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Simple bounds for one-shot pure-state distillation in general resource theories

Madhav Krishnan Vijayan ,1,* Eric Chitambar ,2 and Min-Hsiu Hsieh1

1Centre for Quantum Software and Information, University of Technology Sydney, NSW 2007, Australia
2Department of Electrical and Computer Engineering, Coordinated Science Laboratory, University of Illinois at Urbana-Champaign,

Urbana, Illinois 61801, USA

(Received 14 July 2020; accepted 13 October 2020; published 4 November 2020)

We present bounds for distilling many copies of a pure state from an arbitrary initial state in a general quantum
resource theory. Our bounds apply to operations that are able to generate no more than a δ amount of resource,
where δ � 0 is a given parameter. To maximize applicability of our upper bound, we assume little structure on
the set of free states under consideration besides a weak form of superadditivity of the function Gmin(ρ ), which
measures the overlap between ρ and the set of free states. Our bounds are given in terms of this function and the
robustness of resource. Known results in coherence and entanglement theory are reproduced in this more general
framework.
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I. INTRODUCTION

In the development of quantum information theory, the
operational approach has played a crucial role. It has enabled
the description of abstract properties of quantum systems in
terms of practical and well-defined information processing
tasks. From the operational approach, the idea of certain
states being a resource for information processing arose and
led to the development of quantum resource theories, most
prominently the resource theory of entanglement [1]. Moti-
vated by the success of entanglement theory, several other
quantum resource theories (QRTs) have been identified and
studied such as those of coherence [2–4], thermodynamics
[5,6], nonuniformity (purity) [6–8], asymmetry [9,10], and
nonstabilizer (“magic state”) quantum computation [11], to
name a few. See Refs. [12,13] for a wider review of QRTs.

While what constitutes as a resource can vary widely be-
tween different theories, some common structure is shared
among many QRTs. Broadly speaking, a QRT divides states
and operations in quantum mechanics into ones that an exper-
imenter has access to freely and ones which are costly to use;
in other words, they are divided into those which are free and
those which are resourceful. Where one draws this division
usually depends on the particular experimental or physical
constraints under consideration. Studying this general struc-
ture independent of specific QRTs has allowed for a better
understanding of certain quantum information quantities. For
example, Brandão and Gour showed that the relative entropy
of resource captures the asymptotic convertibility rate be-
tween two states, when one considers resource nongenerating
operations in a general convex QRT [14]. An operational inter-
pretation for general resources was given in [15] by showing
that for any convex QRT there exists a channel discrimination
task for which a resource state will strictly outperform a free
state.

*madhavkrishnan.vijayan@student.uts.edu.au

In this work we present results that are most applicable to
QRTs whose most resourceful states are pure. This includes
entanglement, coherence, and magic state quantum computing
theories. The meaning of “most resourceful” is ambiguous,
yet it can be made more precise in both a quantitative and op-
erational sense. Quantitatively, pure states could be regarded
as being more resourceful in a QRT if they maximize some
resource measure, such as the relative entropy of resource [16]
or the robustness of resource [14]. Alternatively, one could
take an operational perspective and regard some set of pure
states S as being the most resourceful in a QRT if any state
ρ on a given state space can be realized by a free transforma-
tion ϕ → ρ with ϕ := |ϕ〉〈ϕ| ∈ S. In entanglement theory,
such sets are known as maximally entangled sets, and it is
an interesting research problem to identify maximally entan-
gled sets with minimal structure [17]. When pure states are
regarded as a precious resource, a natural task of interest is
pure-state distillation. Typically, this problem is phrased as a
multicopy state conversion problem ρ⊗n → ϕ⊗m, which can
be interpreted as exchange n copies of ρ for m copies of ϕ

using the free operations of the QRT. In the limit of n → ∞,
the smallest ratio n

m quantifies the asymptotic distillation rate
of state ϕ from ρ [18]. In the nonasymptotic or “one-shot”
regime, the problem is to determine how many copies of ϕ can
be obtained from some initial state ρ (possibly non-i.i.d.) up
to some specified error bound [19,20]. The main contribution
of this paper is to derive bounds on this one-shot pure-state
distillation problem that apply to a wide range of QRTs.

There is an intuitive link between the quantitative and
operational resourcefulness just described. The larger value
a particular resource measure assigns to a state, the greater
rate of resource distillation the state should possess. While
this rule of thumb does not always hold in general, usually
it is possible to bound resource distillation rates in terms of
other resource measures. In this paper, we introduce a function
Gmin(ρ) that measures the overlap of a state ρ with the set of
free states. Our one-shot distillation bounds are given in terms
of this function as well as the free robustness of the state. The
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latter quantity measures how much mixing with another free
state γ is required to erase the resourcefulness of ρ.

Robustness is an important resource monotone first used
to study entanglement [21], and it has since found application
in the study of general resource theories [14,15,22]. Allowing
the state γ to be arbitrary and not necessarily free leads to
the definition of the global robustness of resource. Every state
will have a finite free robustness provided the set of free states
has a nonempty interior. However, for affine resource theories
it can be shown that the free robustness will diverge for all
resource states, and even for nonaffine resource theories there
can be states without finite free robustness [19,23].

To make our bounds applicable to more QRTs, we consider
a smoothed version of the free robustness, which we will
call the δ-free robustness. Roughly speaking, this quantity
measures how much mixing of a free state is required to
eliminate all but a δ � 0 amount of resource from a given
state. In all QRTs, including affine ones, the δ-free robustness
will be finite for all states whenever δ > 0. Complementing
the δ-free robustness is the set of quantum operations that
cannot generate more than a δ amount of resource. Our bounds
are given for distilling pure states using these δ-resource-
generating operations. Note that studying such operations has
already proven crucial to obtaining asymptotic convertibility
in entanglement theory [24,25] and more general QRTs [14].
To our knowledge, this is the first work that investigates a
trade-off in resource distillation with respect to a relaxation on
the resource-generating power of the underlying operations.

During the completion of this work we became aware of
an independent work which derives bounds for the one-shot
distillation rate in terms of the hypothesis testing relative
entropy [19]. We note that the hypothesis testing inequality
is the operator smoothed version of Gmin(ρ) while we use
the state smoothed version Gε

min(ρ). Similarly the achievable
map the authors in [19] use for mixed state transformation
is a variation of the one we use for pure-state distillation.
The difference between these maps is that our map uses state
smoothing instead of operator smoothing and is also appli-
cable to QRTs where the free robustness need not be finite.
The authors define a class of QRTs in which there exists
pure reference states that have constant overlap with the set
free states which is conceptually similar to the constraints on
Gmin(φm) we introduce through Property 1 as expressed in
Eq. (19).

II. DEFINITIONS

Let S denote the collection of all quantum states for a
given quantum system. A resource theory is defined by the
pair {F ,O} where F ⊂ S is called the set of free states and
O is the set of free operations. Any state not in F is known
as a resource state. One useful resource quantifier is the free
robustness of resource, defined as

R f (ρ) := inf
π∈F

{
s � 0 :

ρ + sπ

1 + s
∈ F

}
. (1)

We refer to πρ ∈ F as an optimal state if it can be used
to achieve the infimum value in the definition of R f (ρ).
The quantity R f (ρ) has a natural operational interpretation.
Suppose that an experimenter Alice has access to a resource

state ρ in her laboratory. Additionally, Alice has the capability
to prepare any free state π ∈ F . With probability 1

1+s Alice
forwards the state ρ to Bob, while with probability s

1+s she
prepares some free state π and sends it to Bob instead. Bob’s
description of the received state is thus 1

1+s (ρ + sπ ). The
free robustness of ρ, quantifies the threshold value such that
for any s < R f (ρ), Bob’s received state will assuredly still
possess resource.

One drawback of the free robustness is that it is not fi-
nite in many QRTs. For example, in the resource theory of
coherence, it is not possible to mix a resource state (i.e., a
nondiagonal density matrix) with a free state (i.e., a diagonal
density matrix) to obtain another free state. An alternative
notion of robustness that does not generally suffer from this
problem involves taking the infimum in Eq. (1) over all states
S instead of over just the free states F [26,27]. The result-
ing quantity is known as the global robustness Rg(ρ), and
it has emerged as an important resource measure since its
dual characterization often leads to computationally friendly
resource witnesses [23,28–30]. Here we introduce a family of
robustness measures that generalizes the free robustness.

For mathematical convenience, let us first recall the global
log robustness, which is given by

LRg(ρ) := log2 [1 + Rg(ρ)]. (2)

It is not difficult to show that this quantity is subadditive,
meaning that

LRg(ρ ⊗ σ ) � LRg(ρ) + LRg(σ ). (3)

We next define the set of δ-free states,

F δ := {ρ : LRg(ρ) � δ}, (4)

which from subadditivity satisfies

ρ, σ ∈ F δ ⇒ ρ ⊗ σ ∈ F2δ, (5)

provided F is closed under tensor products. Then for δ ∈
[0,+∞], we define the δ-free robustness as

Rδ (ρ) := inf
π∈F δ

{
s � 0 :

ρ + sπ

1 + s
∈ F δ

}
, (6)

from which we recover R f (ρ) = R0(ρ). We can likewise
consider the δ-free log robustness,

LRδ (ρ) := log2

[
1 + Rδ

f (ρ)
]
. (7)

It can be shown easily that the δ-free robustness for any
state ρ ∈ S is finite if δ > 0 and the global robustness is finite.
Indeed, using convexity of the global robustness, we can see
that for any state ρ and free state γ ,

Rg

(ρ + sγ

1 + s

)
� 1

1 + s
Rg(ρ) + s

1 + s
Rg(γ ),

= 1

1 + s
Rg(ρ). (8)

Equation (8) implies that the resource in any state ρ as
quantified by the global robustness, can be made arbitrar-
ily small by mixing sufficiently with a free state provided
the global robustness of ρ is finite. In other words for any
δ > 0, there exists some finite positive number s∗ such that

1
1+s∗ (ρ + s∗π ) ∈ F δ.
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For a given QRT {F ,O}, Eq. (4) provides a relaxation on
the set of free states. A corresponding relaxation can be made
on the free operations. Following the lead of Refs. [14,24,25],
we let Oδ denote the set of δ-resource-generating (δ-RG) op-
erations as the full collection of operations that act invariantly
on F δ; i.e.,


 ∈ Oδ ⇔ 
(γ ) ∈ F δ ∀γ ∈ F δ. (9)

We are interested in the problem of converting a given
state ρ to multiple copies of some pure state ϕ using the δ-
resource-generating operations of the theory. More precisely,
for an initial state ρ and a target state ϕ = |ϕ〉〈ϕ|, the one-
shot distillation rate of conversion for parameters ε, δ � 0 is
defined as

Dδ,ε (ρ, ϕ) := max
m∈N

{
m : sup


∈Oδ

F 2(
(ρ), ϕ⊗m) � 1 − ε

}
.

(10)

Here, the fidelity between two states is given by

F (ρ, σ ) := Tr(
√√

σρ
√

σ ) = ‖√ρ
√

σ‖1, (11)

which for a pure state σ = |ϕ〉〈ϕ| has the form F (ρ, ϕ) =√〈ϕ|ρ|ϕ〉. We will use the notation ϕ⊗m and ϕm interchange-
ably throughout this paper.

To obtain bounds on Dδ,ε (ρ, ϕ), we first define a quantity
Gmin(ρ) as a measure of the maximum overlap between a
positive operator ρ and the set of free states F ,

Gmin(ρ) = inf
γ∈F

{− log2 Tr(ργ )}. (12)

We will want a smoothing of Gmin(ρ), which is handled using
a standard method [31]. Let us denote the ε ball around a state
ρ by

b(ρ, ε) = {I � ρ � 0 : F (ρ, ρ) � 1 − ε}. (13)

The pure-state ball around a state ρ is similarly given by

b∗(ρ, ε) = {ψ ∈ b(ρ, ε) s.t. ψ is pure}. (14)

Then the state-smoothed version of Gmin(ρ) is defined as

Gε
min(ρ) = max

ρ∈b(ρ,ε)
Gmin(ρ ). (15)

The pure-state smoothed version Gε
min,∗(ρ) has a similar

meaning except with the maximization taken over b∗(ρ, ε)
instead of b(ρ, ε). If b∗(ρ, ε) is an empty set we define
Gε

min,∗(ρ) = 0.

III. GENERAL DISTILLATION BOUNDS

As described above, the essential ingredients to a resource
theory are the sets of free states F and free operations O.
Most QRTs will have additional structure on these objects,
such as convexity or closure of F under partial trace. We wish
to bound Dδ,ε (ρ, ϕ) with as few assumptions on the QRT as
possible. For our upper bound, we only require that Gmin is
an extensive resource measure for pure states. More precisely,
we make the following singular assumption:

Property 1. For every pure state ϕ, there exists a constant
c(ϕ) such that

Gmin(ϕ⊗m) = inf
γ∈F

− log2 Tr(ϕ⊗mγ ) � m · c(ϕ) (16)

for all m ∈ N.

In thermodynamics, an extensive property is additive under
the addition of more systems. Equation (16) expresses this
condition in a general QRT for the quantity Gmin and multiple
copies of a pure state. This extensive property holds for the
QRTs for entanglement, coherence, and purity. We now give
our first result.

Theorem 1. Let ε, δ � 0 be arbitrary. For any resource the-
ory satisfying Property 1,

G2
√

2ε
min (ρ) + log2(1 + δ)

c(ϕ)
� Dδ,ε (ρ, ϕ). (17)

Moreover, if ρ is a pure state, this bound can be tightened to
read

G2ε
min,∗(ρ) + log2(1 + δ)

c(ϕ)
� Dδ,ε (ρ, ϕ). (18)

Proof. Let m be the highest rate achievable with error ε.
This implies that there exists a δ-RG operation 
 ∈ Oδ such
that F 2(
(ρ), ϕm) � 1 − ε. Property 1 can be equivalently
stated as

ϕmγ ϕm � 1

2mc(ϕ)
ϕm ∀γ ∈ F . (19)

To see this, note that using the definition of Gmin and the
statement of Property 1 we have

min
γ∈F

− log2(Tr(ϕmγ )) � mc(ϕ), (20)

⇒ − log2(Tr(ϕmγ )) � mc(ϕ) ∀γ ∈ F , (21)

⇒Tr(ϕmγ ) � 2−mc(ϕ), (22)

⇒〈ϕm|γ |ϕm〉 � 2−mc(ϕ), (23)

⇒〈ϕm|γ |ϕm〉ϕm � 2−mc(ϕ)ϕm, (24)

⇒ϕmγ ϕm � 1

2mc(ϕ)
ϕm. (25)

Starting from the final expression, all the steps can be reversed
to obtain the initial expression hence proving the equivalence.

Since 
 ∈ Oδ , for every γ ∈ F , there exists some π ∈
F and σ ∈ S such that 
(γ ) = (1 + δ)π − δσ . Then from
Eq. (19), it follows that

ϕm
(γ )ϕm � 1 + δ

2mc(ϕ)
ϕm. (26)

Multiplying both sides of this by 
(ρ) and taking the trace
yields

Tr(
(ρ)ϕm
(γ )ϕm) � 1 + δ

2mc(ϕ)
Tr(
(ρ)ϕm) � 1 + δ

2mc(ϕ)
. (27)

Using the cyclic property of trace and denoting the dual map
of 
 as 
∗ gives

mc(ϕ) − log2(1 + δ) � − log2 Tr(ϕm
(ρ)ϕm
(γ )) (28)

= − log2 Tr(
∗(ϕm
(ρ)ϕm)γ ) (29)

= − log2 Tr(Qγ ) � − log2 Tr(
√

Qρ
√

Qγ ), (30)
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where in the last inequality we use the fact that ρ :=√
Qρ

√
Q � Q. Since γ is an arbitrary free state, we can say

that

mc(ϕ) � min
γ∈F

{− log2 Tr(ργ )} = Gmin(ρ) + log2(1 + δ).

(31)

We will now show that ρ ∈ b(ρ, 2
√

2ε). Note that

Tr(Qρ) = Tr(ϕm
(ρ)ϕm
(ρ))) = 〈ϕm|
(ρ)|ϕm〉2, (32)

= (F 2(
(ρ), ϕm))2 � 1 − 2ε, (33)

where for the last inequality we use the fact that
F 2(
(ρ), ϕm) � 1 − ε. From the gentle measurement lemma
[32] we know that, ‖ρ − ρ‖1 � 2

√
2ε. This implies that

F 2(ρ, ρ ) � 1 − 2
√

2ε, (34)

and ρ ∈ b(ρ, 2
√

2ε). In Eq. (32), replacing the mixed state ρ

with the pure state ψ we have

Tr(Qψ ) � 1 − 2ε. (35)

Note that ψ = √
Qψ

√
Q, hence

F (ψ,ψ ) = 〈ψ |
√

Q|ψ〉 � 〈ψ |Q|ψ〉 = Tr(Qψ ) � 1 − 2ε.

(36)

Hence ψ ∈ b∗(ψ, 2ε) and we see that

mc(ϕ) � max
ψ∈b∗(ψ,2ε)

Gmin(ψ ) + log2(1 + δ). (37)

�
We next consider the achievability of pure-state distillation.

While Theorem 1 holds for a wide class of QRTs, including
ones that are nonconvex, our lower bound on Dδ,ε (ρ, ϕ) ap-
plies only for convex QRTs whose free states are closed under
tensor products. Before stating this, we observe a property of
the δ-free log robustness which holds in such QRTs. Unlike
the global log robustness, LRδ does not appear to be subaddi-
tive in general. However, we can at least provide the following
bound.

Proposition 1.

LRmδ (ρ⊗m) � log2[1 + (1 + 2Rδ (ρ))m] − 1

� m log2[1 + 2Rδ (ρ)] (38)

for every integer m and δ > 0.
Proof. Let ρ = (1 + s)π − sσ , where s = Rδ (ρ) and

π, σ ∈ F δ . We can then write ρ⊗m as a linear combination of
operators belonging to Fmδ , each of which is an m-part tensor
product of the π and σ . From the definition, LRmδ (ρ⊗m) is no
greater than the logarithm of the positive weight in this linear
combination. The positive weight can be written as

1
2 [((1 + s) + s)m + ((1 + s) − s)m] = 1

2 (1 + (1 + 2s)m).

Taking a logarithm establishes the first inequality in (38), and
the second follows by observing 1 � (1 + 2Rδ (ρ))m. �

We use this inequality to establish a lower bound
Dσ,ε (ρ, ϕ).

Proposition 2. Consider any QRT in which the set of free
states F is convex. For any δ, ε � 0,

Dδ,ε (ρ, ϕ) � m (39)

for any positive integer m satisfying

G2ε
min,∗(ρ) � m log2[1 + 2Rδ/m(ϕ)].

Remark. For the special case that δ = 0, one can take m =
� G2ε

min,∗(ρ)
log2[1+2R0(ϕ)]� so that

D0,ε (ρ, ϕ) �
⌊

G2ε
min,∗(ρ)

log2[1 + 2R0(ϕ)]

⌋
. (40)

Proof. Let m > 0 satisfy G2ε
min,∗(ρ) � m log2[1 +

2Rδ/m(ϕ)]. We will follow a standard approach of introducing
a simple measure-and-prepare map that does the job (see, for
example, [33]). Consider the CPTP map,


(ω) = Tr[(I − ψ )ω]πϕm + Tr[ψω]ϕm, (41)

where πϕm is an optimal state chosen in the definition of
Rδ/m(ϕm) and ψ is an optimal state chosen in the definition
of G2ε

min,∗(ρ). We first verify that

F (ϕm,
(ρ)) � F 2(ϕm,
(ρ)) = Tr(ϕm
(ρ)), (42)

� Tr[ψρ] � 1 − 2ε, (43)

where we use the fact that ψ ∈ b∗(ρ, 2ε). Next, we use
Eq. (38),

G2ε
min,∗(ρ) � m log2[1 + 2Rδ/m(ϕ)] � LRδ (ϕm), (44)

along with the definition of G2ε
min,∗(ρ) to conclude that

− log2 Tr[ψγ ] � LRδ
f (ϕm) ⇒ Tr[ψγ ] � [1 + Rδ (ϕm)]−1

for any γ ∈ F . Hence


(γ ) = Tr[(I − ψ )γ ]πϕm + Tr[ψγ ]ϕm ∈ F δ. (45)

Convexity of F has been used here to ensure that Rδ (ϕm)[1 +
Rδ (ϕm)]−1πϕm + [1 + Rδ (ϕm)]−1ϕm remains free under any
mixing with πϕm . �

We remark that the lower bound in Proposition 2 would be
tighter if we could replace the δ-free robustness in Eq. (39)
with the global robustness. However, doing so would no
longer ensure that the measure-and-prepare map of Eq. (41)
always generates a sufficiently small amount of resource. This
problem can be overcome in the many-copy setting where
one can invoke the Generalized Quantum Stein’s Lemma
[34], and this is essentially the high-level approach taken in
Refs. [14,24,25] to obtain asymptotic reversibility of resource
transformations.

IV. EXAMPLES

In many resource theories there exists a maximally re-
sourceful unit pure state ϕ, such as the Bell state |ϕe〉 :=√

1/2(|00〉 + |11〉) for entanglement or the uniform super-
position state |ϕc〉 := √

1/2(|0〉 + |1〉) for coherence. The
one-shot distillation rate of the resource is the optimal rate at
which one can convert a single copy of a given state into sev-
eral copies of the maximally resourceful unit state under some
error threshold. Equation (37) immediately recovers known
results for the one-shot concentration rate in entanglement
[35] and coherence [36,37] as we will show below.
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Value of Gmin(ψ ) in different theories.

R. Theory Entanglement Coherence
Gmin(ψ ) Smin(ρψ ) Smin((ψ ))

Let us first recall that min-entropy of a state ρ is defined as

Smin(ρ) = − log2(λmax(ρ)), (46)

where λmax(ρ) is the largest eigenvalue of ρ. In the QRT of
entanglement, Gmin(ϕAB) = Smin(TrAϕAB) while in the QRT
of coherence, Gmin(ϕA) = Smin((ϕA)), where  is the com-
pletely dephasing map. To see this notice that for any bipartite
pure state,

|ϕ〉AB =
∑

i

√
λiU |λi〉A|λi〉B, (47)

the minimization in Eq. (12) is achieved by the product
state γ = U |λmax〉〈λmax|U † ⊗ |λmax〉〈λmax|, where |λmax〉 is
the eigenvector corresponding to the largest eigenvalue of
TrAϕAB. Similarly for coherence the minimization is achieved
by the largest eigenvector of (ϕ). Let � represent the partial
trace operation or the completely dephasing map. It can be
easily verified that Smin(�(ϕm)) = mSmin(�(ϕ)). Comparing
with Eq. (16), the quantity c(ϕ) = Smin(�(ϕ)) = 1 for these
resource theories.

We define the ideal rate of one-shot distillation of en-
tanglement for an arbitrary pure state ρ to many copies
of the maximally entangled state ϕe using δ-entanglement-
generating operations as E δ,ε (ρ, ϕe). Similarly the ideal rate
of one-shot coherence distillation is defined to be Cδ,ε (ρ, ϕc),
where ϕc is the maximally coherent state.

Corollary 1. The one-shot pure-state concentration rate for
entanglement E δ,ε (ψAB, ϕe) using δ-entanglement-generating
operations and the one-shot concentration rate of coher-
ence Cδ,ε (ψ, ϕc) using δ-coherence-generating operations are
given by

E δ,ε (ψAB, ϕe) � max
ψ

AB∈b∗(ψAB,2ε)
Smin(ρ

ψ
AB ) + log2(1 + δ),

(48)

Cδ,ε (ψ, ϕc) � max
ψ∈b∗(ψ,2ε)

Smin((ψ )) + log2(1 + δ), (49)

respectively, where ρ
ψ

AB = TrA(ψAB) is the reduced density

matrix of ψ
AB

and (ψ ) = ∑
i |i〉〈i|ψ |i〉〈i| is the completely

dephased version of ψ in the incoherent basis.
In the limit of δ = 0 we recover previously known re-

sults regarding the one-shot concentration of coherence and
entanglement in [35–37]. Proposition 2 implies that for the
resource theory of entanglement, the upper-bound given in
Theorem 1 is tight for prefect transformations recovering the
known result in [35] as shown below.

Corollary 2. For the resource theory of entanglement the
perfect transformation ψ → ϕm

e , where ϕe is the unit max-
imally entangled state is achievable with a free operation

 ∈ O with a rate,

E0,0(ψAB, ϕe) = Gmin(ψAB) = Smin(ρψAB ), (50)

where ρψAB = TrB(ψAB).

Proof. From Proposition 2 we know that there exists a
free operation 
 in the limit δ, ε → 0 which performs the
transformation ψ → ϕm

e if

Gmin(ψ ) � m log2(1 + 2R f (ϕe)) � LR(ϕm
e )

= LRg(ϕm
e ) = m, (51)

where we have used Eq. (44) and the fact that the free log ro-
bustness of entanglement is equal to the global log robustness
of entanglement LRg(ρ) for pure states and for the maximally
entangled state of rank 2m the global robustness is given by m
[26,27]. Combining Eqs. (51) and (37) in the limit δ, ε → 0
gives the desired result. �

Remark. For any dimension d � 2, the δ-free robustness
of coherence Rδ

f (ϕm) is achieved by the maximally mixed

state Id = 1
d

∑
i

|i〉〈i|, where m = log2 d .

Proof. Let the optimal incoherent state achieving Rδ
f (ϕm)

be πϕm . The twirling operation T for a state ρ is defined as
an empirical average over all possible incoherent basis per-
mutations of ρ. Notice that for the maximally coherent state
T (ϕm) = ϕm. From the definition of δ-resource robustness we
have

ρ = ϕm + Rδ
f (ϕm)πϕm

1 + Rδ
f (ϕm)

∈ Iδ, (52)

where Iδ is the set of δ-incoherent states. Applying the
twirling operation on both sides of Eq. (52) we have

T (ρ) = ϕm + Rδ
f (ϕm)T (πϕm )

1 + Rδ
f (ϕm)

∈ Iδ. (53)

The last inclusion follows from the fact that coherence is
invariant under the twirling operation. Equation (53) implies
that if mixing Rδ

f (ϕm) amount of πϕm with ϕm gives you a state
in Iδ then mixing Rδ

f (ϕm) amount of T (πϕm ) will also give
you a state in Iδ . For any incoherent state γ , T (γ ) will be the
completely mixed state Id

d . We can see this by noticing that the
state T (γ ) is permutation invariant by virtue of the twirling
operation and the only permutation invariant incoherent state
is the maximally mixed state. �

V. DISCUSSION

As mentioned in the introduction, the general one-shot
distillation problem has been studied in Ref. [19] in a more
exhaustive manner. However, the techniques we use are differ-
ent, and a salient point of our work is the relative mathematical
simplicity of our techniques and bounds. Currently our results
are confined to pure-state distillation and a future direction
would be to see if our techniques can find the most general
mixed state transformation bounds.

Another open question from our work is whether our
bounds reproduce the asymptotic results in [14] under the
usual regularization procedure. This requires further investi-
gation of the asymptotic properties of Gmin(ρ) and LRδ (ρ).
One technical challenge in this direction is that we are con-
strained to use the free robustness instead of the global
robustness to ensure that our direct map is a free map. To
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directly apply the Generalized Quantum Stein’s Lemma of
Ref. [34] for obtaining asymptotic results [14], a connection
needs to be made between the δ-free robustness and the global
robustness.

It is also of interest to explore what the nature of trade-
off between error δ in the used operation and error ε in the
final state is and if they have some operational interpretation.
Clearly these quantities must be inversely related since in-
creasing δ allows you to use a larger set of operations which
can get you closer to the target state and thus reducing ε.
Operationally one can interpret a nonzero δ to represent the
resource consumed to perform the given task. Seeing whether

this allows us to define a new resource measure and more
quantitative statements regarding specific QRTs is left to fu-
ture work.

For our lower bounds we have assumed that the QRT must
be convex, an improvement to these bounds would be to find
a way to relax this constraint to include nonconvex QRTs as
well like we do in our upper bounds.
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