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1. Introduction

Adaptive filtering methods are powerful tools for online sys-
tem identification [1,2]. Within the myriad of algorithms proposed
in the literature, the least-mean-square (LMS) algorithm has been
widely used since it is robust and provides reasonably good per-
formance with low computational complexity. Several applications
have recently shown the need for online sparse identification tech-
niques. A driving force behind the development of such algorithms
is, for instance, the channel estimation problem because, although
the number of coefficients of the impulse response can be large,
only a few of them may have significant values. It is therefore im-
portant to endow the conventional LMS algorithm with the ability
to provide enhanced performance for such scenarios.

In recent years, several algorithms based on the LMS were pro-
posed to promote the sparsity of the estimate. The proportion-
ate normalized LMS (PNLMS) [3] and its variant called improved
PNLMS (IPNLMS) [4] update each filter coefficient independently
by adjusting the adaptation step-size in proportion to the esti-
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mated filter coefficient. Another family of sparsity-inducing algo-
rithms is motivated by the compressive sensing theory, which pro-
vides a unified framework for estimating sparse signals [5,6]. In
place of the ¢g-norm, which provides an exact count of the non-
zero coefficients but leads to NP-hard optimization problems (non-
deterministic polynomial-time solvable decision problems), other
sparsity-inducing norms can be used as a surrogate to overcome
this difficulty [7]. The use of the ¢;-norm is a popular choice [8].
For instance, the authors in [9] consider an ¢;-norm regularizer,
and introduce the zero-attracting LMS and the reweighted zero-
attracting LMS for sparse system identification. It is shown that
the ZA-LMS and the RZA-LMS perform better than the LMS in
sparse scenarios. However adjusting the algorithm parameters, in-
cluding the step size and the regularization parameter, remains a
tricky task. On the one hand, as for usual adaptive algorithms, the
step-size plays a crucial role to control the trade-off between the
convergence speed and the asymptotic performance. A small step-
size leads to slower convergence but improved asymptotic perfor-
mance, while a large step-size leads to faster convergence but at
the cost of a higher power of the residual error, or even instabil-
ity of the algorithm [1,2]. On the other hand, the regularization pa-
rameter controls the trade-off between the sparsity of the estimate
and the estimation bias. A large regularization parameter associ-
ated with the ¢;-norm strongly promotes the sparsity of the solu-
tion. This however causes a larger bias of the non-zero parameter
vector entries. Reweighted ¢;-regularization allows to reduce this
bias. However, an improper value of the regularization parameter
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may even worsen the estimation performance. Though techniques
such as regularization path and cross validation help characterize
the influence of this parameter [10], they are inappropriate for on-
line learning settings.

Variable parameter strategies provide simple but efficient so-
lutions for optimizing the trade-off between fast convergence and
low misadjustment [11]. For LMS, several variable step-size strate-
gies have been proposed in the literature to address this issue. In
most cases, the step-size adapts over time depending on the es-
timation error. Related works include [11-13]. A variable step-size
version of the PNLMS, called NPVSS-IPNLMS, is proposed in [11]. It
combines the IPNLMS and a variable step-size NLMS (VSS-NLMS)
strategy [14]. However, while achieving a lower misadjustment, the
convergence speed of NPVSS-IPNLMS slows down significantly af-
ter an initial phase. The zero-attracting variable step-size LMS (ZA-
VSSLMS) and the reweighted zero-attracting variable step-size LMS
(RZA-VSSLMS) introduced in [12] use the variable step-size strategy
reported in [15]. A significant improvement in the convergence rate
as well as in the misadjustment error can be observed. Another
variable step-size RZA-LMS strategy based on a nonlinear relation-
ship between the step-size and the power of the noise-free prior
error, called VSS-RZA-LMS, is considered in [13]. Nevertheless, the
misadjustment improvement appears to be limited. It is worth not-
ing that some extra parameters are introduced into all these algo-
rithms, but setting their proper values is a nontrivial task, similar
to the selection of an appropriate step size.

Motivated by our recent work [16], where a new model is de-
rived for the transient behavior of the ZA-LMS algorithm, we pro-
pose in this paper to design a variable-parameter ZA-LMS (VP-
ZA-LMS) algorithm where the step-size and the regularization pa-
rameter are both adjusted in an online manner. Unlike heuristic
strategies considered in the literature, our method is based on an
optimization step that minimizes the EMSE at each iteration. In-
deed, it turns out to be a quadratic function of the step-size and
the regularization parameter when considering the transient model
in [16] under a white input assumption. This yields closed-form
expressions of the step-size and regularization parameter at each
iteration, leading to a faster convergence as well as a lower mis-
adjustment. To further improve the performance, we apply this
strategy to the RZA-LMS, leading to a variable-parameter RZA-LMS
(VP-RZA-LMS) algorithm. Simulation results illustrate the enhanced
performance of our algorithms compared with ZA-LMS, RZA-LMS
and other variable step-size algorithms used in sparse system iden-
tification applications. We summarize the contributions of this
work as follows:

1. Compared to the existing literatures, this work is the first one
that derives a variable-parameter strategy based on a theo-
retical model of the filter performance. The proposed algo-
rithm jointly adjust the step-size and regularization parameter
in some optimal sense.

2. Unlike existing works on ZA-LMS that focus on the real-valued
data case, we derive an extension to complex-valued systems.

3. While working well for ZA-LMS/RZA-LMS, the proposed frame-
work can be extended to several other adaptive filters having
similar structure, such as the LMS with ¢p-norm penalty, the
group ZA-LMS, etc.

Before proceeding, note that this work and [16] are both related
to the transient behavior of the ZA-LMS algorithm but they address
different issues. The analysis in [16] focuses on how deriving an
accurate model for the transient behavior of ZA-LMS. The current
work uses an approximate model that allows us to automatically
adjust the algorithm parameters in an online way.

The rest of this paper is organized as follows. Section 2 re-
views the ZA-LMS and RZA-LMS algorithms. The VP-ZA-LMS and
VP-RZA-LMS algorithms are derived in Sections 3 and 4, respec-

tively. In Section 5, computer simulations are performed to validate
the proposed algorithms and to show their superior performance.
Section 6 concludes the paper.

Notation. Normal font x denotes scalars. Boldface small letters
x denote column vectors. All vectors are column vectors. Boldface
capital letters X denote matrices. The superscript (-)T denotes the
transpose of a matrix or a vector. The inverse of a square matrix is
denoted by (-)’1. All-zero vector and all-one vector of length N are
denoted by Oy and 1y, respectively. The Gaussian distribution with
mean g and variance o2 is denoted by N (u,o0?). The operator
sgn{ - } takes the sign of the entries of its argument. The operator
tr{ -} takes the trace of its matrix argument. The operator |-| takes
the absolute value of the entries of its argument. The mathemat-
ical expectation is denoted by E{.}. The operators max{-, -} and
min{-, -} take the maximum and minimum value of their argu-
ments, respectively.

2. System model and zero-attracting LMS
2.1. System model and zero-attracting LMS

To be consistent with ZA-LMS/RZA-LMS framework, and for the
sake of simplicity, we start by deriving our parameter adjustment
strategies in the case of real-valued signals. In Appendix C, we ex-
tend ZA-LMS and RZA-LMS to complex-valued data, and then de-
rive the associated parameter adjustment strategies in a concise
manner. Consider an unknown system with input-output relation
characterized by the linear model

Yn =X W+ 2, (1)

with w* € Rl denoting an unknown parameter vector, and x, € RE
a regression vector with a positive definite covariance matrix Ry =
E{x;x}} > 0 at instant n. The regression vector x, and the out-
put signal y, are assumed to be zero mean. The error signal z, is
assumed to be stationary, independent and identically distributed
(iid.), with zero mean and variance 02, and independent of any
other signal. Let jJ(w) denote the mean-square-error (MSE) cost,

namely,

Jw) = 2 B{lyn - w2}, )

It is clear from (1) that J(w) is minimized at w*.

The problem considered in this paper is to estimate the
unknown parameter vector w*, which is assumed to be
sparse [3,17,18]. This problem can be addressed by minimizing the
following regularized MSE cost:

wy, = arg m"i,njz/\ (w)

. 1 3)
with Jza(w) = EE{[}’n —WTxn]z} + Allwlls,

where the ¢;-norm term, defined as ||w]|; = Zle |w;|, is used to
promote the sparsity of the estimate, and A >0 is the regulariza-
tion parameter. A subgradient of Jza(w) in problem (3) is given by:
a.]ZA(W) = Ryw — pxy +A Sgn{W} (4)

where p,, = E{xnyn} is the correlation vector between x, and yn.
Using the instantaneous approximations Rx ~ xpx] and Pxy ~ XnYn,
the subgradient iteration leads to the ZA-LMS algorithm as derived
in [9]:

Wiy1 = Wn + [LenXn — 0 Sgn{w,}, (5)
where e, is the estimation error given by:
en = Yn — Wy Xn, (6)

[ is a positive step-size, and p = uA.
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As the shrinkage parameter p in ZA-LMS algorithm does not
distinguish between zero and non-zero entries of wy, the zero-
attracting term p sgn{wy} results in significant bias for large en-
tries while promoting zero-valued ones. This behavior significantly
degrades MSE performance [9]. To get enhanced performance in
sparse system identification, the RZA-LMS was proposed to rein-
force the zero attractor. Consider the following optimization prob-
lem:

Wiz = aIg H}ﬂi’n]RZA(W)

L
with Jrza (W) = %E{[yn _wan]z} +1) log (14 |wil/e). (7)
i=1

The log-sum penalty Zle log(1 + |w;|/€) is considered as it be-
haves more similarly to the ¢y3-norm than ||w|; [6]. Similarly to
the ZA-LMS, using stochastic subgradient iterations yields the RZA-
LMS update:

sgn{wn}
&+ |wyl’

Wii1 =Wy + [LenXn — 0 (8)
where the division and the absolute value operator |-| in the third
term on r.h.s. of (8) are applied in an element-wise manner, and &
is a small positive parameter.

2.2. Motivation for using a variable-parameter strategy

For ZA-LMS and RZA-LMS algorithms, the trade-off between
misadjustment and adaptation rate is mainly driven by the step-
size i, and the trade-off between sparsity and estimation bias by
the regularization parameter A, or equivalently p. In order that ZA-
LMS and RZA-LMS can provide accurate estimation results in un-
known environments, without using prior information, an efficient
variable-parameter strategy can be useful. Such a strategy is ex-
pected to satisfy the following requirements:

e It should not introduce a significant number of extra parame-

ters.

Selecting an appropriate, if not optimal, value for a newly intro-

duced parameter should be easier than selecting an appropriate

step-size, or any other parameter in the original algorithm. Fur-
thermore, the performance of the algorithm should not be very
sensitive to these values.

e The computational complexity of evaluating the time-variant
parameters should be of the same order as the adaptive algo-
rithm. For instance, a step size determined in O(L?) does not
make sense for an LMS-type algorithm in O(L).

These requirements may rule out several strategies in the liter-
ature, though they provide an efficient solution for the conflicting
requirements of fast convergence and low misadjustment. We will
see that our strategy complies with these requirements.

3. Parameter design of ZA-LMS guided by a transient behavior
model

3.1. Transient behavior model of ZA-LMS

Defining the weight error vector W, as the difference between
the estimated weight vector w, and w*, namely

Wy = w, — W, (9)

the analysis of ZA-LMS consists of studying the evolution of the
first and second-order moments of W, over time. To keep the cal-
culations mathematically tractable, we introduce the independence
assumption, which is commonly used when analyzing adaptive fil-
tering algorithms [1]:

A1: The weight-error vector wy is statistically independent of
the input vector xj.

Subtracting w* from both sides of (5), and using e; =z, —
WnTxn, yields the update relation of Wp:

Wiyt = Wn + [LXnZn — [ XnXy Wy — 0 SgD{wp}. (10)

The condition for stability and the mean performance of ZA-LMS
are analyzed in [9]. With the independence assumption A1 and
en =2n —WIxn, the mean-square-error (MSE) of the ZA-LMS is
given by

E{e?} = 02 + tr{RK,,}, (11)

with K, = E{W,W, }. The quantity tr{RK,} is the excess-mean-
square-error (EMSE) at time instant n, denoted by ¢,. The trace
of K; is the mean-square-deviation (MSD), denoted by &, = tr{K,}.
To simplify the derivation, we introduce the whiteness assumption
A2:

A2: The input signal x, is a zero-mean white Gaussian signal
with covariance matrix Ry = O’XZI.

Correlation of the regressors usually makes the analysis of
adaptive algorithms difficult [1]. Hence some analyses in the liter-
ature restrict themselves to this white input setting. The derivation
of our variable-parameter strategies would become highly chal-
lenging without assumption A2. However, it turns out that the re-
sulting algorithms continue to perform well with correlated inputs
even when assumption A2 does not hold.

Under the assumption A2, the MSD is equal to EMSE up to a
scaling factor, that is,

tn = o2 tr{Ky} = 07 & (12)

Therefore, we need to determine a recursion for K, in order to
relate the MSD or EMSE at two consecutive time instants n and
n+ 1. Post-multiplying (10) by its transpose, taking the expecta-
tion, and using assumptions A1 and A2, we get:

Kii1 = Ko+ 1207 R+ 112Q; + 0°Q; — 11(Q3 + Q3)

- p(Qs+Q7) +1p(Qs +Q3) (13)
with
Q; = E{xax, Wy W, XX, | (14)
Q; = E{sgn{w* + W,}sgn” {w* + W;} } (15)
Q; = E{ W, W, x.x, | (16)
Q4 = E{W,sgn (w* + w,} } (17)
Qs = E{xnxzwnsgnT{w* T Wn}}. (18)
As for the above matrices Qq, ..., Q5. we will sometimes drop the
explicit reference to time instant n in order to keep the notation
compact.

Characterizing the evolution of terms Q,, Q4 and Qs in an exact
manner is not trivial, as it is necessary to evaluate terms involv-
ing the nonlinear sgn{-} operator. To address this difficulty, the
authors in [19] use a zero-order approximation of these terms by
substituting the expectation of the product of two factors involv-
ing a sign function by the product of their expectations. In our
recent work [16], we succeeded in evaluating these terms in an
exact manner using a mild and reasonable joint Gaussian assump-
tion. However, the aforementioned works involve cumbersome cal-
culations that are not suitable for an online implementation with
linear complexity.
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3.2. Parameter design using a transient behavior model

We now derive a parameter design strategy for ZA-LMS based
on its transient behavior model. Given the MSD &, at time instant
n, we seek the parameters that minimize the MSD at time instant
n+ 1, that is,

{uh. pi} = argmin &y (19)

Using the recursion (13), and considering that &, = tr{K,}, the
above optimization problem becomes:

{115, pi} = argmin tr{K, 1)
= argmin tr{Ky } + 207 tr{Re} + tr{Q;}] + p? r{ Q)
=2ptr{Qs} - 2p tr{Qy4} + 21 p tr{Qs5}-

(20)
For the sake of notation, we define the following quantities:
a = o7tr{Ry} + tr{Qy} (21)
b =tr{Q,} (22)
c =tr{Qs} (23)
p1 = tr{Qs} (24)
p2 = tr{Q4}. (25)
The objective function in matrix form can be written as:
Eni1 = pIH [ p]" = 2[p1 P2l p]" +&n (26)
with

a c

H= [C b] (27)

which is a quadratic function of [u p].
Lemma 1. The Hessian matrix H of (26) is positive semidefinite.

As shown in Appendix A, matrix H can be written as the sum of
a covariance matrix of arbitrary variables and a positive semidefi-
nite matrix. Then H is positive semidefinite. For simplification pur-
poses, we shall further assume that H is positive definite since
a covariance matrix is almost always positive definite in prac-
tice [20]. Positive definiteness of H allows us to determine the op-
timal parameters that minimize the cost (20) via:'

[y 31" =H '[p1 pa], (28)
namely,
bp1 — ¢
=2 (29)
«_ ap2—cp

The above result cannot be used in practice since it requires statis-
tics that are not available within an online environment. We now
approximate these quantities in order to provide a parameter ad-
justment strategy with reasonable complexity. The subscript n in
the variables an, bp, ¢, p1n and py, is now needed to make ex-
plicit time-dependence.

1 Use the Moore-Penrose pseudoinverse of H otherwise.

Under assumption A2, the quantity a, can be evaluated as fol-
lows:

ay = o2 tr{o2l) + tr{ZRxKnRx + tr{RxKn}Rx} (31)

=0202L+ (2+L)o? n. (32)

Since the diagonal entries of Q, are squares of a sign function, the
quantity by is given by:

by = L. (33)

We then evaluate the trace of Qs. Using the independence assump-
tion A1 yields:

Cn = 0 B{W, sgn{w;}}. (34)

The weight error vector w, = w;, — w* in the above relation cannot
be evaluated since it requires to know w*, namely, the minimizer
of the MSE cost (2). Let us now construct an approximation of w*
at time instant n to be used in wy. As already experienced success-
fully in another context [21], one strategy is to use a local one-step
approximation of the form:

VAV; =Wy — 7, V](Wy) (35)

where 7, is a positive step-size to be determined. Given the MSD
&, at time instant n, we seek n, that minimizes &,,,. Following
the same reasoning as (19)-(30) leads to 1y = py,/an. Since the
true gradient of J(w) at wy, is not available in an adaptive imple-
mentation, we can approximate it by using the instantaneous value
—enXy. Finally, we write:

W, =w, —g, (36)
with g, = —pa%jenxn. Then, approximating the expectation in
(34) by its instantaneous argument yields:

cn ~ 02 g sgn{w,}. (37)
The quantity py, is given by:

p]n = é‘n‘ (38)

Finally, as for quantity p,,, we have:
P2n ~ &, sgn{wn}. (39)

As the EMSE ¢ is not available, and depends on the unknown pa-
rameter vector w*, we adopt the estimator ¢, for {,:

én=pen1+(1-Pen (40)

n = max{é2 — o2, 0}, (41)

which provides an instantaneous approximation of the EMSE, with
B being a temporal smoothing factor in the interval [0,1). To fur-
ther improve the estimation accuracy of ¢, we set ¢, . by iterat-
ing fn,l via (20) at iteration n —1 as a lower bound for ¢, since
we have minimized tr{K,} with respect to {u, p} at iteration n — 1.
Due to the approximation introduced in the theoretical derivation
and the intrinsic properties of signal and noise realization, ¢, is no
less than o2 tr{K,}. Rather than (41), we then suggest to use:

tn=max{é2 — 62, Loy, |- (42)

Non-negativity of i and p is required. We did not consider this
constraint in (20) in order to get closed-form solutions as given
by (29) and (30). To overcome undesirable behavior of the algo-
rithm, we then need to apply the following hard thresholding op-
erators:

i = max {yu;, 0} (43)
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o5 = max {p;, 0} (44)

We further impose a temporal smoothing with smoothing factor
y over parameters pu} and pj}, as well as a possible predefined
upper bound pmax on the step-size to ensure the stability of the
algorithm:

M =min{y wp_1 4+ (1 = y)puy, Mmax} (45)

on=YpPn-1+ A =y)p;. (46)

4. Parameter design of RZA-LMS guided by a transient behavior
model

4.1. Transient behavior model of RZA-LMS

In order to derive a variable-parameter strategy for RZA-LMS al-
gorithm, we first extend the transient behavior model of ZA-LMS
derived in [16] to RZA-LMS. As for ZA-LMS, we consider assump-
tions A1 and A2 to make the derivation tractable. Subtracting w*
from both sides of (8), and using e, =z, — WIxn, yields the update
relation of wy:

Wit = 1 uxT i, p SEMWal
Wil =Wn+ UWXnZy — L XXy Wn — P 1 Wal’ (47)
Taking the expectation of (47), we get:

o i sgn{wa)
IE{WnH}—E{Wn}—MRxE{Wn}—pE{S+|Wn|}~ (48)

Similarly to (11) and (12), the MSE of RZA-LMS is given by
Efe2} = 02 + tr{RK,,}, (49)

and its MSD &, is equal to the EMSE ¢, up to a scaling factor, that
is,

tn = ze tr{K,} = sz &n. (50)
Likewise, K, can be calculated recursively as follows:
Kiy = Kn+ 11207 Re+ 12Q1 + p*Q — 11(Q3 + Q3)

- p(Q+Q) +10(Qs +Q3) (51)

where Q; and Q3 are given by (14) and (16), respectively, and the
reweighting terms in Q,, Q4 and Qs by:

_ | sen{w,} sgn™{w,}

G =E\ e Tl & 4wy (52)
| sgn{wa)

Q =E{w, e W] (53)
o o sgn{wa)

Q5 =E{x.x, Wy e wil [ (54)

4.2. Parameter design with transient behavior model

We derive now a parameter design strategy for RZA-LMS based
on a simplified model of its transient behavior model. Minimizing
the MSD §,,,1 with respect to parameters p and p, based on re-
cursion (51), leads to:

{uh. pr} = argmin &y (55)

= argmin tr{K,,;} (56)
w.po

= argmin tr{Ka) + 02 [02tr{Rd + tr{Q:}] + p? ()

—2ptr{Qs} - 2p tr{Qq} + 210 tr{Qs}. (57)
Following the reasoning as in Section 3.2 leads to:

. bpi—cp

Wi=gh ez (58)
«_ ap2 —Cpq

:On - ab _ Cz . (59)

Likewise, we approximate the expectations that are not acces-
sible to provide a parameter adjustment strategy with appropriate
computational complexity. The subscript n in the variables ay, by,
Cn, P1n and py, is now needed to make explicit time-dependence.
Since Q; and Q3 have the same expressions as for the ZA-LMS,
we approximate a, and pi, by (32) and (38), respectively. Using
(52) and approximating the expectation by its instantaneous argu-
ment, b, is given by:

L 1 2

box Y () - (60)
" ; &+ [Wp,l

where w, ; is the i-th entry of vector w,. We then evaluate the

trace of Qs. Using the independence assumption yield:
sgn’{wn} o }

(61)

2
th=0,FE
o {8+IWII "

As for ZA-LMS, we approximate W, by the stochastic gradient
of the cost function at time instant n, that is, g, = —pﬂl—n” enXn.
Then, approximating the expectation by its instantaneous argu-
ment yields:

T sgn{wy}

2
Cn ~ O, . 62
Ok En oy [wy| (62)
In a similar way to the evaluation of c,, we have:
T+ sgn{wn}
g = 63
Pon > 81 (63)

Next, we adopt the same approximation for ¢, as in (40)-(42). As
in (43), (44), we impose u}, and p;; to be nonnegative. Finally, we
apply a temporal smoothing as in (45)-(46), as well as possibly a
predefined upper ©max on the step-size to ensure the stability of
the algorithm:

P = min{y tn_g + (1 = Y) . fmax} (64)

on="YpPn1+ (A =y)p;. (65)

We now summarize the proposed VP-ZA-LMS and VP-RZA-LMS
in Algorithm 1. Since several steps of both algorithms are iden-
tical, we combine their presentations for compactness. As can be
seen in Algorithm 1, we introduce little extra parameters in VP-
ZA-LMS and VP-RZA-LMS. More importantly, these parameters can
be set pragmatically to some typical values.

5. Simulation results

Considering stationary and non-stationary system identification
problems, we present now simulation results to illustrate the ef-
fectiveness of our algorithms. The input signal was a first-order AR
process defined by x, = @ x,,_1 + v, Where v, is an i.i.d. zero-mean
Gaussian variable with variance o2 = 1 — «? (so that o2 = 1), and
« is the correlation coefficient of x,. By varying the value of o, we
obtained processes x, with different levels of correlation. The ad-
ditive noise z, was an i.i.d. zero-mean white Gaussian noise with
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Algorithm 1: Variable-Parameter ZA-LMS (VP-ZA-LMS) and
Variable-Parameter RZA-LMS (VP-RZA-LMS).

1 Initialize parameters with typical values, e.g.:

wi =0, po=0 uo=001, &=e &, =ei.
y =095 B=095[max
and repeat the following steps (iterationn=1,..., N);

2 Calculate the estimation error e, of adaptive filter:
en=Yn— Wy Xp;
Calculate the estimate En at iteration n:
én = ,Bén—l +(1- ﬂ)ena Cn = max{éﬁ - 022’ fnmi“}i
Calculate the values of an, and pq,, at iteration n:
an:azzax2L+(2+L)U)<2 ;T‘l’ p]n:Cn;
Calculate the estimate g, at iteration n:
8= ——¢€EnXn;
n
Calculate the values of by, ¢, and p,, for VP-ZA-LMS and
VP-RZA-LMS at iteration n:
VP-ZA-LMS: b, =L, cn=02g sgn{w,},

P2n = & sgn{wn}:
2
VP-RZA-LMS: by, = Y, (ﬁ) . n=olgl Tl

_ ol Sen{wn}.
P2n =& Thiw,|>

Calculate the values of p and p:

x _ bnpln*CHPZn «_ nDP2yp — CnP1g

" oaghp—c2 " apbp—c2

Constrain the values of i and p to be nonnegative:
iy =max{uy, 0}, p; = max{p;, 0};

Apply temporal smoothing over parameters w}, and pj;;, and
possibly truncate pn:

pn=min{y ptp_1+(1 = ), max},  on=y Pn-1+(1 =) on;
Update the filter coefficients and the minimal EMSE:

§n+1min:En+Ux2 (/L%an"l‘p;%bn — 2/nP17—20nP2n+21UnOnCn),

VP-ZA-LMS: Wy 1 = Wn + [Ln €xXn — On SEN{Wy},
sgn{w,}
VP-RZA-LMS: W, = Wy + Ly €nXn — On TMZI

variance o2 = 0.01. In all the experiments, the initial weight vec-
tor was set to the all-zero vector. The MSD learning curves were
obtained by averaging results over 100 Monte-Carlo runs.

The VP-ZA-LMS and VP-RZA-LMS were compared with the
standard LMS, ZA-LMS [9], RZA-LMS [9], ZA-VSSLMS [12], WZA-
VSSLMS [12] and M-VSS-RZA-LMS?[13] algorithms. Note that ZA-
LMS, ZA-VSSLMS and VP-ZA-LMS operate with a fixed regular-
ization parameter, while RZA-LMS, WZA-VSSLMS, M-VSS-RZA-LMS
and VP-RZA-LMS are provided with a reweighting strategy. The

2 M-VSS-RZA-LMS denotes Modified-VSS-RZA-LMS algorithm. We slightly modi-
fied the original VSS-RZA-LMS algorithm [13] by bounding the calculated step-size
with a maximum value. We found in simulations that properly bounding the result
of [13] can be crucial for ensuring the stability and robustness of this algorithm.

1 ‘ ‘ = LMS.

o ZA-LMS 1
RZA-LMS

1 9..ZA-VSSLMS J
WZA-VSSLMS

24 M-VSS-RZA-LMS 1

-- Boundary of M-VSS-RZA-LMS
— VP-ZA-LMS

— VP-RZA-LMS
)
A
2
= O Dl @ DD D 5O kP B
/W\»-A«_MMW
DA SO N
11 T _\_“\—‘
() 1000 2000 3000 4000 5000 6000 7000 8000

Iterations

Fig. 1. Learning curves of LMS, ZA-LMS, RZA-LMS, ZA-VSSLMS, WZA-VSSLMS, M-
VSS-RZA-LMS, VP-ZA-LMS and VP-RZA-LMS algorithms in the case of a white input
Gaussian signal. For the sake of clarity, the learning curves of the M-VSS-RZA-LMS
are shown in dashed green. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

LMS algorithm with fixed step-size (i, = 0.01) was used as a base-
line. First, we set the parameters of each algorithm, except the
LMS, so that its initial convergence speed was almost the same as
the LMS and its steady-state MSD as small as possible. This gave us
a first set of learning curves, one curve for each algorithm. Then,
we set the parameters of each algorithm to obtain the same steady-
state MSD as the LMS and the fastest convergence rate. This gave us
a second set of learning curves, one for each algorithm. For each al-
gorithm, these two learning curves bound a region that was used
to characterize its convergence behavior compared to the LMS.

Three experiments were designed to illustrate the performance
of all the algorithms with uncorrelated and correlated input sig-
nals. Time-varying systems were also considered to characterize
their tracking performance. All the parameters used in the experi-
ments are listed in Tables 2-5 of Appendix B.

5.1. Performance under a stationary system

In the first experiment, we considered an unknown system of
order L = 32 with weights defined by:

w'= [0.8, 05, 0.3, 0.2, 0.1, 0.05, 0y, —0.05, —0.1,
- 02, =03, -0.5, —0.8]", (66)

with 20 zero entries over 32. The correlation coefficient o was set
to 0 so that the input signal x; was uncorrelated and Gaussian
which is consistent with our design assumption A2. The learning
curves and performance regions of all the algorithms are provided
in Fig. 1. The ZA-LMS, RZA-LMS, ZA-VSSLMS, WZA-VSSLMS and M-
VSS-RZA-LMS outperformed the LMS.

The VP-ZA-LMS and VP-RZA-LMS algorithms are characterized
by single learning curves in Fig. 1. The evolution of their step-size
and regularization parameter over time is represented in Figs. 3
and 4, respectively. It is observed in Fig. 1 that the proposed
VP-RZA-LMS algorithm significantly outperformed the other algo-
rithms, by reducing the steady-state MSD and increasing the con-
vergence speed. Though the proposed VP-ZA-LMS algorithm did
not outperform all the RZA-LMS-type algorithms, it performed sig-
nificantly better than the ZA-LMS-type algorithms with a faster
convergence speed and a lower steady-state MSD. Moreover, the
learning curves of VP-ZA-LMS and VP-RZA-LMS algorithms were
still decreasing when they were stopped. It is seen in Figs. 3 and
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Fig. 2. Learning curves of LMS, ZA-LMS, RZA-LMS, ZA-VSSLMS, WZA-VSSLMS, M-
VSS-RZA-LMS, VP-ZA-LMS and VP-RZA-LMS algorithms in the case of a correlated
Gaussian input signal (« = 0.5). For the sake of clarity, the learning curves of the
M-VSS-RZA-LMS are shown in dashed green. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

4 that the VP-ZA-LMS and VP-RZA-LMS algorithms set the step-size
and the regularization parameter to large values at the initial phase
of the adaptation to ensure fast convergence. Next, they gradually
decreased the step-size and used nearly constant regularization pa-
rameter to reach a low misadjustment error as well as a reasonable
level of sparsity.

In the second experiment, we used the same setting except that
the correlation coefficient & was set to 0.5. The learning curves and
performance regions of all the algorithms are provided in Fig. 2.
The ZA-LMS, RZA-LMS, ZA-VSSLMS, WZA-VSSLMS and M-VSS-RZA-
LMS outperformed the LMS.

The VP-ZA-LMS and VP-RZA-LMS algorithms are characterized
by single learning curves in Fig. 2. The evolution of their step-
size and regularization parameter over time is represented in
Figs. 3 and 4, respectively. Though there was some performance
degradation of VP-RZA-LMS algorithm compared with the first
experiment, the VP-RZA-LMS algorithm still yielded the lowest
steady-state MSD along with the fastest convergence speed among
all the competing algorithms. Interestingly, the VP-ZA-LMS algo-
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Fig. 3. Step-sizes of VP-ZA-LMS and VP-RZA-LMS algorithms in the case of white
and correlated (o = 0.5) input signals.

rithm maintained the performance improvement observed in the
first experiment, and outperformed all the competing ZA-LMS-type
algorithms both with its convergence speed and steady-state per-
formance. Despite the loss of the whiteness assumption A2, the
VP-ZA-LMS and VP-RZA-LMS algorithms still work well with cor-
related inputs. Besides, observe that both algorithms set the step-
size and the regularization parameter to large values at the initial
phase, next changed them to reach a compromise between conver-
gence rate, MSD and estimation bias (sparsity).

5.2. Tracking performance in a non-stationary environment

In the third experiment, we compared the tracking performance
of VP-ZA-LMS and VP-RZA-LMS algorithms with the other compet-
ing algorithms. The order of the unknown time-varying system was
set to L = 32.

From instant n =1 to 8000, we set the system parameter vec-
tor to wy, with 20 null entries over 32. At n = 38001, the sys-
tem parameter vector was changed to the non-sparse one w3. At
n =16001, we changed the system parameter vector to wy, with
12 null entries over 32. The parameter vectors wj, w; and wj

x1073
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Fig. 4. Regularization parameter A of (a) VP-ZA-LMS and (b) VP-RZA-LMS algorithms in the case of white and correlated input signal (o = 0.5).
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Fig. 5. Transient behaviors of LMS, ZA-LMS, RZA-LMS, ZA-VSSLMS, WZA-VSSLMS,
M-VSS-RZA-LMS, VP-ZA-LMS and VP-RZA-LMS algorithms, in the presence of time
varying systems driven by colored Gaussian input signal with correlation coefficient
o = 0.5. All the algorithms were set up to reach the same steady-state MSD as the
LMS (and the fastest convergence speed) during the first 8000 iterations.

were defined as:
wi =[0.8, 0.5, 0.3, 0.2, 0.1, 0.05, 0y, —0.05,
- 0.1, —02, -03, —0.5, —0.8]"; (67)

3
I

[0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3, 0.2, 0.1, 0.05,
0.01, 15, —0.01, —0.05, —0.1, —0.2, —03, —0.4,
_ 05, -06, —0.7, —08 —0.9]T; (68)

w; = [1.2, 0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.2, 0.1,
0.01, 05, —0.01, —0.1, —0.2, —0.4, —0.5, —0.6
~ 07, -08, —009, —1.2]? (69)

The input signal was Gaussian correlated with correlation coeffi-
cient o = 0.5. The LMS algorithm with fixed step-size (u = 0.01)
was used as a baseline.

First, we set the parameters of each algorithm, except LMS, to
obtain the same steady-state MSD as LMS during the first 8000
iterations. Next, we set the parameters of each algorithm so that
its initial convergence speed was almost the same as LMS. Figs. 5
and 6 plot the learning curves resulting from these two experi-
ments, respectively. Because the hyperparameters of these two al-
gorithms remained unchanged in the two experiments, the learn-
ing curves of the VP-ZA-LMS and VP-RZA-LMS algorithms are iden-
tical in Fig. 5 and Fig. 6. The evolution of their step-size and regu-
larization parameter over time is provided in Figs. 7 and 8, respec-
tively.

Results in Figs. 5 and 6 show that the VP-ZA-LMS and VP-RZA-
LMS algorithms converged as fast as the other algorithms when
estimating the sparse parameter vector w; while maintaining a
lower misadjustement error. The estimation of the non-sparse pa-
rameter vector w} caused a moderate degradation of their perfor-
mance. As shown in Fig. 5, their convergence speeds slowed down
compared to the other algorithms but they reached a smaller resid-
ual error. It is seen in Fig. 6 that M-VSS-RZA-LMS performed the
best. The estimation of w4 confirms the good performance and
tracking capability of VP-ZA-LMS and VP-RZA-LMS in practice. Re-
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Fig. 6. Transient behaviors of LMS, ZA-LMS, RZA-LMS, ZA-VSSLMS, WZA-VSSLMS,
M-VSS-RZA-LMS, VP-ZA-LMS and VP-RZA-LMS algorithms, in the presence of time
varying systems driven by colored Gaussian input signal with correlation coefficient
o = 0.5. All the algorithms were set up to have the same initial convergence rate as
the LMS (and the lowest steady-state MSD) during the first 8000 iterations.

x1072

—e— VP-ZA-LMS
—— VP-RZA-LMS
2.5 m |

step-size /1
—_
W
i

05 1

0 4000 8000 12000 16000 20000 24000
Iterations

Fig. 7. Step-sizes p of VP-ZA-LMS and VP-RZA-LMS for time varying system identi-
fication with correlation coefficient « = 0.5.

sults in Fig. 7 shows that VP-ZA-LMS and VP-RZA-LMS set the step-
size and the regularization parameter to large values in order to
ensure tracking and promote sparsity at the beginning of each esti-
mation phase. Then they gradually reduced these values to ensure
small MSD.

To conclude these experiments, it should be noted that adjust-
ing the hyperparameters of all the algorithms competing with VP-
ZA-LMS and VP-RZA-LMS was not a trivial task. On the contrary,
our algorithms used the same hyperparameters for all the simula-
tions, initially set to typical values.

5.3. Computational complexity

We summarize in Table 1 the computational complexity of all
the algorithms used in the experiments. We restrict our focus to
real-valued identification problems. The computational complexity
is measured in terms of real additions, real multiplications, and
sign operations. Note that M-VSS-RZA-LMS requires evaluating the
error function erf( - ) function at each iteration. As this can be done
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Fig. 8. Regularization parameters A of (a) VP-ZA-LMS and (b) VP-RZA-LMS for time varying system identification with correlation coefficient o = 0.5.

Table 1

Computational complexity of the competing algorithms.
Algorithms # additions  # multiplications  # sign operations  # num. integrations
LMS 2L 2L+ 1
ZA-LMS 3L 3L+1 L
RZA-LMS 4L 5L+ 1 L
ZA-VSSLMS 3L+1 3L+5 L
WZA-VSSLMS 4L + 1 5L+5 L
M-VSS-RZA-LMS 6L +1 8L+7 L 1
VP-ZA-LMS 4L + 12 5L + 30 L
VP-RZA-LMS 6L + 11 9L + 29 L

Table 2

Parameters used in Fig. 1, to get the same initial convergence rate as the LMS.

Algorithms wlp AL el¢ Hmax Mmin v1é ol B

LMS 0.01

ZA-LMS 0.01 0.003

RZA-LMS 0.01 0.00005  0.0002

ZA-VSSLMS 0.0008 2/(3c2-L) 0.0001  0.00212 0.95

WZA-VSSLMS | 0.0002 | 0.001 2/(3c2-L) 0.0001 0.0018 0.95

M-VSS-RZA-LMS |3 x 107  0.995 0.05 0.01 | 0.00001 |13
Table 3

Parameters used in Fig. 1, to get the same steady-state

MSD as the LMS.

Algorithms wlp AN elg Hmax Homin vis Ly
LMS 0.01
ZA-LMS 0.0113 0.003
RZA-LMS 0.013 0.00005  0.0002
ZA-VSSLMS 0.0008 2/(362-L) 0.0001  0.0055 0.95
WZA-VSSLMS | 0.0005 ]0.001 2/(302-L) 0.0001 0.0063 0.95
M-VSS-RZA-LMS | 1.5x 10>  0.995 0.05 0.0145 | 0.00001 | 11
Table 4
Parameters used in Figs. 2 and 6, to get the same initial convergence rate as the LMS.
Algorithms wlp AN el¢ max Mmin vl alp
LMS 0.01
ZA-LMS 0.01 0.006
RZA-LMS 0.01 0.00008  0.0002
ZA-VSSLMS 0.0008 2/(302-L) 0.0001 0.0028 0.95
WZA-VSSLMS | 0.0002 | 0.001 2/(3c2-L) 0.0001 0.0022 0.95
M-VSS-RZA-LMS |3 x 107  0.995 0.05 0.01 | 0.00001 |13

by numerical integration or using a lookup table, the correspond-
ing computational load is not detailed in Table 1. It is observed
in Table 1 that the computational complexity of the proposed VP-
ZA-LMS and VP-RZA-LMS algorithms is of the same order as the
ZA-LMS and RZA-LMS algorithms.

6. Conclusion

In this paper, we introduced the VP-ZA-LMS and VP-RZA-LMS
algorithms to address online sparse system identification problems.
Based on a stochastic model of the transient behavior of the ZA-
LMS, we proposed to minimize the EMSE with respect to the step-
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Table 5

Parameters used in Figs. 2 and 5, to get the same steady-state MSD as the LMS.
Algorithms wlp AN Homax Hmin K ol p
LMS 0.01
ZA-LMS 0.012 0.003
RZA-LMS 0.0145 0.00008 0.0002
ZA-VSSLMS 0.0008 2/(30%-L) 0.0001  0.0057 0.95
WZA-VSSLMS | 0.00041 | 0.001 2/(302-L) 0.0001 0.0065 0.95
M-VSS-RZA-LMS | 1.75x 10> 0.995 0.016 | 0.00001 | 10.6

size and the regularization parameter simultaneously, at each it-
eration. This led to a convex optimization problem with a closed-
form solution. Simulation results demonstrated the effectiveness of
VP-ZA-LMS and VP-RZA-LMS algorithms over other existing vari-
able step-size ZA-LMS-type and RZA-LMS-type algorithms, without
requiring extra computational effort. Compared to the competing
algorithms, VP-ZA-LMS and VP-RZA-LMS depend on a few number
of hyperparameters that do not drastically affect the performance.
Considering the locations of zero-valued coefficients can be clus-
tered, a variable parameter algorithm of group ZA-LMS is further
derived and provided in report [22].

Appendix A. Proof of Lemma 1

We have

o2r{R) +tr{Q;)  tr{Qs)
":[ tr{Qs) tr{Qz}] (70)

It can be observed that H can be decomposed into two additive
components H; and H, such that

H=H;+H,, (71)
with
| r{Qq}  tr{Qs}
Hi= [tr{QS} tr{Qz}] (72)
and
o2tr{R,} O
H, =[ ! O]. 73)

We now prove that matrix H; is positive semidefinite. Using the
definition of Q;, Q, and Qs in (14), (15) and (18), H; can be writ-
ten as

tr{xn X W, W, XX, } tr{xanWnsgnT{w’ + Wn}}
H, = T v Tlw* 1 1d * T = .
tr{xnx] Wasgn{w* + Wy} ) tr{sgn{w* + Wy }sgn{w" + W, })
(74)
Using that tr{AB} = tr{BA}, we have
H & W, XX, Xp X, Wy sgn T {w* + Wy )X, Wy
1= sgn'{w* + Wy XX W, sgnT{w* + Wy }sgn{w* + Wy}
—E{V.V] ] (75)
where
~ T T
Vo=| Yn¥dn (76)
sgn'{w* + Wy}

Matrix H, is thus positive semidefinite. Considering that the diag-
onal entries of H, are nonnegative, we conclude that H is positive
semidefinite.

Appendix B. Parameters used for simulations

The parameters used for LMS, ZA-LMS, RZA-LMS, ZA-VSSLMS,
WZA-VSSLMS, M-VSS-RZA-LMS algorithms in the simulations are

reported in Tables 2-5. Some pairs of columns, standing for dif-
ferent parameters, are merged into a single column for com-
pactness. The corresponding symbols can be distinguished by
the symbol “|”, standing for “or” in the Tables. The parameters
used for VP-ZA-LMS and VP-RZA-LMS algorithms are provided
in Algorithm 1. They remained unchanged for all the experi-
ments as we observed that they did not drastically affect the
performance.

Appendix C. Algorithms for complex-valued signals

In the complex domain, the unknown system is characterized
by:

Yo =whx, + 2, (77)
with (- ) the conjugate transpose, and W*, X, Zy, yn € CL. Consider
the regularized costs:

1 2
Wiy = argmin 5 E{ by~ whal* | + 2wl (78)

and

1 2 L
Wiz =argmin iIE{IJ’n — whx,| } + A lelog(l +|wil/e)  (79)
1=

where [|w|; = Yk, \/Re{w;}2 + Im{w;}2, with Re{-} and Im{.}
the real part and the imaginary part of its complex argument, re-
spectively. Using steepest descent method of complex-valued sig-
nals [1,20,23]:

Wit = Wa — 20 [Va] (W) ] (80)
with instantaneous approximation for statistics, we have:

Wp 1 = Wn + L Xn€) *,O(ﬂnosn) (81)

where o is the Hadamard product, (-)* is the complex conjugate
operator, p = uA, and ep =y, — whx, is the estimation error. In
(81), sp and By are L x 1 vectors with jth entry given by:

Wh j
e
and
1 for ZA-LMS
P = {W for RZA-LMS. (83)

It should be mentioned that in (81) the correction term associated
to regularization terms are calculated in an elementwise manner
via the definition of complex gradient in [1] with using subgradi-
ents for non-differential points.

Using assumptions A1 and A2, and following a similar deriva-
tion as in (9)-(13), we have:

Kui1 = Ko+ 12 (02Re + Q) + 02Q, — Q5 + QF)
— p(Qs+QY) + 1p(Qs +QF) (84)
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with
Ky = E{w,w, } (85)
Q = E{xux!w, W) x,x!} (86)
Q =E{(Byos0) - (Byosn)"] (87)
Q; = E{w, W, x,x1 | (88)
Q= E{ W, (B os0)" (89)
Qs = E{xnx,*jv*vn (Byo sn)H}. (90)

Based on the transient behavior model, we then minimize tr{K,}
with respect to parameters (1 and p:

{ui i} = argmin tr(K) + pa+ p*b— pu(pr + py)

— p(P2+p3) +pup(c+c), (91)
where:
a=o2tr{Ry} + tr{Q;} (92)
p1 = tr{Qs} (95)
p2 = tr{Q4}. (96)

It can be checked that coefficients a and b are real. The objective
function can then be written as follows:

En1=[uplH[w pl" —[p1 + p; P2+ 511 ] + &, (97)
with
c+c*
H=| ., 2 (98)
. b

Considering that H is a positive definite Hessian matrix, the opti-
mal parameters are given by:

p1+ D} pz+p§]T

A R (99)

namely,
. _ bRe{p1} —Re{c}Re{p,}

Hn = ab — Re{c}? (100)
. _ aRe(ps) — Re{c}Re(p} (on)

Pn= ab — Re{c}?

Approximating the quantities a via a = 0202 L+ (1+L)o2 ¢ and
b, ¢, p1, p2 in the same manner as in the real-valued case com-
pletes the algorithm.
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