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Summary

1. Spatial autocorrelation jeopardizes the validity of statistical inference, for example correlation and regression

analysis. Restricted randomization methods can account for the effect of spatial autocorrelation in the observed

data by building it into an empirical null model for hypothesis testing. This can be achieved, for example, based

on conditional simulation, which fits a highly parameterized geostatistical model to the observed spatial struc-

ture, or, for data observed on a regular transect or grid, with Fourier spectral randomization methods that can

flexiblymodel spatial structure at any scale. This study usesMoran eigenvectormaps to extend spectral randomi-

zation to irregularly spaced samples.

2. We present different algorithms to perform restricted randomization to suit different types of research ques-

tions: individual randomization of each variable, joint randomization of a group of variables while keeping

within-group correlations fixed, and randomization with a fixed correlation between original data and random-

ized replicates (e.g. as input for simulation studies). The performance of the proposed Moran spectral randomi-

zation methods for regularly and irregularly spaced samples is assessed with correlation analysis of simulated

data.

3. Moran spectral randomization closely matched the spatial structure of original simulated data sets, with iden-

tical or nearly identical Moran’s I values and power spectra, depending on the algorithm. In correlation analysis

of two spatially autocorrelated variables, Moran spectral randomization produced correct type I error rates for

stationary spatial data, even for very small and highly irregular samples, but was sensitive to linear trend. When

one or both variables lacked spatial structure, Moran spectral randomization tests were more conservative than

correlation t-tests.

4. The proposedMoran spectral randomization method requires a minimum of parameterization and is able to

address multivariate data with spatial structure at multiple scales, with the option of controlling levels of correla-

tion with the original data. It can provide technically unlimited numbers of randomizations even for small sam-

ples while closely maintaining the spatial characteristics of uni- or multivariate data at all spatial scales. The

method is applicable for correlation analysis of stationary, autocorrelated spatial or temporal series. Further

research should assesswhether themethod can be extended tomultiple regression analysis.

Key-words: correlation, Fourier analysis, Moran eigenvector maps, spatial autocorrelation,

time-series analysis

Introduction

Ecological data often exhibit spatial autocorrelation, which

poses challenges for statistical inference (Legendre 1993). Spa-

tial autocorrelation may affect parameter estimates, type I

error rates and statistical power of tests, including significance

tests for correlation, partial correlation and regression coeffi-

cients that are widely used in ecology (K€uhn & Dormann

2012). Methods for dealing with autocorrelation in correlation

inference include modified parametric tests with adjustments

for effective sample size (Dutilleul et al. 1993; Dutilleul, Pelle-

tier & Alpargu 2008) and restricted randomization tests, which

preserve the observed spatial autocorrelation and build it into

the null model of the statistical hypothesis test (Fortin & Jac-

quez 2000; Fortin, Jacquez & Shipley 2012). For data sampled

on a regular grid, this may be achieved by permuting observed

values with toroidal shift methods (Upton & Fingleton 1985),

conditional simulation methods that generate new values with

similar spatial structure as the observed data (Fortin & Dale

2005) or with spectral randomization methods based on Fou-

rier or wavelet analysis (Deblauwe, Kennel &Couteron 2012).*Correspondence author. E-mail: helene.wagner@utoronto.ca
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Conditional autoregressive simulation (Cressie 1991) can be

applied to irregularly spaced data, but involves fitting geosta-

tistical models to the observed data and may require substan-

tial computing time (Fortin & Jacquez 2000). Complications

may arise (i) if the observed spatial pattern (e.g. species abun-

dance) results from multiple processes (e.g. dispersal, competi-

tion, predation) acting at different spatial scales, so that the

observed data exhibit spatial structure at multiple scales; (ii)

when analysingmultivariate data, where it may be necessary to

randomize one set of variables simultaneously, keeping their

correlations constant, while randomizing their correlations

with a second set of variables (e.g. to test associations between

functional groups of species while keeping associations within

groups constant); or (iii) when the spatial relationships do not

depend on geographic distance per se but on some definition of

adjacency formalized in a neighbour matrix (e.g. in a stepwise

model of gene flow within a network of discrete populations,

or if the data relate to spatial units such as polygons, rather

than point locations). The first two situationsmay require large

numbers of geostatistical parameters to be fitted, whereas in

the third case, distance-based geostatistical modelling may not

be appropriate. Furthermore, conditional simulation methods

are not suitable for simulating replicates with a fixed correla-

tionwith the original data (e.g. as needed for simulation studies

to test performance of estimation methods in regression analy-

sis of spatial data; Beale et al. 2010) as they control the param-

eters of the generating process, not the properties of the

observed pattern. This study provides a new approach,Moran

spectral randomization (MSR), to generate spatially structured

random variables. Compared to existing approaches, MSR

has main advantages that (i) it can deal with irregularly spaced

data, (ii) it considers a spatial neighbour matrix, rather than

geostatistical modelling, and thus requires a minimum of

parameterization, (iii) it preserves the multiscale properties of

spatial structures, (iv) and it is able to addressmultivariate data

or (v) to control levels of correlation with the original data.

Conceptually, MSR is related to Fourier spectral randomi-

zation (FSR). FSR is based on Fourier analysis that decom-

poses an observed, regularly spaced spatial or temporal series

into a set of orthogonal sinusoids with different frequencies,

that is spatial or temporal scales (harmonic regression; Gray-

bill 1976) using discrete Fourier transform (DFT; Cooley &

Tukey 1965; Gauss 1866). The power spectrum of the series

thus describes how the variance of the data is distributed over

the frequency components into which it may be decomposed,

that is the squared correlation of each sinusoid with the

observed data quantifies the intensity of the observed pattern

at the scale of the sinusoid.

In MSR, sinusoids are replaced by Moran eigenvector

maps (MEM; Borcard & Legendre 2002; Dray, Legendre &

Peres-Neto 2006; Griffith & Peres-Neto 2006; Peres-Neto &

Legendre 2010) that can also be applied to irregular samples

(Borcard & Legendre 2002). MEM are obtained through the

eigen analysis of a spatial neighbour matrix which provides

orthogonal eigenvectors maximizing the spatial autocorrela-

tion measured by Moran’s I (Moran 1950). Hence, MEM

provide vectors allowing the decomposition of the variance

of observed data, similar to the power spectrum in Fourier

analysis.

We show that MSR can provide technically unlimited num-

bers of randomizations even for small samples while maintain-

ing the spatial characteristics of uni- or multivariate data at all

spatial scales. Specifically, we show how to derive (i) replicate

autocorrelated patterns under the null hypothesis of an

absence of correlation with observed data, (ii) replicate auto-

correlated multivariate patterns with constant correlation

among variables and (iii) replicate autocorrelated patterns that

have a predefined correlation with observed data, as used in

simulation studies (e.g. Beale et al. 2010). The performance of

the proposedMSRmethods is assessed with correlation analy-

sis of simulated data for different sampling designs.

Materials andmethods

SPECTRAL DECOMPOSIT ION OF VARIANCE AND

CORRELATION USING MORAN EIGENVECTOR MAPS

Spatial component regression (Wagner 2013) usesMEM to decompose

the correlation rxy between two variables x and y, observed at the same

n sampling locations that may be regularly or irregularly spaced, by

spatial eigenvectors. It defines the correlation rxy as the cross-product

of the vectors rxV and ryV that contain the correlation coefficients

between x or y and each column in a matrixV that is defined as a set of

orthogonal and uncorrelated (Rodgers, Nicewander & Toothaker

1984) spatial eigenvectors obtained byMEM. Inmatrix notation:

rxy ¼ rxV
TryV; eqn 1

where T indicates the transpose. The columns inV are the eigenvectors

of a symmetric and doubly centred spatial weight matrix W (Dray,

Legendre&Peres-Neto 2006).MatrixW is constructed by first defining

a neighbour matrix of size n 9 n that contains values of one for pairs

of observations i and j if j is considered a neighbour of i, and zero other-

wise. Each neighbour j of observation i is then assigned a spatial weight,

which may be binary or, for example, a function of the inverse geo-

graphic distance between i and j, and weights may optionally be row-

standardized. Note that spatial eigenvectors in V are defined as a func-

tion of W only, without reference to the values of variables x or y

observed at the sampling locations, andV is thus the same for x and y.

MEM result in a matrix V where the spatial eigenvectors are already

sorted from the largest scale to the finest scale.

A set of n observations with a full-rank spatial weights matrixW of

size n 9 n will result in n – 1 orthogonal and uncorrelated (Griffith

2000) eigenvectors Vk associated with eigenvalues kk, while a single

eigenvector with zero eigenvalue is dropped. Under these conditions,

the vector r2xV of squared correlations of xwith eigenvectors inV forms

a power spectrum (i.e. a spectral decomposition of the variance of the

observed data x on the orthonormal basisV):

r2xV ¼ rxV
TrxV ¼ 1: eqn 2

Note that if W is not of full rank, there will be multiple zero eigen-

values and their associated eigenvectors may not be uncorrelated. To

ensure that eqn 2 holds in this situation, a vector of ones is added to the

subset of eigenvectors with null eigenvalues, the subspace spanned by

these eigenvectors is then re-orthogonalized, the unit eigenvector is

removed, and the last eigenvector in the subset is dropped. This proce-

dure is implemented in the R function ‘scores.listw’ provided in Appen-

dix S3 (Supporting information).
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The variable x can be decomposed on an orthonormal basis V, so

that x can be fully recreated from rxV, V, and its mean x and standard

deviation s(x):

x ¼ xþ sðxÞðn� 1Þ0�5VrxV: eqn 3

A key feature of MEM is the additive decomposition of Moran’s I

(Dray, Legendre & Peres-Neto 2006; Dray 2011). Eigenvalues kk are
conveniently rescaled by multiplication with h = n/Σijwij, where wij are

the elements of W, so that the rescaled eigenvalue mk = hkk corre-

sponds toMoran’s Ik of eigenvector vk, with k = {1, . . ., n–1}. Accord-

ing toDray (2011),Moran’s Ix of variable x can then be found by:

Ix ¼ r2xV
Tm; eqn 4

which means that global spatial autocorrelation (Ix) of the variable x is

the sum of Moran’s I of all spatial eigenvectors, weighted by the vari-

ance each eigenvector explains in the observed variable x (i.e. weighted

by the power spectrum).

BASIC ALGORITHM FOR MORAN SPECTRAL

RANDOMIZATION

The spatial structure of x can be defined by its global level of autocorre-

lation (Ix ¼ r2xVTm; eqn 4) and its multiscale decomposition defined

by its power spectrum (r2xV, eqn 2). In this context,MSRaims to find a

vector of coefficients a ¼ a1; . . .; an�1½ �T so that the random variable

xrand = (n–1)0�5 Va satisfies different conditions. Squared values in a

should be a power spectrum so that:

Xn�1

i¼1

a2i ¼ 1: eqn C1

To preserve the global level of autocorrelation Ix, the vector a must

satisfy eqn 4 and this leads to the second condition:

Ix ¼
Xn�1

i¼1

a2i mi ¼
Xn�1

i¼1

r2xvimi: eqn C2

Lastly, to preserve the multiscale structure, the vector amust satisfy

eqn 2 and this leads to the third condition:

a2i ¼ r2xvi : eqn C3

We provide different algorithms to find adequate values for a satisfy-

ing strictly or softly the different conditions. Condition C1 is strictly

preserved in all algorithms.

The singleton procedure

Choosing aij j ¼ rxvi satisfies both conditions C2 and C3. Hence, the

solution consists in randomizing the sign of correlations independently

for each single eigenvector (i.e. ai ¼ �rxvi ). This approach allows also

generating multivariate replicates with constant correlation among

variables.

The pair procedure

This procedure relaxes conditions C2 and C3. Instead of preserv-

ing the contribution of each single eigenvector in the multiscale

decomposition, we consider pairs of eigenvectors vi and vj. This

subset is stored by column in the matrix Vk. In this case, the

condition C3 is partially satisfied by preserving the proportion of

variance explained by a pair of eigenvectors. We obtain the new

condition C30:

R2
xVk

¼ a2i þ a2j ¼ r2xvi þ r2xvj : eqn C30

The condition C30 corresponds to the equation of a circle of radius

RxVk
¼

ffiffiffiffiffiffiffiffiffi
R2

xVk

q
. To strictly preserve the level of autocorrelation for the

pair of eigenvectors, the conditionC2 becomes:

IxVk
¼ a2i mi þ a2j mj ¼ r2xvimi þ r2xvjmj: eqn C20

The resolution of the system of eqns C20 and C30 leads exactly to the

solution provided by the singleton procedure. An alternative is to sat-

isfy only the condition C30 and further relax condition C20. The solu-
tions are obtained by drawing a random angle Φrand from a uniform

distribution between [0–2p] and then compute the values

fai ¼ R
xVk

cosðUrandÞ; aj ¼ R
xVk

sinðUrandÞg. Note that this method

does not completely preserve the global autocorrelation values (condi-

tion C20 and C2). However, it will be considered as a valuable alterna-

tive as it can be easily extended to generate multivariate replicates with

constant correlation among variables or univariate replicates with fixed

correlationwith observed data.

The triplet procedure

This procedure aims to satisfy strictly condition C2 and softly condi-

tion C3. In this case, the multiscale decomposition is preserved for trip-

lets of eigenvectors vi, vj and vl stored by column in matrix Vk. We thus

obtain the new conditionC3″:

R2
xVk

¼ a2i þ a2j þ a2l ¼ r2xvi þ r2xvj þ r2xvl : eqn C300

The condition C30 corresponds to the equation of a sphere of radius

R
xVk

. To preserve the level of autocorrelation for the triplet of eigenvec-

tors, the conditionC2 becomes:

IxVk
¼ a2i mi þ a2j mj þ a2l ml ¼ r2xvimi þ r2xvjmj þ r2xvlml: eqn C200

To satisfy both conditions C2″ and C3″, a first random angleΦrand is

drawn from a uniform distribution between] 0 – 2p [(bounds excluded

to avoid division by zero). Then, a second angle is computed by

Hrand ¼ asin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IxVk

=R2
xVk

�ml�ðmi�mlÞsin2ðUrandÞ
ðmj�miÞsin2ðUrandÞ

vuut
0
B@

1
CA¼ asinð

ffiffiffiffi
Z

p
Þ:

The solutions are then given by

n
ai ¼ �R

xVk
cosðHrandÞ sinðUrandÞ;

aj ¼ �R
xVk

sinðHrandÞ sinðUrandÞ;
al ¼ �R

xVk
cosðUrandÞ

o

Practical implementation for pair and triplet procedures

Moran spectral randomization consists in randomly redistributing the

variance of x within blocks of spatial eigenvectors Vk. The following

steps are performed:

1 Divide the n–1 eigenvectors in K sets Vk (k = {1,. . .,K}) (see below

for details). If the number of eigenvectors is not a multiple of 2 (pair) or

3 (triplet), there will be one incomplete block VK, whose (randomly

selected) eigenvectors are treated by the singleton procedure.

2 Repeat for each complete subsetVk.

2.1 Determine the pooled variance in x explained by the eigenvectors

(R2
xVk

), the associated autocorrelation (IxVk
) and (for pair) the observed

angleUx:k ¼ atan2ðrxvj ; rxvi Þ.
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2.2 Sample the angleΦrand.

2.3 For the triplet procedure, compute the second angle

Hrand ¼ asinð ffiffiffiffi
Z

p Þ. If the value of Φrand leads to a value of Z not com-

prised in [0–1], then step 2.2. is repeated. If this existing condition is not

satisfied after a number of trials (e.g. 100), the singleton procedure is

used for each eigenvector in the blockVk.

2.4 Determine the coefficients ai, aj for the pair procedure, as

ai ¼ R
xVk

cosðUrandÞ; aj ¼ R
xVk

sinðUrandÞ
n o

, or ai, aj and al for the

triplet procedure, as

n
ai ¼ �R

xVk
cosðHrandÞ sinðUrandÞ;

aj ¼ �R
xVk

sinðHrandÞ sinðUrandÞ;
al ¼ �R

xVk
cosðUrandÞ

o

3 Optional: Compute the new random variable

xrand ¼ xþ sðxÞðn� 1Þ0�5VrxV.
Two or more observed variables may be randomized separately by

samplingΦrand independently for each variable and for each subsetVk.

This basic procedure will randomize the correlation between replicates

of different variables.

SubsetsVk (step 1) can be defined randomly or by selecting consecu-

tive eigenvectors. As triplet preserves values of Moran’s Ix (condition

C2″), both procedures can be used but empirical experiments showed

that the selection of consecutive eigenvectors often produces undeter-

mined results in step 2.3. (i.e. Z 62 0� 1½ �) and thus leads to the use of

the singleton procedure. Hence, the random assignment of eigenvectors

in subsets should be preferred with the triplet procedure. Here, we

restricted random assignment to triplets with all positive or all negative

eigenvalues.

The pair procedure does not preserve the global level of auto-

correlation (i.e. Ix 6¼ Ixrand ). As the spatial eigenvectors in V are

automatically sorted by decreasing Moran components, that is,

rescaled eigenvalues mk, pairs of consecutive eigenvectors will

have similar autocorrelation. In this case, the use of subsets of

consecutive eigenvectors should be preferred as it ensures that the

randomized replicate xrand will have very similar spatial structure

as the original variable x (i.e. Ix � Ixrand ). In Appendix S1, Fig.

S1.1 illustrates the effect of shifting variance between consecutive

spatial eigenvectors.

GENERATING MULTIVARIATE REPLICATES WITH

CONSTANT CORRELATION AMONG VARIABLES

To jointly randomize m variables, that is, a data matrix X with n rows

and m columns, while maintaining their correlations across all spatial

scales, singleton or pair procedures may be used. For the singleton pro-

cedure, the sign for correlations with each eigenvector is randomized

once for all m variables, so that their signs either all change or all

remain unchanged. For pair, a single Φrand is sampled independently

for each subset Vk and applied to allm variables. Then, step 2.4 is per-

formed for each variable x using Φrand + Φx.k instead of Φrand:

ai¼R
xVk

cosðUx:kþUrandÞ;aj¼R
xVk

sinðUx:kþUrandÞ
n o

. See Appendix

S2 for a mathematical proof.

GENERATING REPLICATES WITH FIXED CORRELATION

WITH OBSERVED DATA

To obtain a replicate xrand with similar spatial structure as the

observed variable x and a fixed correlation rfix with x, the pair

method should be used with Φrand = acos(rfix), the same for all k,

and step 2.4 should be performed using Φx.k � Φrand. The sign

needs to be randomized independently for each subset Vk, that is,

each pair of consecutive spatial eigenvectors. The effectiveness of

this procedure to obtain multiple non-identical replicates is investi-

gated in the simulation study below.

I LLUSTRATION WITH SIMULATED DATA

All simulations and analyses were performed in R 3.1.1 (R Core

Team 2014). The development version of the ‘adespatial’ package

available at https://r-forge.r-project.org/R/?group_id=195 provides

general-use functions to implement the proposed MSR procedures.

Appendix S3 contains a customized version of these functions that

can be used with the R code in Appendix S4 to reproduce the sim-

ulation study.

To illustrate the proposed randomization algorithms, we simulated

five standardized variables with different spatial patterns on the same

grid with 40 9 40 cells (Appendix S1, Fig. S1.1, top row). X0 served as

baseline without spatial pattern and was sampled randomly from a

standard normal distribution using R function ‘rnorm’. X1 andX2 each

represent stationary spatial patterns at small (X1) and large scale (X2).

The two variables were generated with the function ‘RFsimulate’ of the

R package ‘RandomFields’ using an isotropic exponential variogram

model with variance = 5 and nugget = 0 for both variables, and with

scale = 1 for X1 and scale = 3 for X2. Variable X3, which has a more

complex spatial structure, was derived as X3 = X0 + X1 + X2 and is

thus correlated with these variables. X4 represents the same spatial pat-

tern as X1 but with an added linear trend along the y-axis, violating the

assumption of stationarity.

The full sample (n = 1600) was subsampled in different ways, result-

ing in ten different samples per simulated data set: a full sample (‘Full

1600’); a regular sampling design (‘Regular 400’), obtained by discard-

ing every second row and column of the full sample; and a random

sample of the same size (‘Random 400’). The remaining sampling

designs were chosen to illustrate the effect of stronger irregularity in the

spacing of observations, as well as a further reduction in sample size.

The 70 sampling locations of the well-known oribatid mite data set

(Borcard, Legendre &Drapeau 1992; Borcard & Legendre 1994), sam-

pled within an original extent of 2�5 9 10 m, were mapped onto a

40 9 13 grid, resulting in sampling design ‘Orib 70’, covering one-third

of the extent of the full sample. The 13 levels of x-coordinates in ‘Orib

70’ were repeated three times to obtain sample ‘Orib 210’ with n = 210,

covering the extent of the full sample. To further explore the behaviour

of MSR for small and highly irregularly spaced samples, we subsam-

pled ‘Orib 70’ in five different ways to a sample size of 32–35: a random

subsample (‘Random 35’); an artificially spaced out sample, deleting

every second level of y-coordinates (‘Spaced 32’); a clumped sample,

retaining only y-coordinates <23 (‘Clumped 35’); a long-stretched sam-

ple, retaining only x-coordinates <8 (‘Long 34’); and a bi-modally clus-

tered sample, retaining only y-coordinates that were either <13 or >30

(‘Bimodal 34’).

For the ‘Full 1600’ and ‘Regular 400’ sampling designs, we applied

queen’s case neighbour definition, resulting in an average of 5�06 and

4�44 neighbours per sampling location, respectively. For all eight

irregular sampling designs, we defined neighbours with Gabriel

graphs (Fig. S1.2), resulting in averages of 3�37–4�06 neighbours per

sampling location. For all sampling designs, W was defined using

inverse distance weights followed by row standardization. This

means that nearby neighbours receive more weight than more distant

ones, and the weights of all neighbours sum to one for each sampling

location.
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EVALUATION OF METHOD PERFORMANCE

Statistical properties of replicates

Replicates of spatially autocorrelated variables should mimic the spa-

tial pattern of the original data at all spatial scales but be statistically

independent of these. When plotted in space, high and low values

should thus show similar spacing but their physical locations should be

randomized. In statistical terms, MSR replicates should have the same

overall spatial autocorrelation (Moran’s I) and the samemultiscale spa-

tial structure (power spectrum) as the original variables but, on aver-

age, be uncorrelated with the original data, with the same distribution

of empirical correlation coefficients as expected from independently

simulated data.

To compare these statistical properties between MSR procedures,

we simulated a data set with variables X0–X4, as defined above, and

subsampled it for each of the 10 sampling designs. For each combina-

tion of variable and sampling design, we generated 30 replicates each

with the followingmethods: singleton, pair, triplet and, for benchmark-

ing, fully independent replicates generated by simulating 30 additional

data sets (‘Null ‘). We determined for each combination of simulated

variable x, sampling design and procedure: (i) the correlation of repli-

cates with the original variable (type I error rate of a t-test for the corre-

lation of x with its replicates); (ii) the preservation of global

autocorrelation Ix and of the power spectrum (mean correlation

between the power spectrum r2xV of x and the power spectra of its repli-

cates); and (iii) for the pairs method only, the bias and precision ofMo-

ran’s I of replicates compared toMoran’s I of x. Bias inMoran’s Iwas

independent of the magnitude of Moran’s I (controlling for sampling

design), hence absolute, not relative deviationswere assessed. The entire

simulationwas repeated 100 times and values averaged across trials.

Spectral randomization tests for correlation

A randomization test for the correlation between two spatial variables

sampled from uncorrelated populations should have a correct type I

error rate a, that is, if a = 0�05, the null hypothesis of no correlation

should be rejected in 5% of independent cases (where the expected

correlation is zero), and high power to detect linear dependence

(where the expected correlation differs from zero). To assess the per-

formance of MSR in significance tests of correlation, we ran 5000 sim-

ulations and estimated type I error rates from independent variable

pairs, and power from correlated variable pairs. For each simulation

run, we generated two data sets, X01–X41 and X02–X42, where each

pair of corresponding variables (e.g. X21 and X22) was simulated inde-

pendently with the geostatistical parameters defined above and thus

had the same expected spatial autocorrelation structure, although

empirical values of Moran’s I may differ. The expected correlation

between any two variables from different data sets was zero (linear

independence), whereas the expected correlation between X3 and X0,

X1, or X2, or between X4 and X1, from the same data set was non-

zero (linear dependence). For each sampling design and variable pair,

we tested the correlation with four different methods: correlation t-test

(using R function ‘cor.test’) and three MSR randomization tests with

199 replicates each, using pair, triplet (random triplets) and singleton

procedures.

Spectral randomization with additional constraints

To illustrate the implementation of further constraints, we simulated

100 data sets and created 30 replicates per data set with the following

algorithms: joint MSR of all variables X0–X4 to maintain their cross-

correlations, using singleton and pair methods, and MSR with pair

method and rfix = {0, 0�3, �0�5, 0�7} to obtain replicates that have a

fixed correlation with the original variables. We evaluated the distribu-

tion of correlation coefficients between the original variables and their

replicates, and the distribution of correlation coefficients among repli-

cates.

Results

STATIST ICAL PROPERTIES OF REPLICATES

For stationary patterns X0–X3, MSR methods created pat-

terns that were visually comparable to the original data but dif-

fered in the locations of low and high values (Appendix S1,

Fig. S1.3). For X4, a non-stationary pattern with linear trend

along the y-axis, replicates included a randomization of the

trend angle (Appendix S1, Fig. S1.3, bottom). Pairs random-

ized trend direction more flexibly than triplet and singleton

methods (Appendix S1, Fig. S1.4).

Moran spectral randomization replicates of a random nor-

mal variable (X0) were uncorrelated on average (mean = 0)

with the original variable, but the distribution of correlations

had higher variance than expected from true random variables

(not shown). This is reflected in higher rates of statistically sig-

nificant correlations between each original variable x and its

replicates, based on a parametric t-test for regression coeffi-

cients (Fig. 1). On average, correlations with x were highest

for the singleton method, lower for triplet and lowest for pair.

For variable X2 with stationary, large-scale spatial autocorre-

lation, replicates of all methods showed increased rates of sig-

nificant correlations with x, with differences between sampling

designs that appear to be related to differences in average Mo-

ran’s I (Fig. S1.5).

Replicate simulations of the data generating process (‘Null’)

showed high variability in their global Moran’s I (Fig. 2, left:

standard deviation rescaled by multiplication with (n–1)0�5 to
account for sample size) and power spectra (multiscale spatial

structure), as indicated by a low correlation between the power

spectrum of x and those of its replicates (Fig. 2, right). In con-

trast, the singletonmethod completely preserved bothMoran’s

I and power spectra. The triplet method preserved Moran’s I

but resulted in some variation in the power spectrum, and the

pair method showed variation both in Moran’s I and the

power spectrum.

The pair method does not strictly preserve Moran’s I but its

MSR replicates were generally unbiased for the random nor-

mal variable X0 (Fig. S1.6). For the spatially autocorrelated

variable X2, bias was negligible for large data sets butMoran’s

I of replicates showed a slight negative bias for the small sam-

pling designs.

SPECTRAL RANDOMIZATION TESTS FOR CORRELATION

When correlating two random normal variables X01 and X02,

or one random normal variable (X0) and one stationary,

spatially autocorrelated variable (X1, X2 or X3), the paramet-

ric t-test produced correct type I error rates. Specifically, the
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empirical type I error rates fell within the 95% confidence

interval for a binomial distribution bin(n, p) with n = 5000

simulated data sets and p = a = 0�05 (Fig. 3a,b). In these situ-

ations, all three MSR procedures (especially the triplet

method) showed slightly deflated type I error rates, making

tests more conservative.

When correlating any two spatially autocorrelated variables

(X1, X2, X3 or X4), the t-test showed high inflated type I error

rates. MSR methods maintained correct or slightly deflated

type I error rates for correlations among stationary variables

(X1, X2 or X3), but showed considerably deflated error rates

for the correlation between X4 and X1, X2 or X3 (Fig. 3c,d).

Error rates were independent of the observed level of Moran’s

I of the randomized variable. When correlating two non-sta-

tionary variables, X41 and X42, where both variables included

trend along the y-axis, MSR tests showed generally lower type

I error rates than t-tests (Fig. 3e). Especially, the singleton and

triplet procedures were less affected by non-stationarity.

When testing the correlation between X01 and X31, where

the t-test was applicable (X01 being a random normal), all

Fig. 1. Type I error rates for a t-test of the correlation between each observed variable and its replicates, for the random normal variable X0 (top

row) and variable X2 with stationary, large-scale spatial autocorrelation (bottom row). ‘Null’ refers to fully independent replicates of the generating

process. Horizontal lines indicate the significance level of a = 0.05.

Fig. 2. Spatial properties of replicates for fully independent replicates of the generating process (‘Null’) and forMSR replicates generated with pair,

triplet or singleton procedures. Left: bar chart of the mean standard deviation of Moran’s I of replicates, rescaled by (n–1)0�5 (to account for sample

size) and pooled across sampling designs, separately forX0 (dark grey bars) andX2 (light grey bars). Note that triplet and singletonmethods showed

zero variation. Right: bar chart of the mean correlation between the power spectra of the original variable and its replicates, pooled across sampling

designs, for X0 (dark grey bars) andX2 (light grey bars).
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three MSR methods had slightly lower statistical power to

detect linear dependence than the t-test (Fig. 4). Averaged

across the five smallest sampling designs, pair reached approxi-

mately 98% of the power of the t-test, triplet 97% and single-

ton 96%. This order remained constant for all other types of

variable pairs with linear dependence, where the t-test was not

applicable (results not shown).

SPECTRAL RANDOMIZATION WITH ADDIT IONAL

CONSTRAINTS

Correlations between variable pairs with linear dependence

(X31 vs. X01, X11, or X21; X41 vs. X11) calculated using equa-

tion 1 were identical to Pearson correlation coefficients. When

correlated variables were jointly randomized using the single-

ton or pair procedures, their cross-correlations were com-

pletely preserved (results not shown).

When each variable was randomized with the additional

constraint of a fixed correlation with the original variable,

using the pair method, sampling designs with uneven sample

size n (‘Random 35’, ‘Clumped 35’) completely preserved the

predefined correlation rfix (Fig. S1.2a). For even n, the presence

of an incomplete block (where the singleton method was used

for one randomly selected spatial eigenvector) introduced

some variation in the correlation with the original variable.

For large samples (n ≥ 400), this variation was negligible, but

for small samples (n < 100), there was considerable variation

as well as a negative bias, so that on average, correlations with

the original variable were slightly weaker than specified by rfix.

Fig. 4. Relative power of MSR randomization tests. Each boxplot

shows the distribution of ten empirical power estimates to detect the

correlation between variablesX0 andX3, using pair, triplet or singleton

procedures, rescaled by the corresponding empirical power estimate of

a parametric correlation t-test. The ten values for each method were

obtained from 5000 simulated data sets, subsampled with each of the

five sampling designs with sample sizes between 32 and 35, randomiz-

ing eitherX0 orX3.

(a) (b)

(d) (e)

(c)

Fig. 3. Boxplots of empirical type I error rates across 5000 simulation runs, for different types of variable pairs and randomizationmethods, pooled

across all 10 sampling designs. Figure a shows the correlation between two randomnormal variables, Figure b the correlation between a randomvar-

iable X0 and a variable with stationary spatial autocorrelation (X1, X2, or X3), Figure c the correlation between any two variables with stationary

spatial autocorrelation, Figure d the correlation between a variable with non-stationary spatial autocorrelation (X4: linear trend along y-axis) and

any variable with stationary spatial autocorrelation, and Figure e the correlation between two variables with non-stationary spatial autocorrelation.

The number below each boxplot reports themean, and grey polygons indicate a 95%confidence interval for the expected type I error rate.
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For sampling designs with uneven n, the correlation among

replicates generated with the constraint of rfix differed system-

atically from the correlation among replicates generated with-

out such a constraint (Fig. S1.2b). The mean correlation

among replicates was predictable by r2fix, whereas the stan-

dard deviation varied with rfix and with the level of spatial

autocorrelation. The factor by which the standard deviation

of the correlation among replicates was inflated, compared to

replicates without the constraint of rfix, followed 20�5(1–r2fix)
(Fig. S1.2c).

Discussion

COMPARISONS OF MORAN SPECTRAL RANDOMIZATION

PROCEDURES

This paper presents algorithms for restricted randomization of

irregularly spaced data withMSR that can be applied to a wide

range of sampling designs for which restricted randomization

methods were limited so far. Moran spectral randomization

provides a framework to build spatially constrained null mod-

els allowing statistical inference in the presence of spatial auto-

correlation. While MSR has been developed here for two-

dimensional spatial data, it is also applicable to one-dimen-

sional transect data or time-series analysis. The method pro-

duces a technically unlimited number of non-identical

replicates even for small samples [except for the singleton

method with 2(n�1) unique replicates], without requiring addi-

tional parameters beyond the explicit definition of neighbours

and spatial weights inmatrixW.

The MSR replicates mimic the spatial characteristics of

the original variables in terms of global autocorrelation and

multiscale patterns. These properties allow controlling the

type I error rate of statistical tests (e.g. bivariate correlation)

in the presence of autocorrelation. Ideally, replicates should

also be uncorrelated to the original variable to ensure power.

These two objectives (similar spatial structure and indepen-

dence with the original variables) are antagonistic and thus

defines a gradient from considering the original variable

(spatial properties fully preserved but no independence) to

its full randomization (complete independence with the origi-

nal variable but no spatial constraint). Hence, we provide

different procedures that correspond to different trade-offs

between these two extremes.

The singleton procedure imposes the strongest spatial con-

straints and thus produces replicates with the highest degree of

correlation with the original variable. It performs surprisingly

well in randomization tests, even for small spatial samples,

despite the limitation of 2(n�1) unique replicates. Themethod is

simple to implement and can also be used to jointly randomize

a group of variables. The singletonmethod should be preferred

when it is important to strictly preserve the spatial characteris-

tics of the original variables even if thismeans that its replicates

aremore correlated with the original variable.

The pair procedure is the least strict concerning the spa-

tial constraints and thus provides MSR replicates with the

lowest degree of correlation with the original variables.

Spatial characteristics are quite well preserved, and thus, it

provides a good compromise and allows for joint randomi-

zation as well as randomization with fixed correlation. The

pair procedure should be used when it is considered impor-

tant to randomize correlation at each spatial eigenvector

and reduce overall correlation with the original variable, or

when the slightly lower statistical power or the limited num-

ber of 2n�1 unique replicates of the singleton method are of

concern.

Lastly, the triplet procedure that is supposed to combine the

advantages of singleton and pairs did not perform as well as

the other methods and could also be time-consuming (due to

the existing conditions is step 2.3). Hence, it is not generally

recommended in future work.

PERFORMANCE OF MORAN SPECTRAL RANDOMIZATION

IN CORRELATION ANALYSIS

Moran spectral randomization replicates preserved Moran’s I

of the original variable either perfectly (singleton, triplet meth-

ods) or approximately (pair). In contrast, replicate simulations

of the generating process (i.e. conditional simulation with

known geostatistical parameters) resulted in considerable vari-

ation of Moran’s I among replicates (Fig. 2, left). The marked

quantitative difference illustrates an important conceptual dis-

tinction: spectral randomization methods randomize the

observed pattern, whereas conditional simulation simulates

independent outcomes of the underlying process, assuming

that it has been correctly parameterized, for example through

geostatistical analysis of the empirical data. Preserving Mo-

ran’s I may be advantageous when using replicates to control

for the effect of spatial autocorrelation in the empirical data on

statistical inference, such as correlation or regression analysis.

Information on the variability of Moran’s I given a specified

model of the generating process will be most important when

the inference concerns the difference between two or more

empirically observed patterns (Fortin et al. 2003; Remmel &

Fortin 2013).

Moran randomization tests produced correct, or slightly

deflated, type I errors for correlation analysis, independent of

sample size or sample configuration, unless both variables

exhibited non-stationarity, here in the form of linear trend

along the y-axis (variable X4). Likewise, Fourier spectral ran-

domization is known to be sensitive to trend. Recently, Deb-

lauwe, Kennel & Couteron (2012) presented a wavelet-based

spectral randomization method (dual-tree complex wavelet

transform; DT-CWT) that proved more robust than DFT in

correlation inference. Wavelet analysis has also been used to

control spatial autocorrelation in regression analysis of grid-

ded data (Carl & K€uhn 2008), but such wavelet methods are

not available for irregularly spaced data. Non-stationarity,

which can occur in many different flavours, remains an

unsolved problem especially in spatial regression analysis (Be-

ale et al. 2010). Further research is needed to assess the perfor-

mance of MSR in spatial regression analysis when stationarity

assumptions are met and its sensitivity to various types of non-

stationarity.
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FLEXIBLE ALGORITHMS FOR RESTRICTED

RANDOMIZATION OF IRREGULARLY SPACED SPATIAL

DATA

The proposed algorithms are applicable to a wide range of

research questions and hypotheses. We presented MSR in

the case of spatial autocorrelation, but the method can also

be used in the case of temporal of phylogenetic dependence

(Peres-Neto 2006). Bivariate correlation analysis can be

achieved by randomizing one variable or randomizing both

variables independently (Lennon 2000). The possibility to

jointly randomize several variables while maintaining their

cross-correlations will be especially interesting in ecological

community analysis that aims at assessing community inter-

actions. Different groups of species (e.g. functional groups)

may thus be randomized separately, maintaining empirical

species associations within groups but breaking them

between groups. Molecular genetic analysis provides another

example where alleles of the same locus may need to be ran-

domized jointly but independently of other loci. While MSR

can control correlations among jointly randomized variables

even for non-normal data including binary variables, the

randomized variables may show a different statistical distri-

bution than the observed variables. Depending on the pur-

pose of randomization, an iterative approach following the

steps in iterative amplitude adjusted Fourier transform may

be needed (Schreiber & Schmitz 1996; Deblauwe, Kennel &

Couteron 2012), where the simulated values are replaced by

the observed values according to their rank (although this

may alter correlations between variables). Further research

should focus on application of MSR to multivariate abun-

dance or presence–absence data.
The pair procedure can be used to generate replicates

with similar multiscale spatial structure (approximate pres-

ervation of Moran’s I and power spectrum) and a prede-

fined correlation rfix with the original variable. This will be

useful in simulation studies aimed, for example at testing

the performance of spatial regression methods in the pres-

ence of correlation among predictor variables (multicollin-

earity; Beale et al. 2010; Dormann et al. 2013). To

completely maintain rfix, an uneven sample size n should be

used, although the variation for even n will be negligible

for larger samples.

Conclusion

Moran spectral randomization allows to efficiently use regu-

larly or irregularly spaced spatial data for assessing the correla-

tion between two observed variables. It provides null

distributions that explicitly incorporate the observed autocor-

relation at all spatial scales without the need for geostatistical

parameter estimation as required for conditional simulation.

Instead,MSR relies on the definition of spatial relationships in

a spatial weights matrixW, and the implications of the choice

ofW on correlation and regression analysis with various meth-

ods, including those based on MEM, are not well understood

(Stakhovych&Bijmolt 2009).

In the limited scope of simulations presented here, focusing

on correlation analysis under stationary conditions, MSR

produced correct or slightly conservative type I error rates and

high statistical power (96–98% of the power of a parametric t-

test). MSR thus performed well, even for very small and highly

irregularly spaced samples. If the method can be extended to

multiple regression analysis, MSR may provide a new avenue

for the problem of correctly accounting for spatial autocorrela-

tion in species distribution modelling when the parameters of

the underlying spatial ecological process generating the spatial

patterns are unknown (e.g. Beale et al. 2010; K€uhn & Dor-

mann 2012).
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