFWLRQ� 7KLV
IRUPXODWLRQ LV EHWWHU EHFDXVH LW FOHDUO\ VHSDUDWHV WKH TXHVWLRQV RI WKH FRUUHFWQHVV
RI YDO DQG WKH DSSOLFDELOLW\ RI YDO� )RU H[DPSOH� WKH IRUFHG IDLOXUH FODXVH LVQ
W
XVHG RQ WKH H[DPSOH m � F B F � m EHFDXVH LW JHWV VLPSOLnHG WR WUXH LQ 6WHS �
RI WKH DOJRULWKP�

5HPDUN � � &RQVLGHU WKH H[DPSOH DULVLQJ IURP WKH OLPLW FRPSXWDWLRQ RI
WKH GHULYDWLYH RI

S
[� :KHQ WKLV ZDV LQIRUPDOO\ FRQVLGHUHG �6HFWLRQ ����� WKH

DQDO\VLV RI � � [ � K OHG WR WKH IRUPXOD � � [ B ��  [ A � � K�� $OWKRXJK
WKLV LV D GLVMXQFWLRQ� RQO\ RQH GLVMXQFW FRQWDLQV WKH QRQVWDQGDUG YDULDEOH K� VR
LW PHHWV WKH UHVWULFWLRQ� $V LW WXUQV RXW� WKRXJK� ZKHQ WKH DOJRULWKP LV WUDFHG
RQ WKLV H[DPSOH� WKLV GLVMXQFWLRQ LV QHYHU SDVVHG DV LQSXW WR YDO DQ\ZD\� 6HH
WKH IRRWQRWHV LQ WKH SURRI�

3URRI � 7KH nUVW SDUW RI WKH WKHRUHP FRQFHUQV WKH WHUPLQDWLRQ RI YDO� 7KLV
LV SURYHG E\ D VWUDLJKWIRUZDUG LQGXFWLRQ RQ WKH FRPSXWDWLRQ RI YDO� XVLQJ WKH
DVVXPSWLRQV WKDW LQIHU� UHIXWH� VWGSDUW� QRQVWGSDUW� DQG VLPSOLI\ DOZD\V
WHUPLQDWH� 7KH RQO\ FODXVH WKDW FDQ FDXVH IDLOXUH RI YDO LV WKH IDLOXUH WR FRPSXWH
D 3XLVHX[ VHULHV� :H QRZ WXUQ WR WKH SURRI RI �L�� �LL�� DQG �LLL� XQGHU WKH
DVVXPSWLRQ WKDW YDO��� UHWXUQV VXFFHVVIXOO\�
$FFRUGLQJ WR 1HOVRQ
V WKHRUHP� �LL� LPSOLHV �LLL��� :H WXUQ WR WKH YHULnFDWLRQ

RI �L� DQG �LL�� 7KHUH DUH WKUHH VHSDUDWH FDVHV WR WKH SURRI� DFFRUGLQJ WR WKH VHQVH

�:H ZRXOG OLNH WR VWUHQJWKHQ �LLL� WR SURYDELOLW\ LQ 7 � 7KDW FDQ SUREDEO\ EH GRQH� LI 7
LQFOXGHV WKH W\SH FRQVWUXFWRU $ � %� E\ DGDSWLQJ WKH SURRI RI 1HOVRQ
V WKHRUHP� EXW LI 7
GRHV QRW FRQWDLQ WKH FRQVWUXFWRU $ � %� WKHQ WKH SRVVLELOLW\ RI FODLPLQJ SURYDELOLW\ LQ 7 LQ
��� LV DQ RSHQ TXHVWLRQ�

��



RI WKH GRPDLQ LQHTXDOLW\ LQ , �WKDW LV� ZKHWKHU LW FDPH IURP D OHIW OLPLW� ULJKW
OLPLW� RU WZR�VLGHG OLPLW�� :H GHDO H[SOLFLWO\ RQO\ ZLWK WKH WZR�VLGHG FDVH� WKH
WZR RQH�VLGHG FDVHV DUH VLPLODU�

%HIRUH JLYLQJ WKH SURRI RI �LL� LQ GHWDLO� ZH SRLQW WR D NH\ VWHS� %\ VWDQGDUG
WHFKQLTXHV RI QRQVWDQGDUG DQDO\VLV� QEKG��� LV HTXLYDOHQW LQ 7e WR

�m�HUHDO �m z F A m� F� ���

7KHUHIRUH WKH IROORZLQJ LV HTXLYDOHQW WR �LL� LQ 7e�

,�c�b� �m�HUHDO�m z F A m� F� ��� YDO���

7KH KHDUW RI WKH SURRI LV WKH IROORZLQJ VLPSOH REVHUYDWLRQ� LQ FDVH WKH ODVW VWHS
LV WKH SUREOHPDWLF UHGXFWLRQ RI F � m WR IDOVH� LW ZRUNV� EHFDXVH �m�HUHDO�m z 
F A m� F� F � m� LV HTXLYDOHQW WR IDOVH LQ 7e�
,Q RUGHU WR KDQGOH WKH PD[LPXP YDULHW\ RI LQSXW IRUPXODH� ZH KDYH WR NHHS

WUDFN RI ZKHWKHU YDO UHWXUQV ZLWK SRVLWLYH RU QHJDWLYH VXFFHVV� 7KH LPSRUWDQW
SRLQW DERXW SRVLWLYH VXFFHVV LV WKLV� ZH ZLOO SURYH WKDW LI YDO��� UHWXUQV ZLWK
SRVLWLYH VXFFHVV� WKHQ

�m�HUHDO �m z F A m� F� �YDO���� ��� �LY�

)RU H[DPSOH� YDO�m � F� �� LV JRLQJ WR EH WUXH� ZLWK SRVLWLYH VXFFHVV� DQG
IRU DQ\ m z F� ZH ZLOO KDYH m � F� ��
:H ZLOO SURYH �LL� E\ LQGXFWLRQ RQ WKH QXPEHU RI VWHSV RI NLQGV ��� WR ��� LQ

WKH FRPSXWDWLRQ RI YDO���� VLPXOWDQHRXVO\ SURYLQJ �LY� LQ FDVH YDO��� UHWXUQV
ZLWK SRVLWLYH VXFFHVV� 1RWH WKDW �LY� LPSOLHV �LL�� 7KH EDVLV FDVH �LPPHGLDWH UH�
WXUQ� FRUUHVSRQGV WR VWHS � LQ WKH GHnQLWLRQ RI YDO� ,Q WKDW FDVH QR QRQVWDQGDUG
YDULDEOHV DUH LQYROYHG� DQG ZH KDYH DVVXPHG WKDW YDO WHUPLQDWHV DQG SUHVHUYHV
ORJLFDO HTXLYDOHQFH LQ WKH VHQVH WKDW b�c � � � YDO��� LV SURYDEOH LQ 7� %XW
VLQFH QR QRQVWDQGDUG YDULDEOHV DUH SUHVHQW� QEKG��� � � LV D ORJLFDO WULYLDOLW\�
KHQFH SURYDEOH LQ 7� 7KHQ �LL� IROORZV LPPHGLDWHO\�
7KHUH DUH PDQ\ FDVHV LQ WKH LQGXFWLRQ VWHS� FRUUHVSRQGLQJ WR VWHSV ��� RI

WKH GHnQLWLRQ RI YDO� :H WDNH WKHVH FDVHV RQH E\ RQH� ,Q HDFK FDVH ZH UHSHDW
WKH UHOHYDQW FODXVH RI WKH GHnQLWLRQ� VR WKDW WKH UHDGHU ZLOO QRW QHHG WZR FRSLHV
RI WKH SDSHU WR IROORZ WKH SURRI�

&DVH ���� )LUVW FRQVLGHU FRQMXQFWLRQV� )RU QRWDWLRQDO VLPSOLFLW\ ZH FRQVLGHU
D FRQMXQFWLRQ RI WZR DUJXPHQWV� 7KH FRPSXWDWLRQ UXOH LPSOLHV �XVLQJ WKH IDFW
WKDW VLPSOLFDWLRQ SUHVHUYHV SURYDEOH HTXLYDOHQFH�

YDO�$A%�� YDO�$� A YDO�%��

%\ LQGXFWLRQ K\SRWKHVLV ZH KDYH

YDO�$�� �m�m z F A m� F� $�

��



YDO�%�� �m�m z F A m� F� %�

+HQFH
YDO�$A%�� �m�m z F A m� F� $A%�

LQ YLHZ RI WKH ORJLFDO LGHQWLW\

�m3 A �m4� �m�3 A4��

,I YDO�$ A %� UHWXUQV ZLWK SRVLWLYH VXFFHVV� WKDW LV EHFDXVH ERWK YDO�$� DQG
YDO�%� GR VR� LQ ZKLFK FDVH ZH HVWDEOLVK �LY� HDVLO\� IRU m z F A m� F� ZH KDYH

YDO�$A%� � YDO�$� A YDO�%�

� $ A%

7KDW FRPSOHWHV WKH DUJXPHQW IRU FRQMXQFWLRQ�
1RZ FRQVLGHU GLVMXQFWLRQV� 6LQFH WKH LGHQWLW\

�m3 B �m4� �m�3 B4��

LV LQ JHQHUDO QRW YDOLG� ZH FDQQRW FDUU\ RXW D VLPLODU SURRI IRU DUELWUDU\ GLV�
MXQFWLRQV� +RZHYHU� LQ WKH GHnQLWLRQ RI YDO ZH LPSRVHG WKH UHVWULFWLRQ WKDW DW
PRVW RQH RI WKH UHFXUVLYH FDOOV UHWXUQV ZLWK QHJDWLYH VXFFHVV� �2WKHUZLVH WKH
IRUFHG GLVWULEXWLRQ FODXVH FDOOV YDO UHFXUVLYHO\ RQ D ORJLFDOO\ HTXLYDOHQW IRUPXOD�
LQ WKDW FDVH WKHUH LV QRWKLQJ WR SURYH�� 7KHUHIRUH �VLQFH IRU VLPSOLFLW\ ZH DUH
VKRZLQJ WKH SURRI RQO\ IRU WZR GLVMXQFWV� ZH FDQ DVVXPH WKDW YDO�$� UHWXUQV
ZLWK SRVLWLYH VXFFHVV� VR WKDW E\ �LY� ZH KDYH

�m�m z F A m� F� �YDO�$�� $��

7KHQ WR FRPSOHWH WKH SURRI ZH QHHG RQO\ WKH YDOLG LGHQWLW\

3 B �m4� �m�3 B4�

LQ ZKLFK 3 GRHV QRW FRQWDLQ m� �+HUH 3 LV YDO�$��� 7R PDNH WKH DUJXPHQW
FOHDU OHW XV ZULWH �m��$ WR DEEUHYLDWH �m�HUHDO �m z FAm� F� $�� 7KHQ ZH
KDYH

YDO�$B%� � YDO�$� B YDO�%�

� �m��$B �m��%

� �m��YDO�$� B �m��%

� YDO�$� B �m��%

� �m���YDO�$� B%�

� �m�$B%�

��



,I YDO�$B%� UHWXUQV ZLWK SRVLWLYH VXFFHVV� WKDW LV EHFDXVH ERWK YDO�$� DQG
YDO�%� GR VR� LQ ZKLFK FDVH ZH HVWDEOLVK �LY� HDVLO\� IRU m z F A m� F� ZH KDYH

YDO�$B%� � YDO�$� B YDO�%�

� $ B%

&DVH ���� ,I WKH LQSXW � LV DQ LQHTXDOLW\ U � V� DQG U LV QRW ]HUR� DQG ERWK
VLGHV FRQWDLQ m� UHWXUQ YDO�� � Vb U��
$UJXH DV IROORZV LQ 7e�

b� YDO�U � V� � YDO�� � Vb U��

� QEKG�� � Vb U�

� QEKG�U � V�

�E\ GHnQLWLRQ RI YDO�� 7KH ODWWHU LV HTXLYDOHQW �E\ LQGXFWLRQ K\SRWKHVLV SURYDEO\
LQ 7 � WR QEKG�� � V b U�� 6LQFH YDO�U � V� � YDO�� � V b U��� ZH KDYH
YDO�U � V�� QEKG�� � Vb U�� (YLGHQWO\ QEKG�� � Vb U�� QEKG�U � V�� VR ZH
KDYH YDO�U � V�� QEKG�U � V� DV GHVLUHG�
,I WKH UHWXUQ LV ZLWK SRVLWLYH VXFFHVV� WKHQ �LY� LV LPPHGLDWH�

b� YDO�U � V� � YDO�� � Vb U�

� � � Vb U

� U � V

&DVH ���� ,I WKH LQSXW LV U � V DQG H[DFWO\ RQH VLGH FRQWDLQV m� SHUIRUP
VRPH PDWKHPDWLFDO VLPSOLnFDWLRQV WKDW SUHVHUYH ORJLFDO HTXLYDOHQFH DQG WKHQ
VROYH WKH LQHTXDOLW\ IRU WKH QRQVWDQGDUG YDULDEOH m LI SRVVLEOH� �)RU H[DPSOH�
�m � � ZLOO EHFRPH m � � ��� ,I WKH UHVXOW RI WKHVH FRPSXWDWLRQV LV �� UHWXUQ
YDO����
6ROYLQJ DQ LQHTXDOLW\ FDQ JHQHUDWH DQ DVVXPSWLRQ� VR WKH c UHWXUQHG IURP

YDO�U � V� FDQ EH QRQHPSW\� +RZHYHU� D VROYHG LQHTXDOLW\ LV HTXLYDOHQW WR WKH
RULJLQDO LQHTXDOLW\ XQGHU WKH JHQHUDWHG DVVXPSWLRQV �LI DQ\�� 7KDW LV� 7e SURYHV

b�c� � � U � V�

%\ LQGXFWLRQ K\SRWKHVLV� 7e SURYHV

b� YDO���� QEKG����

7KHUHIRUH 7e SURYHV

b�c� YDO���� QEKG�U � V�

��



%XW VLQFH YDO�U � V�  YDO���� 7e SURYHV

b�c� YDO�U � V�� QEKG�U � V�

ZKLFK LV �LL� LQ WKLV FDVH�
,I WKH UHWXUQ LV ZLWK SRVLWLYH VXFFHVV� WKHQ ZH SURYH �LY� DV IROORZV� LQ 7e ZH

KDYH E\ LQGXFWLRQ K\SRWKHVLV

b�c� � � YDO���

+HQFH
b�c� YDO�� � U�� �

+HQFH
b�c� YDO�� � U�� � � U

&DVH ���� ,I WKH LQSXW LQHTXDOLW\ FRQWDLQV D VLQJOH QRQVWDQGDUG YDULDEOH m�
DQG WKH GRPDLQ LQHTXDOLW\ IRU m LV m� F �LQGLFDWLQJ WKDW m DURVH IURP D WZR�
VLGHG OLPLW DV m DSSURDFKHV F�� DQG WKH LQSXW LQHTXDOLW\ KDV RQH RI WKH IRUPV
m � F� m ! F� m w F� m � F� UHWXUQ IDOVH� ,I WKH LQSXW LV m� F� UHWXUQ WUXH�
6LQFH WKH UHWXUQ LQ WKLV FDVH LV DOZD\V ZLWK QHJDWLYH VXFFHVV� ZH GR QRW KDYH WR
HVWDEOLVK �LY��
/HW XV WDNH WKH LQSXW IRUPV RQH DW D WLPH� 6XSSRVH � LV m � F� 7KHQ QEKG���

VD\V WKDW IRU DOO [ LQ VRPH SXQFWXUHG WZR�VLGHG QHLJKERUKRRG RI F� [ � F� ZKLFK
LV UHIXWDEOH VLQFH HDFK VXFK QHLJKERUKRRG LQFOXGHV VRPH SRLQWV ODUJHU WKDQ F�
+HQFH QEKG��� � YDO���� VLQFH ERWK DUH HTXLYDOHQW WR IDOVH� 6LPLODUO\ LI � LV
F � m� VLQFH HDFK SXQFWXUHG WZR�VLGHG QHLJKERUKRRG RI F FRQWDLQV VRPH SRLQWV
OHVV WKDQ F� 7KH QRQ�VWULFW LQHTXDOLWLHV DUH WUHDWHG WKH VDPH ZD\� )LQDOO\�
FRQVLGHU WKH LQSXW m� F� )RU WKLV �� QEKG��� VD\V WKDW IRU DOO [ LQ D SXQFWXUHG
QHLJKERUKRRG RI F� [ � F� 6LQFH LW LV D SXQFWXUHG QHLJKERUKRRG� WKLV LV WUXH�
+HQFH YDO��� F�� � DV GHVLUHG� VLQFH LQ WKLV FDVH YDO��� F� LV WUXH�

&DVH ���� ,I WKH LQSXW � LV U � V ZLWK U QRW ]HUR� VHW � WR WKH VLPSOLnHG IRUP
RI � � Vb U� ,I WKH LQSXW KDV WKH IRUP � � V� FRPSXWH 6  VWGSDUW�V��
7KH UHSODFHPHQW RI U � V E\ DQ HTXLYDOHQW IRUP SUHVHUYHV SURYDEOH HTXLYD�

OHQFH� VR ZH PD\ DVVXPH ZH DUH DOUHDG\ LQ WKH FDVH RI LQSXW � � V� ,Q WKLV SDUW
RI WKH SURRI ZH DUH DVVXPLQJ WKDW YDO GRHV QRW IDLO� VR ZH FDQ DVVXPH WKDW 6 LV
VXFFHVVIXOO\ FRPSXWHG� ,I 6 LV ]HUR ZH JR WR VWHS �� VR XQGHU WKLV FDVH ZH PD\
DVVXPH 6 � �� 7KH GHnQLWLRQ RI YDO WKHQ VD\V WR FDOO LQIHU RQ WKH LQHTXDOLW\
� � 6� ,I LW VXFFHHGV� UHWXUQ WUXH� ZLWK SRVLWLYH VXFFHVV� ,I LW GRHV QRW VXFFHHG�
ZH DUH LQ FDVH ���� VR XQGHU WKLV FDVH� ZH PD\ DVVXPH LQIHU UHWXUQV WUXH RQ
� � 6�
6LQFH WKH VXFFHVV LV SRVLWLYH� ZH DUH UHTXLUHG WR HVWDEOLVK QRW RQO\ �LL�� EXW

�LY�� 6LQFH �LY� LPSOLHV �LL�� LW ZLOO VXpFH WR SURYH �LY�� :H PXVW VKRZ LQ 7e

WKDW
b�c� m z F A m� F� �YDO�� � V�� � � V�

��



6LQFH YDO�� � V� LV WUXH� WKLV ERLOV GRZQ WR VKRZLQJ

b�c� m z F A m� F� � � V

8VLQJ WKH QRQVWDQGDUG GHnQLWLRQ RI OLPLW �7KHRUHP ��� LW ZRXOG VXpFH WR SURYH

b�c� OLP
[�F

V>[ m@ ! �

:H KDYH DVVXPHG WKDW WKH DOJRULWKP VWGSDUW KDV WKH SURSHUW\ WKDW 7e SURYHV

OLP
[�F

V>[ m@  VWGSDUW�V�

VR LW ZLOO VXpFH WR VKRZ WKDW 7e SURYHV

b�c� � � VWGSDUW�V�

7KDW LV� VLQFH 6  VWGSDUW�6��

b�c� � � 6�

:H NQRZ WKDW LQIHU UHWXUQV WUXH RQ � � 6� :H KDYH DVVXPHG �SURSHUW\ ��� RI
LQIHU� WKDW LQIHU LV VRXQG� VR 7 e SURYHV b�c� � � 6� DV GHVLUHG�

&DVH ���� :KHQ WKH LQSXW KDV WKH IRUP � � V� DQG VWGSDUW�V�  6� FDOO
LQIHU�6 � ��� ,I WKLV VXFFHHGV� WKHQ UHWXUQ IDOVH� ZLWK SRVLWLYH VXFFHVV� (OVH
JR WR VWHS ��
:H PD\ VXSSRVH WKHQ WKDW LQIHU�6 � �� VXFFHHGV� :H KDYH WR SURYH QRW

RQO\ �LL�� EXW �LY�� EHFDXVH WKH VXFFHVV LV SRVLWLYH� :H DUH UHTXLUHG WKHQ WR VKRZ
WKDW 7e SURYHV

b�c� m z F A m� F� ��� � V��

$V LQ WKH SUHYLRXV FDVH� LW ZRXOG VXpFH WR NQRZ 7e SURYHV

b�c� OLP
[�F

V>[ m@ � �

%XW ZH NQRZ
b�c� OLP

[�F

V>[ m@  6

DQG 7e SURYHV b�c � 6 � � EHFDXVH LQIHU VXFFHHGV RQ 6 � �� 7KH GHVLUHG
FRQFOXVLRQ IROORZV LPPHGLDWHO\�

&DVH ���� ,I WKH LQSXW LV � � V DQG VWGSDUW�V�  6� FDOO LQIHU �� 6� �,W
PLJKW EH SRVVLEOH WR LQIHU WKLV ZLWKRXW EHLQJ DEOH WR GHWHUPLQH WKH VLJQ RI 6�
IRU H[DPSOH LI �� 6 LV D FXUUHQW DVVXPSWLRQ�� ,Q WKDW FDVH ZH DGG � � 6 WR WKH
OLVW c RI QHZ DVVXPSWLRQV DQG UHWXUQ WUXH� ZLWK SRVLWLYH VXFFHVV� ,I WKH FDOO WR
LQIHU GRHV QRW VXFFHHG� UHWXUQ

� � 6 B �6  � A YDO�� � Vb 6��

��



,I WKH UHFXUVLYH FDOO WR YDO IDLOV� WKH UHWXUQ LV XQVXFFHVVIXO� RWKHUZLVH WKH VXFFHVV
LV SRVLWLYH RU QHJDWLYH� WKH VDPH DV LV UHWXUQHG IURP WKH UHFXUVLYH FDOO�
)LUVW FRQVLGHU WKH FDVH LQ ZKLFK LQIHU�� � 6� VXFFHHGV� 7R HVWDEOLVK �LY��

ZH KDYH WR SURYH
b� � � 6 � � � 6 � WUXH

ZKLFK LV D WULYLDOLW\� �7KH LQWHUHVWLQJ WKLQJ KHUH LV WKDW KRSHIXOO\ WKLV ZLOO QRW
FUHDWH FRQWUDGLFWRU\ DVVXPSWLRQV LQ WKH DQWHFHGHQW� EXW VLQFH LQ JHQHUDO WKDW
FDQQRW EH HQWLUHO\ DYRLGHG� WKHUH LV QRWKLQJ WR SURYH DERXW LW� 1RWH WKDW WKLV
FDVH FRPHV XS RQO\ ZKHQ WKHUH DUH YDULDEOHV RU FRPSOLFDWHG H[SUHVVLRQV ZKRVH
RUGHU UHODWLRQ WR F FDQQRW EH GHWHUPLQHG E\ WKH V\VWHP��
1RZ VXSSRVH WKDW WKH FDOO WR LQIHU��� 6� GRHV QRW VXFFHHG� 6XSSRVH nUVW

WKDW WKH UHFXUVLYH FDOO WR YDO UHWXUQV ZLWK SRVLWLYH VXFFHVV� 7KHQ ZH KDYH WR
HVWDEOLVK �LY�� %\ LQGXFWLRQ K\SRWKHVLV� ZH KDYH

b� YDO�� � Vb 6�� � � Vb 6

+HQFH

b� YDO�� � V� � 6  � A YDO�� � Vb 6�

� 6  � A � � Vb 6

� � � V

ZKLFK SURYHV �LY��
1RZ ZH SURYH �LL�� 6XSSRVH LQIHU �� 6 VXFFHHGV� :H KDYH WR VKRZ WKDW 7e

SURYHV
b� � � 6 � QEKG�� � V��

$V LQ FDVH ���� ZH KDYH 7e SURYHV

b� OLP
[�F

V>[ m@  6

DQG KHQFH� XQGHU WKH DVVXPSWLRQ � � 6� ZH KDYH QEKG�V � F� DV GHVLUHG�
,I WKH DWWHPSW WR LQIHU �� 6 GRHV QRW VXFFHHG� ZH DUH WR UHWXUQ

� � 6 B �6  � A YDO�� � Vb 6���

%\ SURSHUW\ ��� RI VWGSDUW

6  OLP
[�F

V>[ m@

IURP ZKLFK LW IROORZV WKDW

QEKG�� � V�� � � 6 B �6  � A QEKG�� � V��

RU HTXLYDOHQWO\

QEKG�� � V�� � � 6 B �6  � A QEKG�� � Vb 6��

��



%XW E\ LQGXFWLRQ K\SRWKHVLV� ZH KDYH

b� QEKG�� � Vb 6�� YDO�� � Vb 6��

7KHUHIRUH

b� QEKG�� � V�� � � 6 B �6  � A YDO�� � Vb 6��

,Q YLHZ RI WKH GHnQLWLRQ RI YDO LQ WKLV FDVH� WKDW LV QRWKLQJ EXW

b� QEKG�� � V�� YDO�� � V��

ZKLFK ZDV ZKDW ZH KDG WR SURYH�

&DVH ���� 7KH LQSXW � � V KDV VWGSDUW�V�  �� &DOO QRQVWGSDUW RQ V�
7KLV UHVXOWV LQ DWWHPSWLQJ WR FRPSXWH WKH OHDGLQJ WHUP RI WKH 3XLVHX[ VHULHV
IRU V� 6LQFH ZH KDYH DVVXPHG YDO�� � V� UHWXUQV VXFFHVVIXOO\� ZH NQRZ WKDW WKLV
FRPSXWDWLRQ VXFFHHGV� 7KH VHULHV LQ TXHVWLRQ LV FRPSXWHG LQ SRZHUV RI K  mbF�
ZKHUH F LV WKH VWDQGDUG SDUW RI m� /HW XV FDOO WKH DSSDUHQW OHDGLQJ WHUP RI WKH
3XLVHX[ VHULHV DKX� 7KHQ YDO�� � DKX� ZLOO EH FDOOHG� ,I WKLV LV D WZR�VLGHG OLPLW�
D GRPDLQ LQHTXDOLW\ HTXLYDOHQW WR K� � LV LQ WKH DVVXPSWLRQ OLVW b� 7KHUHIRUH�
E\ DVVXPSWLRQ ��� LQ 6HFWLRQ ���� WKH UHWXUQ YDOXH IURP YDO�� � DKX� ZLOO EH
WUXH RU IDOVH �SRVVLEO\ WKLV FRPSXWDWLRQ DGGV DQ DVVXPSWLRQ DERXW WKH VLJQ
RI D WR WKH SUHYLRXVO\�SUHVHQW DVVXPSWLRQV� EXW VLQFH WKLV LV WKH UHFXUVLYH FDOO�
E\ LQGXFWLRQ K\SRWKHVLV WKDW DVVXPSWLRQ LV DOUHDG\ LQ WKH OLVW b��
&RQVLGHU nUVW WKH FDVH LQ ZKLFK WKH UHWXUQ YDOXH LV WUXH� %\ LQGXFWLRQ

K\SRWKHVLV ZH KDYH
b� QEKG�� � DKX�

6LQFH 7 SURYHV WKH HOHPHQWDU\ SURSHUWLHV RI 3XLVHX[ VHULHV� ZH KDYH

b� QEKG�� � V�

ZKLFK HVWDEOLVKHV �LL��
,Q FDVH WKH VXFFHVV ZDV SRVLWLYH� ZH KDYH E\ LQGXFWLRQ K\SRWKHVLV

b� K z � A K� �� �WUXH� � � DKX�

DQG KHQFH
b� �K z � A K� �� � � DKX�

$JDLQ XVLQJ WKH IDFW WKDW 7 SURYHV WKH HOHPHQWDU\ SURSHUWLHV RI 3XLVHX[ VHULHV�
ZH KDYH

b� K z � A K� �� � � V

HVWDEOLVKLQJ �LY� LQ FDVH YDO�� � DKX�  WUXH�

��



1RZ FRQVLGHU WKH FDVH YDO�� � DKX�  IDOVH� %\ LQGXFWLRQ K\SRWKHVLV ZH
KDYH 7e SURYHV

b� IDOVH� QEKG�� � DKX�

IURP ZKLFK� E\ WKH HOHPHQWDU\ SURSHUWLHV RI 3XLVHX[ VHULHV� ZH KDYH

b� IDOVH� QEKG�� � V�

HVWDEOLVKLQJ �LL� IRU WKLV FDVH�
,I WKH VXFFHVV LV SRVLWLYH� ZH KDYH

b� IDOVH� � � DKX

ZKHQFH ZH REWDLQ
b� IDOVH� QEKG�� � V�

HVWDEOLVKLQJ �LY� IRU WKLV FDVH�

� :KHQ ZLOO YDO VXFFHHG"

7KH DERYH WKHRUHP FRQWDLQV DV D K\SRWKHVLV WKH DVVXPSWLRQ WKDW YDO��� WHUPL�
QDWHV ZLWK VXFFHVV� 7KLV LV WKH UHVXOW RI SUDFWLFDO LQWHUHVW� LW JXDUDQWHHV WKDW
ZH JHW QR ZURQJ DQVZHUV IURP LQIHUHQFHV PDGH E\ 0DWKSHUW GXULQJ OLPLW FDO�
FXODWLRQV� +RZHYHU� LW LV DOVR RI LQWHUHVW WR GHWHUPLQH ZKHQ WKH DOJRULWKP GRHV
VXFFHHG� RU ZKHQ LW GRHV VXFFHHG DQG GRHV QRW JHQHUDWH D FRQWUDGLFWRU\ VHW RI
DVVXPSWLRQV� 7KH LQWHUHVW RI WKLV TXHVWLRQ LV ERWK WKHRUHWLFDO DQG SUDFWLFDO�
7KH SUDFWLFDO DSSOLFDWLRQ LV WKLV� LI WKH DOJRULWKP VXFFHHGV� EXW JHQHUDWHV FRQ�
WUDGLFWRU\ DVVXPSWLRQV� VRIWZDUH XVLQJ WKLV DOJRULWKP WR JXDUG DJDLQVW LQFRUUHFW
VWHSV PD\ VWLOO WDNH DQ LQFRUUHFW VWHS� $W OHDVW LQ WKDW VLWXDWLRQ ZH ZLOO NQRZ
LW� SURYLGHG WKDW ZH UHFRJQL]H WKH DVVXPSWLRQV DV FRQWUDGLFWRU\� EXW RI FRXUVH
LW ZRXOG EH EHWWHU WR SURYH WKDW XQGHU FHUWDLQ FRQGLWLRQV WKLV GRHV QRW KDSSHQ�
7KDW LV ZKDW ZH VKDOO GR LQ WKLV VHFWLRQ�

2ULJLQDOO\ , KDG KRSHG WKDW ?DOO H[SUHVVLRQV LQ WKH IRUPXOD KDYH 3XLVHX[
VHULHV WKDW WKH V\VWHP FDQ FRPSXWH� VKRXOG VXpFH IRU VXFFHVV� DQG WKH GHWHU�
PLQDELOLW\ RI WKH VLJQV RI WKH OHDGLQJ FRHpFLHQWV LQ WKH 3XLVHX[ VHULHV VKRXOG
EH VXpFLHQW IRU VXFFHVV ZLWKRXW FRQWUDGLFWRU\ DVVXPSWLRQV�� 7KLV WXUQV RXW WR
EH WUXH� EXW RQO\ LI RQH PDNHV VWURQJHU DVVXPSWLRQV DERXW WKH VLPSOLnFDWLRQ
DOJRULWKP WKDQ DUH QHFHVVDU\ IRU WKH FRUUHFWQHVV SURRI� 7KHUH DUH WZR SODFHV LQ
WKH DOJRULWKP IRU YDO WKDW FDQ SURGXFH IDLOXUH� WKH IDLOXUH WR FRPSXWH D 3XLVHX[
VHULHV� DQG WKH IRUFHG IDLOXUH FODXVH LQ VWHS �� 7KH TXHVWLRQ ZH WDNH XS LQ WKLV
VHFWLRQ LV ZKHWKHU WKH IRUFHG�IDLOXUH FODXVH KDV DQ\ UHDO HmHFW� LV WKHUH DQ LQSXW
� RQ ZKLFK YDO ZLOO DFWXDOO\ XVH WKH IRUFHG�IDLOXUH FODXVH" 7KH DQVZHU LV� <HV�
LI VLPSOLnFDWLRQ LV ZHDN� 1R� LI VLPSOLnFDWLRQ LV VWURQJ HQRXJK�

�7KLV VXpFLHQW FRQGLWLRQ PLJKW EH PDGH HYHQ VWURQJHU� DV IRU H[DPSOH YDO ZLOO ZRUN RQ

� � Hb� K DQG HYHQ RQ � � KHb� K

��



5HFDOO WKDW RXU HOLPLQDWLRQ DOJRULWKP FRQWDLQV VRPH VWHSV RI ?VLPSOLnFDWLRQ�

ZKLFK KDYH QRW EHHQ FRPSOHWHO\ VSHFLnHG� WKH FRUUHFWQHVV SURRI GHSHQGV RQO\ RQ

WKH DVVXPSWLRQ WKDW WKHVH VWHSV SUHVHUYH ORJLFDO HTXLYDOHQFH� DQG KHQFH DSSOLHV

WR YDULRXV YHUVLRQV RI WKH DOJRULWKP� ZLWK ?ZHDN� RU ?VWURQJ� VLPSOLnFDWLRQ

VWHSV DOORZHG� :H VKDOO VKRZ WKDW WKH DQVZHU WR WKH TXHVWLRQ LV QRW WKH VDPH

IRU HYHU\ YHUVLRQ RI WKH DOJRULWKP FRYHUHG E\ WKH FRUUHFWQHVV WKHRUHP�

2QH REYLRXV FRQGLWLRQ ZKLFK ZLOO JXDUDQWHH DYRLGDQFH RI WKH IRUFHG�IDLOXUH

FODXVH LV WKDW WKH LQSXW � VKRXOG EH D FRQMXQFWLRQ RI HTXDOLWLHV DQG LQHTXDOLWLHV�
,QGHHG� D GLVMXQFWLRQ RI VXFK WKLQJV FDQ EH DOORZHG� SURYLGHG DW PRVW RQH RI WKH
GLVMXQFWV FRQWDLQV WKH QRQVWDQGDUG YDULDEOH m� 7KLV ZRXOG QRW DOORZ m � FBF �

m� EXW WKLV IRUPXOD DQG PDQ\ RWKHUV ZLOO EH DOORZHG LI ZH DOORZ � WR EH VXFK
WKDW DIWHU VLPSOLnFDWLRQ LW KDV WKH IRUP MXVW VWDWHG� )RU H[DPSOH� m � FB F � m

ZLOO VLPSOLI\ WR WUXH LQ VWHS �� �7KLV LV QRW JXDUDQWHHG E\ DQ\ DVVXPSWLRQV
ZH KDYH VWDWHG DERXW WKH VLPSOLnFDWLRQ DOJRULWKP� EXW LW ZRXOG EH WUXH RI DQ\
UHDVRQDEOH VLPSOLnHU� DQG FHUWDLQO\ LV WUXH RI 0DWKSHUW�� $QRWKHU H[DPSOH LV
m � F b � B F � � � m� 7KLV KDV m LQ WZR GLVMXQFWV� DQG ZLOO QRW VLPSOLI\ �RU
DW OHDVW PLJKW QRW VLPSOLI\� LI VLPSOLnFDWLRQ LV ZHDN�� %XW ZKHQ YDO LV FDOOHG RQ
WKH GLVMXQFWV� ERWK UHWXUQ WUXH ZLWK SRVLWLYH VXFFHVV� VR LQGHHG YDO WXUQV RXW
WR UHWXUQ WUXH ZLWK SRVLWLYH VXFFHVV RQ WKLV IRUPXOD WRR� 7KLV LV WKH UHDVRQ IRU
GLVWLQJXLVKLQJ WZR NLQGV RI VXFFHVV�
7KH H[DPSOH DW WKH HQG RI 6HFWLRQ � LV DQ LQGLFDWLRQ WKDW ZLWKRXW PRUH

DVVXPSWLRQV DERXW VLPSOLnFDWLRQ� WKH IRUFHG IDLOXUH FODXVH FDQ EH HQFRXQWHUHG
LQ QDWXUDO SUREOHPV� 7KHUH ZH QHHGHG WR NQRZ WKDW VLPSOLnFDWLRQ FRXOG UHGXFH
F � m B m � F WR WUXH LQ WKH SUHVHQFH RI WKH DVVXPSWLRQ F � m� ZKLFK LV QRW
JXDUDQWHHG E\ WKH K\SRWKHVHV RI WKH FRUUHFWQHVV WKHRUHP� +RZHYHU� HYHQ PRUH
DVVXPSWLRQV DUH QHHGHG� DV WKH IROORZLQJ GLVFXVVLRQ ZLOO VKRZ� 7R FRQVWUXFW DQ
H[DPSOH WKDW ZRXOG HQFRXQWHU WKH IRUFHG�IDLOXUH FODXVH� ZH ZDQW D GLVMXQFWLRQ
$ B % VXFK WKDW YDO VXFFHHGV� EXW ZLWK QHJDWLYH VXFFHVV� RQ ERWK $ DQG %�
)RU VLPSOLFLW\ OHW XV WDNH F  �� DQG WU\ WR nQG $ LQ WKH IRUP � � X DQG %
LQ WKH IRUP � � Y� :H PXVW PDNH VXUH WKDW � � X B � � Y GRHV QRW VLPSOLI\
DV LQ WKH H[DPSOH � � m B � � bm� ZKLFK VLPSOLnHV WR WUXH ZKHQ �� m LV LQ
b� :H WU\ WR FRQVWUXFW X DQG Y VR WKDW � � X B � � Y LV SURYDEOH LQ 7e� EXW
WKH V\VWHP FDQ
W VLPSOLI\ LW WR WUXH� DQG LQGHHG YDO UHGXFHV HDFK GLVMXQFW WR
IDOVH� %XW YDO ZLOO IDLO XQOHVV LW FDQ FRPSXWH WKH 3XLVHX[ VHULHV RI X DQG Y� VR
WKH\ FDQ
W EH DUELWUDULO\ FRPSOLFDWHG� <RX PLJKW WU\ � � m� � B� � bm� �� EXW
0DWKSHUW ZLOO VLPSOLI\ WKLV WR � � m B � � bm DQG WKHQ WR WUXH� ,Q JHQHUDO�
WKH FRQVWUXFWLRQ RI D FRXQWHUH[DPSOH DORQJ WKHVH OLQHV ZRXOG GHSHQG RQ WKH
3XLVHX[ VHULHV FRPSXWDWLRQV EHLQJ PRUH FDSDEOH WKDQ WKH VLPSOLnFDWLRQ UXOHV�
)RU H[DPSOH� RQH FRXOG WU\

� � VLQm B � � bDUFWDQm

,I WKH V\VWHP ZHUH DEOH WR FRPSXWH WKH 3XLVHX[ VHULHV� EXW QRW WR VLPSOLI\ WKH
LQHTXDOLWLHV � � VLQm DQG � � bDUFWDQm� ZH ZRXOG JHW D FRXQWHUH[DPSOH�

��



1RWKLQJ LQ WKH DVVXPSWLRQV XVHG LQ WKH SURRI RI WKH LQnQLWHVLPDO HOLPLQDWLRQ
WKHRUHP ZRXOG SUHYHQW WKLV EHLQJ WKH FDVH� 7KLV VKRZV WKDW LI VLPSOLnFDWLRQ LV
WRR ZHDN WR UHSODFH LQnQLWHVLPDO WHUPV ZLWK WKH OHDGLQJ WHUPV RI WKHLU 3XLVHX[
VHULHV� WKH IRUFHG IDLOXUH FODXVH FDQ EH HQFRXQWHUHG�
1RZ , ZLOO VKRZ WKDW LI VLPSOLnFDWLRQ LV VWURQJ� WKH IRUFHG IDLOXUH FODXVH LV

QHYHU XVHG� 6XSSRVH WKDW VLPSOLnFDWLRQ LV DOORZHG WR FRPSXWH 3XLVHX[ VHULHV
LQ K  m b F DQG UHGXFH LQHTXDOLWLHV E\ UHSODFLQJ HDFK VLGH ZLWK WKH OHDGLQJ
WHUP RI LWV 3XLVHX[ VHULHV� ,I WKH VLJQV RI WKH FRHpHQWV FDQ EH GHWHUPLQHG�
HDFK LQHTXDOLW\ �RU HTXDOLW\� FRQWDLQLQJ m RQ ZKLFK YDO UHWXUQV VXFFHVVIXOO\ ZLOO
VLPSOLI\ WR DQ LQHTXDOLW\ m � F� F � m� RU WR WUXH RU IDOVH� RU WR D IRUPXOD QRW
FRQWDLQLQJ m� XQGHU WKH DVVXPSWLRQV F z m�m� F� 7KLV VHW RI IRXU LQHTXDOLWLHV
LV FORVHG XQGHU FRQMXQFWLRQ DQG GLVMXQFWLRQ� VR DQ\ GLVMXQFWLRQ FRQWDLQLQJ PRUH
WKDQ RQH LQHTXDOLW\ LQYROYLQJ m FDQ EH VLPSOLnHG WR RQH LQYROYLQJ RQO\ RQH VXFK
LQHTXDOLW\�
,I WKH VLJQV RI WKH FRHpFLHQWV FDQQRW EH GHWHUPLQHG� DV LQ WKH H[DPSOH DW WKH

HQG RI 6HFWLRQ �� ZH ZLOO JHW D GLVMXQFWLRQ RI FRQMXQFWLRQV RI RQH RU WKH IRUPV
3 A F � m� RU 3 A m � F� RU MXVW 3 � ZKHUH 3 GRHV QRW FRQWDLQ m� (LWKHU WKH
HTXDOLW\�VROYLQJ FRGH LWVHOI RU WKH IRUFHG GLVWULEXWLRQ FODXVH LQ VWHS � ZLOO FDXVH
WKH GLVWULEXWLYH ODZ WR EH XVHG RQ VXFK D GLVMXQFWLRQ� 7KH UHVXOW LV D FRQMXQFWLRQ
RI GLVMXQFWLRQV� ,I WKHVH GLVMXQFWLRQV FRQWDLQ PRUH WKDQ RQH LQHTXDOLW\ LQYROYLQJ
m� WKH\ FDQ EH FRPELQHG LQWR RQH DV DERYH� +HQFH WKH IRUP HYHQWXDOO\ SDVVHG
WR YDO ZLOO EH D FRQMXQFWLRQ RI GLVMXQFWLRQV RI WKH IRUPV 3 Am � F� 3 AF � m� RU
3 � ZKHUH 3 GRHV QRW FRQWDLQ m� 6LQFH WKHVH GLVMXQFWLRQV KDYH RQO\ RQH GLVMXQFW
LQYROYLQJ m� WKH FRPSXWDWLRQ RI YDO FDQQRW HQFRXQWHU WKH IRUFHG IDLOXUH FODXVH�

�� 5HODWHG :RUN

7KLV LV QRW WKH nUVW XVH RI QRQVWDQGDUG DQDO\VLV LQ DXWRPDWLF GHGXFWLRQ� %DO�
ODQW\QH DQG %OHGVRH KDYH H[SHULPHQWHG ZLWK LW>�� �@� )URP WKH YLHZSRLQW RI
DXWRPDWHG GHGXFWLRQ� , WKLQN WKDW WKH PHWKRG KDV PXFK PRUH SRWHQWLDO WKDQ
KDV EHHQ H[SORLWHG VR IDU LQ 0DWKSHUW WR VXSSRUW HGXFDWLRQ LQ FDOFXOXV� 7KH
8QLYHUVLW\ RI 7H[DV JURXS XQGHU %OHGVRH
V GLUHFWLRQ>�� ��@ ULJKWIXOO\ FRQVLGHUHG
LW DQ LPSRUWDQW DFKLHYHPHQW ZKHQ WKHLU SURYHU FRXOG DXWRPDWLFDOO\ nQG D SURRI
WKDW WKH VXP RI WZR FRQWLQXRXV IXQFWLRQV LV FRQWLQXRXV �XVLQJ WKH VWDQGDUG
HSVLORQ�GHOWD GHnQLWLRQ RI FRQWLQXLW\�� ,Q QRQVWDQGDUG DQDO\VLV� WKLV WKHRUHP
EHFRPHV D WULYLDOLW\�� /HW K EH DQ LQnQLWHVLPDO� DQG FRPSXWH�

�I � J��[� K�  I�[� K� � J�[� K� z I�[� � J�[�  �I � J��[�

7KH HVVHQWLDO UHDVRQ ZK\ QRQVWDQGDUG DQDO\VLV ZDV KHOSIXO LQ 0DWKSHUW DQG
LQ WKH DERYH H[DPSOH� LV WKDW WZR DOWHUQDWLQJ TXDQWLnHUV DUH UHGXFHG WR D

�7KLV REVHUYDWLRQ LV LQ QR ZD\ PHDQW WR GHWUDFW IURP WKH DFKLHYHPHQW RI WKH 87 SURYHU LQ

nQGLQJ D VWDQGDUG SURRI� 7KLV VDPH UHVHDUFK JURXS SLRQHHUHG WKH XVH RI QRQ�VWDQGDUG DQDO\VLV

LQ DXWRPDWHG GHGXFWLRQ�

��



TXDQWLnHU�IUHH IRUPXODWLRQ� 2QFH ZH KDYH D TXDQWLnHU�IUHH IRUPXODWLRQ� SURRI
VHDUFK FDQ EH UHGXFHG WR UHZULWH�UXOH VW\OH FRPSXWDWLRQ� ZLWK WUHPHQGRXV JDLQV
LQ HpFLHQF\� 7KLV LV WUXH IRU FRPSXWHUL]HG LQIHUHQFH� DQG SUREDEO\ IRU KXPDQ
LQIHUHQFH DV ZHOO�
7KH LGHD WKDW VLGH FRQGLWLRQV QHHGHG IRU RSHUDWLRQV FDQ EH DGGHG WR WKH

DVVXPSWLRQ OLVW KDV DOVR EHHQ XVHG LQ :X
V PHWKRG IRU SURRIV LQ JHRPHWU\� DV
LPSOHPHQWHG E\ &KRX>��@�
2WKHU V\VWHPV DOORZLQJ WKH XVH RI SDUWLDO WHUPV KDYH EHHQ LPSOHPHQWHG�

IRU H[DPSOH ,036>��� ��@� 7KH LQWHJUDO KDV EHHQ WUHDWHG DV D YDULDEOH�ELQGLQJ
RSHUDWRU E\ .HLVOHU>��@�
7KH SUREOHP RI FRPELQLQJ D WKHRUHP�SURYHU ZLWK D FRPSXWHU�DOJHEUD V\VWHP

KDV EHHQ DGGUHVVHG H[SHULPHQWDOO\ E\ +DUULVRQ DQG 7KuHU\>��@ �ZKR OLQNHG +2/
DQG 0DSOH�� DQG &ODUNH DQG =KDR>��@� ZKR ZURWH D WKHRUHP SURYHU $QDO\WLFD
LQ WKH0DWKHPDWLFD ODQJXDJH� 7KH IRUPHU SDSHU SRLQWV RXW WKDW LW LV VDIH WR XVH
WKH UHVXOW RI D V\PEROLF LQWHJUDWLRQ SHUIRUPHG E\ D SRVVLEO\ XQUHOLDEOH FRPSXWHU
DOJHEUD V\VWHP� LI \RX FDQ FKHFN WKH UHVXOW E\ GLmHUHQWLDWLRQ ZLWKLQ WKH SURYHU�
7KH VHFRQG LV D GLUHFW DWWHPSW WR NHHS WUDFN RI FRQGLWLRQV RI RSHUDWLRQV� $W
WKH HQG RI WKH SDSHU� WKH DXWKRUV FDOO IRU EXLOGLQJ DQ LQWHJUDWHG V\VWHP IRU
FRPSXWHU DOJHEUD DQG ORJLF� 7KLV LV ZKDW KDV EHHQ GRQH LQ 0DWKSHUW� DOWKRXJK
RQ WKH ORJLFDO VLGH D IXOO�oHGJHG WKHRUHP SURYHU KDV QRW EHHQ SURYLGHG� RQO\
HQRXJK WR VXSSRUW WKH FRUUHFWQHVV RI V\PEROLF FRPSXWDWLRQ�

$FNQRZOHGJHPHQWV

7KH nQDO IRUP RI WKLV SDSHU ZDV JUHDWO\ LQoXHQFHG E\ WKH FDUHIXO UHDGLQJ�
KHOSIXO FULWLFLVPV� DQG VXJJHVWLRQV PDGH E\ VHYHUDO DQRQ\PRXV UHIHUHHV DQG E\
&DURO\Q 7DOFRWW� IRU ZKLFK , DP YHU\ JUDWHIXO�

5HIHUHQFHV

>�@ 0� %DOODQW\QH DQG :� :� %OHGVRH� ���� -$&0 SDSHU� $XWRPDWLF 3URRIV
LQ $QDO\VLV 8VLQJ 1RQ�6WDQGDUG 7HFKQLTXHV� -$&0 ����� ������ ��������

>�@ 0� %DOODQW\QH� 7KH 0HWDWKHRULVW� $XWRPDWLF 3URRIV RI 7KHRUHPV LQ $QDO�
\VLV 8VLQJ 1RQ�6WDQGDUG 7HFKQLTXHV� 3DUW ,,� LQ� 5� 6� %R\HU �HG��� $XWR�
PDWHG 5HDVRQLQJ� .OXZHU �������

>�@ 0� %HHVRQ� )RXQGDWLRQV RI &RQVWUXFWLYH 0DWKHPDWLFV� 6SULQJHU�9HUODJ
�������

>�@ 0� %HHVRQ� 3URYLQJ SURJUDPV DQG SURJUDPPLQJ SURRIV� LQ� %DUFDQ� 0DU�
FXV� 'RUQ� DQG :HLQJDUWQHU �HGV��� /RJLF� 0HWKRGRORJ\� DQG 3KLORVRSK\ RI

6FLHQFH 9,,� SURFHHGLQJV RI WKH ,QWHUQDWLRQDO &RQJUHVV� 6DO]EXUJ� ����� SS�
������ 1RUWK�+ROODQG� $PVWHUGDP �������
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>�@ 0� %HHVRQ� /RJLF DQG FRPSXWDWLRQ LQ 0DWKSHUW � DQ H[SHUW V\VWHP IRU
OHDUQLQJ PDWKHPDWLFV� LQ� .DOWRIHQ� (�� DQG :DWW� 6� 0�� &RPSXWHUV DQG
0DWKHPDWLFV� SS� �������� 6SULQJHU�9HUODJ �������

>�@ 0� %HHVRQ� 0DWKSHUW � D FRPSXWHUL]HG HQYLURQPHQW IRU OHDUQLQJ DOJHEUD�
WULJ� DQG FDOFXOXV� -� $UWLnFLDO ,QWHOOLJHQFH DQG (GXFDWLRQ � ������� SS�
�����

>�@ 0� %HHVRQ� 0DWKSHUW� &RPSXWHU VXSSRUW IRU OHDUQLQJ DOJHEUD� WULJRQRP�
HWU\� DQG FDOFXOXV� LQ� $� 9RURQNRY �HG���/RJLF 3URJUDPPLQJ DQG $XWR�

PDWHG 5HDVRQLQJ� /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH ���� 6SULQJHU�9HUODJ
�������

>�@ 0� %HHVRQ� 6RPH DSSOLFDWLRQV RI *HQW]HQ
V SURRI WKHRU\ LQ DXWRPDWHG
GHGXFWLRQ� LQ� 6FKURHGHU�+HLVWHU� 3�� ([WHQVLRQ RI /RJLF 3URJUDPPLQJ�
6SULQJHU /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH ���� SS� �������� 6SULQJHU�
9HUODJ ������

>�@ :� :� %OHGVRH� 6RPH DXWRPDWLF SURRIV LQ DQDO\VLV� SS� ������ LQ :� %OHG�
VRH� DQG '� /RYHODQG �HGV�� $XWRPDWHG 7KHRUHP 3URYLQJ� $IWHU �� \HDUV�
YROXPH �� LQ WKH &RQWHPSRUDU\ 0DWKHPDWLFV VHULHV� $06� 3URYLGHQFH� 5� ,�
�������

>��@ :� :� %OHGVRH� 1RQ�UHVROXWLRQ WKHRUHP SURYLQJ� $UWLnFLDO ,QWHOOLJHQFH ��
���� �������

>��@ 5� 6� %R\HU �HG��� $XWRPDWHG 5HDVRQLQJ� .OXZHU �������

>��@ &ODUNH� (�� DQG =KDR� ;� >����@� $QDO\WLFD^DQ H[SHULPHQW LQ FRPELQLQJ
WKHRUHP SURYLQJ DQG V\PEROLF PDQLSXODWLRQ� 7HFKQLFDO 5HSRUW &08�&6�
���� �� 6FKRRO RI &RPSXWHU 6FLHQFH� &DUQHJLH 0HOORQ 8QLYHUVLW\� 3LWWVEXUJK
3$ ������

>��@ &KRX� 6KDQJ�&KLQJ� 3URYLQJ HOHPHQWDU\ JHRPHWU\ WKHRUHPV XVLQJ :X
V DO�
JRULWKP� SS� ������� LQ %OHGVRH� :�� DQG /RYHODQG� '� �HGV�� $XWRPDWHG
7KHRUHP 3URYLQJ� $IWHU �� \HDUV� YROXPH �� LQ WKH &RQWHPSRUDU\ 0DWKH�

PDWLFV VHULHV� $06� 3URYLGHQFH� 5� ,� �������

>��@ :� 0� )DUPHU� 7KHRU\ RI 7\SHV� -� 6\PEROLF /RJLF �� ������ ��������

>��@ :� 0� )DUPHU� *XWWPDQ� DQG 7KD\HU� ,036� DQ ,QWHUDFWLYH 0DWKHPDWLFDO
3URRI 6\VWHP� -� $XWRPDWHG 5HDVRQLQJ �� ������ ��������

>��@ 6� )HIHUPDQ� /RJLFV IRU WHUPLQDWLRQ DQG FRUUHFWQHVV RI IXQFWLRQDO SURJUDPV�
LQ� <� 0RVFKRYDNLV �HG��� /RJLF DQG &RPSXWHU 6FLHQFH� 3URF� RI WKH 
��

065, &RQIHUHQFH� 6SULQJHU�9HUODJ �������
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>��@ -� +DUULVRQ DQG /� 7KuHU\� ([WHQGLQJ WKH +2/ WKHRUHP SURYHU ZLWK D FRP�
SXWHU DOJHEUD V\VWHP WR UHDVRQ DERXW WKH UHDOV� LQ +LJKHU 2UGHU /RJLF

7KHRUHP 3URYLQJ DQG LWV $SSOLFDWLRQV� �WK ,QWHUQDWLRQDO :RUNVKRS� +8*


��� SS� ���^���� /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH ���� 6SULQJHU�9HUODJ
�������
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$OJHEUD� $QDO\VLV� DQG 3UREDELOLW\� +ROW� 1HZ <RUN �������

>��@ &� /� 6LHJHO� 7RSLFV LQ &RPSOH[ )XQFWLRQ 7KHRU\� YRO� ,� :LOH\� ,QWHUVFLHQFH�
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